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a b s t r a c t
Predicting the equivalent settling area of the hydrocyclones is important for selection and design of the
device. It also allows comparison of hydrocyclone to other separators that work using a similar concept. A
mathematical model based on the physics of the separation phenomenon in the hydrocyclone is developed to predict the equivalent area factor of the hydrocyclone. The effect of the overflow and inlet diameters on the hydrocyclone performance are evaluated and it is shown that changing the overflow
diameter has more effect on the equivalent area factor than the inlet diameter. The equivalent settling
area model (ESAM) is validated with experimental data from experiments using a 50 mm diameter
hydrocyclone and glass bead particles. Good agreement between ESAM and the experiments is observed.
An advantage of ESAM is that it can be used to estimate the tangential velocity profile in a hydrocyclone.
A method of predicting the tangential velocity profile on the basis of equivalent settling area without performing velocity measurement is detailed and examined for an experimental velocity profile. This allows
the ESAM to be used as a framework for design of the hydrocyclone devices.
Crown Copyright Ó 2016 Published by Elsevier B.V. All rights reserved.

1. Introduction
Physical separation processes such as centrifugal separators
have many applications in industry [1,2]. However, a model to predict the performance of a device for comparison to other devices is
essential during design and for scaling up the separator. One
method for modeling the performance of the centrifuge separators
compares the settling area of a continuous flow gravity settling
tank with the settling area of a tank that has the same performance
as that of a centrifuge device with a rotary wall [3,4]. This surface
area of the imaginary gravity settling tank is called the equivalent
settling area (also known as equivalent area factor or capacity factor) of the separator.
A hydrocyclone is considered to be a centrifugal separator with
a fixed wall. The centrifuge force is generated from the tangential
injection of the flow into the hydrocyclone. Interaction with the
wall turns the flow, creating centrifugal acceleration force which
drives the separation of the particles from the liquid.
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To understand the swirling flow in the hydrocyclone, the flow
pattern has been investigated through experimental measurements of velocity components [5–10]. In addition, models have
been developed to predict the hydrocyclone behavior [11–20].
These include empirical models [21,15,16,22], analytically developed models on the basis of physics of flow in the hydrocyclone
[11–13,17,23,19] and more often, numerical models [24–26].
Review of such studies can be found in [27,28,24,29]. Although
models have been developed to predict the performance of the
hydrocyclones, these models are not in a form that allows direct
comparison with other types of centrifugal separators.
Equivalent settling area is a concept used to compare the performance and scaling up of different centrifugal separators
[30,31]. For hydrocyclones, [32] discussed the importance of the
performance in terms of the equivalent area and indicated that
there is limited available information for developing the equivalent
area. A mathematical model to obtain the equivalent area of the
device is lacking although some works has been done to predict
the performance region of the hydrocyclones based on equivalent
settling area using both experiments and mathematical modeling
[33].
In this paper, a mathematical approach to develop equivalent
settling area model (ESAM) is presented to predict the performance
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of the hydrocyclone using a similar technique to other centrifugal
separators. Background theory is discussed first and then the
derivation of the ESAM is detailed. The experimental procedure
for validating the ESAM is explained and results from the experiments are used to validate the ESAM. Four different types of hydrocyclone designs are studied for model validation. The effect of
design parameters on the hydrocyclone performance is detailed
and examined using the experimental results. The advantage of
using the ESAM in flow prediction without performing a flow measurement is discussed. The ability of the ESAM in providing a quantifiable information for predicting the equivalent settling area
factor is also investigated over broad ranges of design and operating conditions.
2. Modeling
2.1. Basic concepts
In developing the equivalent settling area of a centrifuge (i.e.
the area of a continuous gravity settling tank that has the same
performance as the centrifuge) a 50% cut size particle is assumed
to be separated in the centrifuge during its stay in the device. This
is a similar concept to residence time theory which assumes that a
50% cut size particle will be separated in a hydrocyclone during the
residence time if it reaches the hydrocyclone wall when the particle is injected into the hydrocyclone exactly from the middle of the
inlet section pipe [34]. The assumptions used for the residence
time concept are the basis for developing an equivalent area for
centrifugal devices [4]. Combining residence time theory with
the assumptions of Stokes’ law [35], the radial velocity due to
the centrifugal acceleration is [34]:

vr ¼

Dqd v 2h
18l r
2

ð1Þ

where d is the particle diameter, Dq is density difference between
phases, l is dynamic viscosity of the fluid and the term v 2h =r is
the centrifugal acceleration where v h is the tangential velocity component and r is the radius of the rotation. The radial velocity v r can
be related to the vertical velocity (v z ) using the chain rule. Assuming that the flow near the hydrocyclone wall follows the shape of
the wall [34], v r is approximated by:

vr ¼

dr dr dz D
¼
¼ vz
dt dz dt 2L

ð2Þ

where dr and dz are line elements in the radial and vertical directions, dt is the time element, D is the hydrocyclone diameter and
L is the total length as defined in Fig. 1.
In the residence time theory [12,34], the ratio of the axial velocity to the inlet velocity is assumed to be constant. This has been
discussed in detail in [36,12]. The constant velocity ratio results
in simplifying the axial velocity to take a constant value in a hydrocyclone. This simplification is used in developing the current
model to estimate the axial velocity. Assuming the vertical velocity
of the particle equals that of the liquid [12], the vertical velocity
component can be estimated from the inlet flow rate Q in the
hydrocyclone cylindrical section region between the hydrocyclone
wall and the vortex finder:

vz ¼

4Q

ð3Þ

pðD2  D2o Þ

where Do is the overflow diameter. The flow rate can be obtained
using Eq. (3) combining with Eqs. (1) and (2):

Dqd
9l

2

Q¼

Fig. 1. A schematic of a hydrocyclone showing basic components and operation
principles.

pðD2  D2o ÞL v 2h
4D

r

ð4Þ

which can be simplified to:

Q ¼ 2v g

pðD2  D2o ÞL v 2h
4gD

r

ð5Þ

where v g is settling velocity under gravitational acceleration (not
under centrifugal acceleration) for 50% cut size particle where 50%
of particles (by mass) which are larger (smaller) than this size pass
through each of the outlets of the separator.
The gravitational settling velocity v g is defined as:

vg ¼

Dqd
g
18l
2

ð6Þ

where d is the particle 50% cut size diameter and v g is calculated
using Stokes’ law assuming that particles are fine enough to satisfy
Stokes’ law assumptions and travel at terminal velocity.
For hydrocyclones it has been experimentally found that v h is a
function of r such that v h ¼ C=rn where the constant C and exponent n are typically determined from experiments [34]. The constant C can be obtained from a mass balance by integrating the
tangential velocity at the inlet section area from r 1 to r2 (for a rectangular inlet pipe r 1 ¼ D=2 and r2 ¼ D=2  w where w is the inlet
pipe width as defined in Fig. 2) and then equating to the feed volume flow rate [33]. Therefore, v h is obtained such that:

vh ¼

Qð1  nÞ
n
Hðr 21n  r 1n
1 Þr

ð7Þ

where H is the depth of the rectangular inlet pipe defined in Fig. 2.
The tangential velocity component is also related to the pressure drop in the hydrocyclone. This is shown by considering the
Navier–Stokes equation in cylindrical coordinates (r; h; z) [35] for
the radial direction as defined in Fig. 3 to be:
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The pressure drop (DP) in a hydrocyclone is obtained by using
Eq. (10). Replacing v h from Eq. (7) and integrating it in the radial
direction between the overflow radius (Do =2) and hydrocyclone
radius (D=2) results in:

#

2 " 2n
22n1 q
Q ð1  nÞ
D
DP ¼
1
Do
n
 r 1n
Dn Hðr1n
2
1 Þ

ð11Þ

At a known flow rate this gives the pressure drop for a hydrocyclone
if the exponent n is known. A good approximation for the value of n
is 0.8 [39] which can be used for majority of the hydrocyclones.
2.2. Equivalent area factor

Fig. 2. Plan view of the cylindrical portion of the hydrocyclone with a rectangular
inlet for defining model variables.

In a continuous gravity settling tank separator, flow rate is proportional to gravitational settling velocity of particles [32], where
the proportionality coefficient is the surface area of the tank. Similarly, assuming a uniform distribution of the particles in operation,
for centrifuge separators [4] defined the equivalent area factor
(also termed the theoretical capacity factor and is shown by R)
with SI units of m2 as:

R¼

Q
2v g

ð12Þ

For a centrifuge separator, R ¼ 1 shows that its performance equals
to the performance of a gravity tank with surface area of 1 m2 at the
same flow rate. A higher value of R is desired as it is an indication of
the separator performance.
To develop an equivalent area relation for hydrocyclones, the
flow rate is related to centrifugal acceleration (Eq. (5)) and the
equivalent area factor R is obtained by combining Eqs. (12), (7)
and (5) and replacing Q 2 with the pressure drop relation from
Eq. (11) resulting in:
Fig. 3. Schematics of velocity components and flow rates in a hydrocyclone.
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R¼

pLnD2nþ1 ½1  ðDo =DÞ2 DP

qgðD  wÞ2nþ1 ½ðD=Do Þ2n  1Þ

ð13Þ

where w the width of the rectangular shape inlet section equals
r2  r 1 . Since the inlet section depth H does not appear in Eq. (13)
for hydrocyclones with circular inlet pipes, by assuming w ¼ Di ,
the equivalent area is:

ð8Þ

R¼b

L DP
qg

ð14Þ

where
where t is time, P is pressure and g r represents body forces. For a
steady state flow and no gravity (body force) in the radial direction,
the first and last terms of Eq. (8) are zero. Since the radial velocity in
absolute terms is much smaller compared to the other velocity
components [37,38], the terms including v r and its derivatives are
neglected, resulting in:

vr



@ v r v 2h 1 @P l
2 @v h
þ
 2

¼
r @h
@r
r
q @r q

ð9Þ

The tangential velocity v h is also a function of the radial position in
the hydrocyclone as in Eq. (7) and hence its h and z derivatives are
zero. The following relation is then an expression for pressure
changes within the hydrocyclone:

1 @P v 2h
¼
q @r r

ð10Þ

This expression balances the pressure force with centrifugal acceleration per unit volume and indicates that the pressure increases
toward the hydrocyclone wall as the centrifugal force increases.

b¼

pn½1  ðDo =DÞ2 
ðD=Do Þ2n  1



2nþ1
1
1  Di =D

ð15Þ

This relationship can also be used for other inlet section types. The
equivalent diameter to a circular pipe can be used in Eq. (15) if
obtained from equating the inlet section area to the area of a circular pipe. Mathematically Eq. (15) is held if the following conditions
hold: Do =D > 0; Di =D < 1, and Do =D – 1. All of theses criteria are
satisfied in practice for a typical hydrocyclone. The impact of the
incoming flow and the overflow pipe (the portion of the overflow
pipe inside the hydrocyclone is called vortex finder) wall causes turbulence in the flow. To avoid this turbulence, ð2Di =D þ Do =DÞ  1
can be considered as a limit for inlet pipe and the vortex finder
diameters.
Eq. (15) indicates that for geometrically similar hydrocyclones,
b depends on the value of n and the ratio of inlet (Di ) and overflow
(Do ) diameters to hydrocyclone diameter (D). A hydrocyclone
diameter could affect the value of b implicitly through the value
of n, which could change the tangential velocity component [6].
However, it is believed that the value of n is independent of the
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hydrocyclone size in most cases [40] and for this reason b is considered a useful design parameter.
In developing the ESAM, the assumptions of Stokes’ law for calculating radial velocity of particles are used and it is also assumed
that the interaction between particles is negligible. This requires a
low concentration of solid particles in the feed flow. The value of
volume solid concentration for unhindered settling varies from
1% to 11% for spherical particles [40,34]. For non-spherical particles
this limit reduces to 4% [40]. At high solid concentration, particle–
particle interactions reduce the settling velocity and hindered settling effects [41,42] are significant.

3. Experiments
3.1. Experimental apparatus
An experimental flow circuit has been designed and built as
shown in Fig. 4 to validate the ESAM developed in (14) for predicting the equivalent settling area factor. Water with particles are
pumped into the hydrocyclone using a centrifugal pump that provides different inlet flow rates and hence pressures. Pressure is
monitored at the inlet and the outlets to obtain the pressure drop
across the hydrocyclone. Pressure transducers (AST4000) with 4–
20 mA outputs are calibrated according to ASTM D5720-95 [43]
and used for pressure monitoring. The accuracy is ±0.4% for the
best fit straight line (BFSL) and the measurement range is from
zero to 200 kPa.

A second pump (a progressive cavity pump) is connected to the
underflow pipe to allow independent control of the underflow flow
rate without clogging the underflow pipe. This method has an
advantage compared to using a valve for manipulating the underflow flow rate since a valve in the underflow pipe can easily block
[34]. Another important feature of using a pump for the underflow
is it provides the opportunity to simulate underflow diameter variation. Each pump is controlled using a separate variable frequency
drive (VFD). Both underflow and overflow are returned to the tank
for recycling. To keep the particles uniformly mixed and suspended
during the experiment, an agitator mixes the particles in the tank.
Flow at the inlet and underflow are measured by coriolis flow
meters (Promass 83I Endress+Hauser Ltd with maximum measurement error of ±0.05% for inlet flow; Optimass7300 KROHNE
Messtechnik GmbH with maximum measurement error of ±0.1%
of the actual measured flow ±0.0018 m3/h for underflow). Using
the coriolis meters, temperature, velocity, density and solid concentration are measured. Total volume of the flow in the system
is 260 l and the experiments have been performed at the four particles volume concentrations of: 0.1%, 0.5%, 1% and 2% mixed with
water as liquid. Liquid properties are determined according to its
temperature measured in flow meter. The ratio of the volumetric
underflow flow rate to the inlet flow rate (the flow ratio Rf as
defined in Fig. 3) due to the underflow pumping varies from 0.2
to about 0.8. The experiments conditions are listed in Table 1.
Control of the experimental hardware (including pumps and
mixer VFDs), communication with coriolis flow meters and record-

Fig. 4. Process flow diagram for the experimental setup.
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Table 1
Experiments conditions.

1
Condition

Centrifugal pump speed (Hz)
Underflow progressive cavity pump speed (Hz)
Inlet pressure (kPa)
Inlet flow rate (m3/h)
Inlet solid volume concentration (%)

40, 50, 60
10–50
150–230
1–2.4
0.1–2

ing the data from the devices and temperature and pressure sensors is performed using custom software (LabWindows/CVI,
National Instruments Corporation). At steady state flow conditions
information is recorded, filtered to remove noise and averaged.
Three samples from the flow are taken at each sampling point
shown in Fig. 4 for particle size analysis. Each test and sampling
is repeated three times and the average values of the data are used
for the analysis.

Experiment
Log-Normal fit, R2 =0.9939
Rosin-Rammler fit, R 2 =0.9984

0.8

Cumulative distribution

Parameter

0.9

0.7
0.6
0.5
0.4
0.3
0.2
0.1
0
10

0

10

1

10

2

particle size ( µ m)
3.2. Hydrocyclone
A 50 mm diameter hydrocyclone (GMAX FLSmidth Krebs
Hydrocyclones) is used in the experiment as the device under test.
The main design parameters of the hydrocyclone are listed in
Table 2 (Case 1) for geometrically similar hydrocyclones as in
Fig. 1. This can be compared with other common hydrocyclone
designs listed as Case 2 to Case 4 in Table 2.
3.3. Particles
Soda lime glass beads are added to the working fluid (water) to
perform the experiments in the current study. The particle density
is 2500 kg/m3. A laser diffraction sensor (Sympatec GmbH, HELOS/
BR) with ±1% deviation with respect to the standard meter is used
for particle size distribution (PSD) analysis. The measuring zone for
the insertion of wet disperses for particle size analysis varies from
0.1 lm to 875 lm.
A plot of cumulative distribution of the particles for the inlet flow
sample is shown in Fig. 5 on a semi-logarithmic chart. The data for
PSD is fitted using log-normal [44] andRosin–Rammler (also called
Weibull distribution) [44] distributions as the uniformity of the distribution is tested with the chi-square goodness of fit test [45]. This
results in confirming that the data comes from a normal distribution
at the 5% significance level. Both fitted curves appropriately predict
the distribution (R2 > 0:99) and indicate a uniform distribution of
the particles in the hydrocyclone inlet pipe. BothRosin–Rammler
distribution

(R2 ¼ 0:9984)

and

the

log-normal

function

2

(R ¼ 0:9939) are excellent fit to the data. The particle 50% cut size
(d50 ) is 4.53 lm from the experiment, and 4.05 lm and 4.38 lm
from the log-normal andRosin–Rammler distribution, respectively.
4. Results and discussion
4.1. Effect of design parameters
The ESAM described in this study relates both operating and
design parameters to the R, which in turn is a measure of hydrocyTable 2
Hydrocyclone geometric parameters; dimensions are defined in Fig. 1.
Case

Parameter

Di =D

Do =D

L=D

L1 =D

l

h (°)

1
2
3
4

Current study
Rietema
Demco 4H
Bradley

0.44
0.28
0.26
1/7

0.24
0.34
0.33
1/5

17.8
5
3.3
–

1.24
–
0.55
1/2

0.84
0.4
0.55
1/3

–
20
18
9

Fig. 5. Particle size distribution for the particles in the current study with error bars
(d50 = 4.53 lm) and the log-normal fit (d50 = 4.05 lm) and Rosin–Rammler fit
(d50 = 4.38 lm).

clone performance. Hydrocyclone total length L appears directly in
the equivalent area factor relation and has a linear effect on R. The
factor b in Eq. (15) is basically a function of design parameters; but
it is indirectly related to the tangential velocity through the exponent n. However, according to [40], for every hydrocyclone the tangential velocity component changes only with the radial position
as the value of n is independent of the operating conditions and
does not change with the vertical position. Thus, b is considered
a design parameter and evaluating the b factor can be useful in
comparing different designs.
The different values for n reported in the literature are discussed in [40] where the method of measurement is described.
This exponent for different designs is found to typically be between
0.7 and 0.9 [46]. An average value of 0.8 is suggested for hydrocyclones [39,47] and this value is used for further investigation in the
current study.
Values of b for different Do =D and Di =D are obtained from Eq.
(15) and are plotted in Figs. 6 and 7 for two different values of n.
These figures show that b increases with either increasing the ratio
of the inlet diameter or the overflow diameter to the hydrocyclone
diameter. The maximum value of b is obtained for large inlet and
overflow outlet diameter. Comparing the two figures shows that
increasing the value of n decreases the b value. Also, b values
according to Figs. 6 and 7 can change from about 0.05 for small
diameters to about 5 for large inlet and overflow diameter. However, the condition ð2Di =D þ Do =DÞ  1 restricts this diameters.
This limit ð2Di =D þ Do =D ¼ 1) is shown by a dotted line on Figs. 6
and 7. The shaded areas above the dotted lines are where the inlet
flow stream collides with the vortex finder wall and hence such
diameters of the inlet and vortex finder should be avoided due to
creating turbulence to the inlet flow stream. Thus, the values of b
cannot exceed 2 (for n ¼ 0:7) and 1.9 (for n ¼ 0:9) for the diameter
ranges shown in the figures for hydrocyclones mentioned above.
For a constant pressure drop, increasing the b results in a higher
R and thus a smaller particle cut size according to Eq. (12). However, in most applications, changing in the inlet and/or the outlet
diameters changes the pressure drop, which affects the performance of the device. Increasing the equivalent settling area of a
hydrocyclone by increasing the overflow diameter is a better
choice than increasing the inlet diameter because the equivalent
area is more sensitive to the overflow diameter. This can be quan-
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Fig. 6. Contours of b for different values of Di =D and Do =D (n ¼ 0:7); dotted line is
where 2Di =D þ Do =D ¼ 1; shaded area is where 2Di =D þ Do =D > 1.

Fig. 7. Contours of b for different values of Di =D and Do =D (n ¼ 0:9); dotted line is
where 2Di =D þ Do =D ¼ 1; shaded area is where 2Di =D þ Do =D > 1.

tified by calculating the partial derivatives of b in terms of Di =D or
Do =D. as in Eqs. (16) and (17).

@b
pnð2n þ 1Þ½1  ðDo =DÞ2 
¼
@ðDi =DÞ ½ðD=Do Þ2n  1ð1  Di =DÞ2nþ2

ð16Þ

i
2 h
3
2
2nþ1
@b
2pnð1  Di =DÞ2n1 4n 1  ðDo =DÞ ðD=Do Þ
Do 5
¼

@ðDo =DÞ
D
ðD=Do Þ2n  1
ðD=Do Þ2n  1
ð17Þ
The plots of the partial derivatives of b (sensitivity) in terms of Di =D
(Do =D remains constant) and Do =D (Di =D remains constant) are
shown in Fig. 8 for n ¼ 0:7 and in Fig. 9 for n ¼ 0:9 at three constant
values of 0.1, 0.2 and 0.4 for Di =D (or Do =D). Changes in b as a result
of changes in Do =D (at a constant Di =D) are greater than the changes
in Di =D changes (at a constant Do =D). Since the appearance of the
overflow diameter Do in the b relation is due to the pressure drop,
changing the pressure drop has more effect on b and the tangential

Fig. 8. @b=@ðDi =DÞ and @b=@ðDo =DÞ for different values of Di =D and Do =D (n ¼ 0:7).

Fig. 9. @b=@ðDi =DÞ and @b=@ðDo =DÞ for different values of Di =D and Do =D (n ¼ 0:9).

velocity than changing the inlet diameter and keeping the pressure
drop constant.
Comparing Figs. 8 and 9 shows that increasing the value of n
results in increasing the slope of b with respect to Di =D or Do =D.
These changes for overflow diameter are greater than the inlet
diameter ratio and particularly for higher values of the overflow
diameters.
4.2. Model validation
The experimental results are used to validate the ESAM. To do
this, the R values are calculated from ESAM (Rmodel ) with the average chosen value of n ¼ 0:8. These are plotted versus experimental
values obtained from the experimental data (Rexp ) for the current
study. Values of Rmodel and Rexp are also calculated for other types
of the hydrocyclones (Case 2, 3 and 4 in Table 2) assuming similar
hydrocyclone diameter of 50 mm as in the hydrocyclone in the current study. The design parameters for these designs are also listed
in Table 2.
To obtain the equivalent area factor from the experiments (Rexp )
the underflow cut size at each test is determined by particle size
analysis using the same method previously explained for the inlet
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flow particles. For the underflow cut size diameter Eq. (6) is used to
calculate the settling velocity under gravitational acceleration. At
each operating condition (constant flow rates and pressure drop)
for a certain inlet flow rate, Rexp is calculated from Eq. (12). For Rietema, Demco 4H and Bradley hydrocyclone designs, the values of
Rexp are obtained from the experimental correlations in [15] by calculating the flow rate and cut size at similar pressure drops as in
the current study. Pressure drop is calculated from the difference
between the inlet and the underflow pressure.
The equivalent area factor from the ESAM (Rmodel ) is calculated
from Eq. (14) at each inlet flow rate for all designs. As pressure
drop is required for obtaining Rmodel and to be able to compare
the results of the experiment and the model, the same experimental pressure drop is used.
The plots of Rexp and Rmodel (n ¼ 0:8) resulted from the calculations for the current study (and for Rietema, Demco 4H and Bradley
hydrocyclones) are shown in part (a) of Figs. 10–12. As can be seen
from the figures, there is a discrepancy between the experimental
data and the data predicted using the proposed n ¼ 0:8. This is particularly noticeable for the Bradley hydrocyclone which using
n ¼ 0:8 leads to underestimated values of the equivalent area

Fig. 10. Experimental equivalent area factor vs. ESAM for the data of the current
study; (a) n = 0.8 and (b) np = 0.88.

347

factor. To obtain the best match between the experiment and the
ESAM results, the sum of squared errors (SSE) between the values
of Rmodel and Rexp in each hydrocyclone is minimized by examining
the exponent n). The resulted exponent after minimizing SSE is
called the predicted n and is represented by np . The results of comparing the equivalent area factor between the ESAM and experiment using np are plotted as part (b) of Figs. 10–12. Points on the
45° line indicate an exact match between ESAM and experiment.
The lines of ±15% deviation from the best match are also plotted
in the figure. The comparison in Fig. 10 shows a good agreement
between the ESAM and experiment within 15%.
As can be seen from Fig. 10, the exponent np for the current
study is 0.88, which is comparable with the value of 0.8 for n suggested in [39]. The obtained value of np is 0.94 for Rietema hydrocyclone, 0.88 for Demco 4H hydrocyclone and 0.31 for Bradley
hydrocyclone shown in Figs. 11(b), 12(b) and 13(b), respectively.
The values obtained from the ESAM as determined above, are close
to the chosen value of n ¼ 0:8 except for the Bradley hydrocyclone
that there is a significant discrepancy between the two exponents.

Fig. 11. Experimental equivalent area factor vs. ESAM for similar pressure drops
and inlet concentrations as in the current study for Rietema hydrocyclone; (a)
n = 0.8 and (b) np = 0.94; experimental value for Rietema hydrocyclone is from the
correlations in [15].
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Fig. 12. Experimental equivalent area factor vs. ESAM for similar pressure drops
and inlet concentrations as in the current study for Demco 4H hydrocyclone; (a)
n = 0.8 and (b) np = 0.88; experimental value for Demco 4H hydrocyclone is from the
correlations in [15].

Comparing the design parameters for different hydrocyclones in
Table 2, it is observed that the cone angle is noticeably different
between Bradley, Rietema and Demco 4H hydrocyclones. This
angle along with other design parameters is expected to affect
the value of n. This results in a discrepancy between the model
and experiments for a Bradley hydrocyclone shown in Fig. 13(a)
since a constant n ¼ 0:8 is used for all the hydrocyclone types.
To investigate the discrepancy between the ESAM prediction
and experimental equivalent area factor observed for the Bradley
hydrocyclone, the values of exponent n are compared with the literature. To do this, the experimentally obtained n for Bradley
hydrocyclones are extracted from [40] and compared to the predicted values of np from the ESAM (predicted exponent for the best
match between Rmodel and Rexp ). The tests conditions and the
results of the comparison are summarized in Table 3. The values
in Table 3 indicate that the predicted exponents np from ESAM
are in good agreement with the values of n measured experimentally with maximum deviation of 0.06. This denotes that the ESAM
can be confidently used to approximate the n and hence R. Know-

Fig. 13. Experimental equivalent area factor vs. ESAM for similar pressure drops
and inlet concentrations as in the current study for Bradley hydrocyclone; (a)
n = 0.8 and (b) np = 0.31; experimental value for Bradley hydrocyclone is from the
correlations in [15].

Table 3
Comparing the experimental value of the tangential velocity exponent n [40] and the
predicted values using the ESAM (np ); Di =D ¼ 1=7:5; Do =D ¼ 1=5; Du =D ¼ 1=15; h ¼ 9
(dimensions are defined in Fig. 1).
D
(mm)

Pressure drop
(kPa)

Inlet flow rate
(m3/h)

n
(experiment)

np
(ESAM)

15
15
15
15
15
75
75
75
75
75
75
75
75
75

46.9
81.4
146.9
193.7
242.0
30.3
31.7
84.8
86.9
84.1
85.5
134.4
135.8
206.8

0.072
0.091
0.114
0.112
0.128
1.363
1.363
2.066
2.066
2.066
2.066
2.495
2.495
2.971

0.11
0.15
0.16
0.18
0.19
0.17
0.16
0.19
0.19
0.18
0.19
0.24
0.24
0.26

0.16
0.16
0.17
0.17
0.17
0.19
0.19
0.20
0.20
0.20
0.20
0.20
0.20
0.20
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ing this the discrepancy in R values between the ESAM and experiment is attributed to the value of n used in the ESAM to predict the
R in Bradley hydrocyclone. It shows that despite the generally
accepted range for exponent n (0.7–0.9 [46] or 0.5–0.9 [34]), for
particular designs this may decrease to a small value such as 0.2.
Therefore, the recommended average 0.8 value for n [47,39] that
is used in the model may not fit all hydrocyclone designs. The best
value of n that fits the model for each design geometry should be
obtained from the experimental results.
To evaluate the effect of design parameters on the equivalent
area factor, plots of R as a function of pressure drop (according
to Eq. (15)) are shown in Fig. 14 for the four types of hydrocyclones. Each plot compares the data of experimental R and the
curve fitted to the data with R from the ESAM (n ¼ 0:8). This comparison has the advantage of including the effect of hydrocyclone
total length L (see Fig. 1) which does not appear in b. From
Fig. 14 it can be concluded that there is a good agreement between
the ESAM and the experimental results. This shows that the proposed ESAM in Eq. (14) predicts well the effect of the design
parameters on R. As discussed above, the discrepancy between
the ESAM and the experimental points for the Bradley hydrocyclones is attributed to the specifications of this hydrocyclone that
requires a smaller value of n to predict the tangential velocity
profile.
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4.3. Predicting the tangential velocity profile
Estimating the value of n for a hydrocyclone without needing
velocimetry is an important aspect of the ESAM. Using the estimated value of n, the tangential velocity profile can also be predicted. Typically to determine the tangential velocity profile
measuring of the velocity components is required [48,7]. Velocimetery measurement in a hydrocyclone is difficult as a result of complicated flow geometry. In addition, some measurement
techniques are invasive and some are difficult to perform in an
industrial setting. Thus, an alternate method of determining the
tangential velocity component (the most important velocity component affects the separation performance [7]) can be useful.
The following procedure is proposed as an alternative method
of determining the tangential velocity profile in hydrocyclones
on the basis of the ESAM:
1. Experimentally determine the flow rate, fluid properties (density and viscosity), particle density and the separation cut size
(using a particle size analysis method).
2. From the information obtained in step 1, settling velocity is
determined from Eq. (6).
3. The experimental equivalent area factor is calculated from Eq.
(12).

Fig. 14. Comparing the experimental equivalent area factor vs. pressure drops with the values predicted with ESAM for similar pressure drops and inlet concentrations as in
the current study; (a)–(d): n = 0.8; experimental value for Rietema, Demco 4H and Bradley hydrocyclones are based on correlations in [15].
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4. Equating this value with Eq. (14) at a known pressure drop
gives the value of n.
5. Then v h is calculated using Eq. (7) using n at the known flow
rate and inlet section dimensions.
Following these steps the velocity profiles for the tangential
velocity in four hydrocyclone cases is obtained. Fig. 15 shows the
normalized tangential velocity (normalized with inlet velocity) at
different normalized radiuses (the radial distance from the hydrocyclone centerline). Higher values of the v h =v inlet is obtained for
Rietema and Demco 4H hydrocyclones. This is interesting as the
maximum equivalent area factor is observed in the hydrocyclone
Case 1 (compare Figs. 10–12) shows that the effects of the other
design and operational parameters on the separation performance
may be more significant that the centrifugal acceleration.
Experimental data from [5] is used to examine the proposed
method of tangential velocity profile prediction according to the
above mentioned procedure. The hydrocyclone dimensions and
test conditions are listed in Table 4. The value of exponent np is
obtained by determining Rmodel and Rexp . Assuming that the liquid
density equals 1000 kg/m3 and using ESAM Rmodel is determined.
The experimental test in [5] had no solid particles and performed
only for velocity measurements. Thus, Rexp for the test in [5] is calculated using the correlations developed in [15] assuming sand
particles with Dq ¼ 1650 kg/m3, water as liquid with l ¼ 1 mPa.s
and low particle volume concentration as 0.05%. Equating these
two equivalent area factors for the model and experiment results
in np ¼ 0:41. Using this predicted exponent and approximating
the rectangular inlet pipe depth H from the equivalent area of
the inlet circular pipe, v h is obtained using Eq. (7). This predicted
tangential velocity is compared to the experimental data [5] in
Fig. 16. The comparison shows a good agreement between the predicted values and the experimental data with more discrepancies
for smaller radiuses. The predicted velocity profile is
v h ¼ 0:31=r0:41 and the profile resulted from the experimental data
is v h ¼ 0:25=r0:51 which show a difference of 0.1 between the exponents and 0.06 between the constants. This results in a maximum
error of 22.7% at r ¼ 0:0035 m at the maximum tangential velocity
as shown in Fig. 16.
Employing this technique, information at a single data point can
be used to estimate the velocity profile. However, having more
experimental data points at different operating conditions results
in a more accurate estimation of n by minimizing the sum of

Table 4
Hydrocyclone geometric parameters and experiment conditions for examining the
tangential velocity profile; dimensions are defined in Fig. 1.
Parameter

Value

D (mm)
Di (mm)
Do (mm)
Du (mm)
L (mm)
l (mm)
DP (kPa)
Q (m3/h)

75
0.28D
0.34D
0.16D
5D
0.4D
25
1.82

Fig. 16. Comparison of predicted tangential velocity profiles vs. hydrocyclone
radius (r) at separation zone and experimental data from [5] for test conditions as in
Table 4; R2 ¼ 0:71.

squared errors of prediction. Most of the measurements for the
tangential velocity component are in pure water or lightly seeded
water [5–7,10] as the measurements are simpler to perform. However, these experiments do not replicate the real applications of the
hydrocyclones in terms of the effects of particles on the tangential
velocity component. Predicting the tangential velocity profile on
the basis of the proposed method in this study do not required
velocity measurement and is based on the experimental cut size.
5. Conclusions

Fig. 15. Normalized tangential velocity profiles at separation zone vs. normalized
radius for different hydrocyclones (R ¼ D=2).

A mathematical model has been developed to predict the equivalent settling area factor in hydrocyclones (ESAM) and it has been
validated using data from an experimental study. The experimental results are in good agreement with the ESAM prediction. ESAM
can be used to predict the equivalent area factor for a variety of
hydrocyclone designs. The equivalent area factor R can also be
used to compare other centrifugal separators and a continuous settling tank to provide insight into the relative performance of different centrifugal separation techniques. The effects of hydrocyclone
inlet and overflow diameters are studied. R in hydrocyclones is
increased by increasing either the hydrocyclone inlet diameter or
the overflow diameter, but it is more sensitive to the overflow
diameter.
Since the model development basis is the centrifugal acceleration, the ESAM together with the experimental equivalent area
obtained from performance experiments can be used to predict
the tangential velocity profile in the hydrocyclone. This prediction
is validated by comparison of the tangential velocity profile of a
given hydrocyclone. This method has the benefit of predicting
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the tangential velocity profile without requiring complex and
expensive instruments for velocimetry measurement.
The average value of 0.8 is suggested in the literature for the
exponent n in the tangential velocity profile function for hydrocyclones. It is shown that the value of this exponent is significantly
geometry dependent. For three of the hydrocyclone designs studied in this paper, the exponent values are close to the average,
while for Bradley hydrocyclone n is found to be 0.31. The proper
exponent for each hydrocyclone design can be determined from
the ESAM by comparing with experimental data and the ESAM
can now be used as a design tool for hydrocyclones.
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