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ABSTRACT: This article addresses the model predictive controller design for a jacket tubular reactor with a simple reversible
exothermic reaction (A ⇌ B). Using energy and mass balance laws,
four nonlinear hyperbolic partial diﬀerential equations are derived
to model the tubular reactor dynamics in terms of two
concentrations, the reactor temperature, and the spatially varying
jacket temperature. The nonlinear continuous-time model is
linearized and discretized in time by the use of the Cayley−Tustin
transform without spatial discretization or model reduction. Along
these lines, a state-feedback model predictive controller is
formulated to realize model stabilization with respect to input
and output constraints. To account for the state estimation, a Luenberger observer-based model predictive control (MPC) frame is
further developed, and observer gains are obtained as solutions of an operator Riccati equation. Finally, two numerical examples are
provided to demonstrate the feasibility and applicability of the proposed MPC designs.

■

side of the tubular reactor.17 Furthermore, the backsteppingbased inﬁnite-dimensional observers were proposed for a class
of linear parabolic PDEs.18 Along the same lines, the dynamic
analysis and linear quadratic optimal control were extensively
developed for a class of tubular reactors.7,19,20 However, when
it comes to the controller design for reversible reaction
systems, there is limited attention in the research literature.12,21−23 The inevitable diﬃculty comes from the inﬁnitedimensional nature of heterodirectional hyperbolic systems,
which is a limiting factor when controller designs and
monitoring realizations are considered. Motivated by these
observations, the objective of our article is the simple reversible
reaction, which is described by the nonlinear coupled 4 × 4
hyperbolic PDEs.
Considering the typical requirements for the operation of
tubular reactors in practice, such as the temperature and
concentration of reactants not exceeding certain ranges, as well
as the physical limits of actuators or sensors, model predictive
control (MPC) as a popular and widely deployed methodology
in the process industry is capable of handling such requirements. The main idea of MPC can be dated back to the 1960s
and its application originated in the chemical industry in the

INTRODUCTION
Tubular reactors play a signiﬁcant role in chemical engineering
practice. Models of various types of tubular reactors are usually
described by nonlinear partial diﬀerential equations (PDEs)
derived from conservation laws, which originated from mass
and energy balances and which belong to the class of
distributed parameter systems (DPSs).1 The salient feature
of these models is temporal- and spatial-state dependence that
capture the kinetic properties within the reactors and can be
connected with the phase change, generation, and/or
consumption of chemical species.2
Because of the numerous industrial applications of tubular
reactors, the corresponding issues of modeling and controlling
are of great importance for the safety and economic
operations,3−6 and hence have been explored in many studies
over the years. For instance, a series of contributions were
focused on the ﬁrst-order exothermic irreversible reaction A →
bB within the uniform jacket tubular reactors.7−9 An ideal plugﬂow tubular reactor having a simple exothermic consecutive
reaction A → B → C with cocurrent cooling10 and of A + B →
C with advection and axial diﬀusion were further investigated.11 In addition, the reversible reactions aA ⇌ rR were
widely studied, especially in chemical and biological processes,
such as polymerization and isomerization, enzyme kinetics, and
racemization of molecules with mirror-image structures.12−14
Based on the mathematical models of various reaction systems,
signiﬁcant research eﬀorts have been made toward control
designs.15,16 In particular, a globally stabilizing boundary
feedback control law was developed to stabilize the unstable
steady states of temperature and concentration on the inlet
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1970s.24 Basically, a model of interest is implemented as an
optimization problem, which is then solved to determine the
best set of inputs for decisions. The optimization problem
needs to be reformulated iteratively as time increases, and only
the ﬁrst input is implemented every time. Over the past two
decades, MPC has been extensively used in linear and
nonlinear ﬁnite-dimensional systems.25,26 MPC theory is now
a mature body of knowledge encompassing the stability and
robustness of linear and nonlinear models, which has a
signiﬁcant impact on industrial process control and has been
extended to the control of inﬁnite-dimensional systems,
especially tubular reactor systems.27,28 More speciﬁcally, a
nonlinear MPC for a tubular reactor was developed by
combining data-driven and model-reduction approaches,
where the proper orthogonal decomposition (POD) and
ﬁnite-element Galerkin projection methods were applied to
approximate the PDE system.29 Similar methods (POD and
Galerkin projection) were utilized to derive the low-order
linear model that captures the dominant dynamics of the
PDEs, which were subsequently used for the MPC design of
distributed reactor models with axial and radial diﬀusion.30 An
economic MPC framework was proposed for a tubular reactor
and the reduced-order model was constructed based on the
basis of historical data-based empirical eigenfunctions and
Galerkin’s method.31 However, these approaches are only
applicable for the Riesz spectral systems (parabolic and higher
order dissipative PDEs) and not suitable for nonspectral
systems, such as the hyperbolic PDEs. There are other
extensions in this area, for instance, a nonlinear MPC scheme
for continuous emulsion co-polymerization in a tubular reactor
was presented,32 where the PDEs were converted to a system
of ODEs using the method of lines. A general nonlinear MPC
framework for low-density polyethylene tubular reactors was
developed,33 where the cascade PDEs−ODEs system was
discretized in space and time for implementation using the
implicit Euler and ﬁnite-element scheme. In addition, there are
some other works on linear model predictive controller designs
of transport reaction systems based on online model
reduction34,35 and the structure-preserving discretization
framework.9,36,37
Most of the aforementioned works depend on spatial
approximation (discretization) in the controller design stage.
However, the main drawback of these approaches lies in the
fact that the spatial discretization might induce numerical
instability, and/or the fundamental control theoretical properties (controllability, observability, and stability) might be lost
and/or altered signiﬁcantly.1,38 On the other hand, the
obtained discrete model can only provide approximate states
at the spatial discretization points instead of the spatial states
between discretized points. In general, these approaches
belong to early lumping, as spatial discretization needs to be
preformed in the design stage. In contrast, late lumping takes
full advantage of the available distributed parameter control
theory and utilizes the inﬁnite-dimensional setting for the
controller design, and only performs lumping along some
spatial approximation for the purpose of implementation.
In a late lumping manner, the Cayley−Tustin timediscretization framework was proposed by Havu and
Malinen,39,40 which was demonstrated to be a symmetric and
symplectic integration scheme that ensures energy and
structure preservation. Another novel energy-preserving
approach was introduced by Lefevre and coworkers.41−43
Their method of spatial discretization for inﬁnite-dimensional

Article

port-Hamiltonian systems can preserve the model structure
during the model reduction and consist of splitting the initial
structured inﬁnite-dimensional model into N ﬁnite-dimensional submodels with the same energetic behavior. 41
Compared with the Cayley−Tustin time-discretization method, the main similarity is that both approaches guarantee
structure-preserving numerical integration. The main diﬀerence is that the Cayley−Tustin time-discretization method
does not alter the system theoretical properties (such as
stability, controllability, and observability) which play a
signiﬁcant role in the controller design.42,44 The discretization
framework proposed by Lefevre and coworkers can preserve
the stability, while the preservation of controllability and
observability during discretization is not investigated.41−43
Motivated by the aforementioned considerations, we extend
the ﬁnite-dimensional MPC setting to the jacket tubular
reactor with a simple reversible reaction modeled by the 4 × 4
hyperbolic PDEs and, in particular, the Cayley−Tustin method
is utilized for time discretization of the continuous hyperbolic
PDE model, and in the linear MPC controller design in a late
lumping manner, which achieves a satisfactory performance
with respect to the input and output constraints and accounts
for constrained stabilization of the disturbed system.
The ﬁve contributions of this work are summarized next: (1)
a PDE model is established for a jacked tubular reactor with
consideration of a simple reversible reaction (A ⇌ B), which is
a common practice in chemical engineering but has not been
fully investigated in the literature as it accounts for the
heterodirectional hyperbolic systems. (2) A spatially varying
jacket temperature is considered instead of the uniformly
distributed jacket temperature along with the concentration of
reactants and products, and the temperature of the reactor
reﬂects the spatiotemporal dynamics of the reactor system. (3)
Cayley−Tustin time discretization is utilized to preserve the
system properties (such as stability, controllability, and
observability). (4) A full-state feedback MPC controller is
designed and implemented to address the physical constraints
in actuators and sensors. (5) Considering the common
scenario of unavailability of full-state information and the
existence of disturbance, an observer-based MPC is designed
using the state estimated by the Luenberger observer and
ﬁnding the observer gain by solving an operator Riccati
equation.
The organization of this paper is described next. In the
Problem Formulation section, the inﬁnite-dimensional-state
space model is introduced. Furthermore, the linearized model
and Cayley−Tustin time discretization for the tubular reactor
are provided. In the MPC Formulation section, the model
predictive controllers are designed including state-feedback
MPC and observer-based MPC. Finally, in the Simulation
Study section, the performances of the presented statefeedback MPC and observer-based MPC are demonstrated
by two numerical examples, where the inﬂuence of constraints,
penalty weights, and disturbances on the MPC performance is
further analyzed.
Problem Formulation. In this section, we introduce the
problem formulation. First, the mathematical model of the
jacketed tubular reactor is presented with a simple reversible
reaction taking place. Second, the model linearization around
the equilibrium point is proposed to construct a linearized
model. Finally, the discrete-time inﬁnite-dimensional model is
obtained utilizing the Cayley−Tustin transform framework.
18922
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Model Description. Figure 1 shows a schematic of a
tubular reactor. This tubular reactor is a nonisothermal reactor,
where an elementary exothermic ﬁrst-order reversible reaction
takes place (A ⇌ B).

Article

Table 1. Notation and Values of Parameters
process parameters

notations

numerical values

ﬂuid velocity in the reactor
ﬂuid velocity in the jacket
length of the reactor
activation energy of the reactant
activation energy of the product
heat-transfer parameter
idea gas constant
stoichiometric coeﬃcient

v
vc
L
E1
E2
U/ρCpV
R
−ΔH/ρCp

0.025 m/s
0.1 m/s
1m
46.15 kJ/mol
209.29 kJ/mol
0.2 s−1
8.314 J/(mol·K)
−4250 K·L/mol

Figure 1. Jacket tubular reactor representation.

which is given as b(ζ ) =

The mathematical model for the considered tubular reactor
is based on the following assumptions. (1) Uniform radial
velocity and distribution. (2) Uniform radial temperature and
concentration distribution. (3) Constant density and volume
of the liquid within the reactor. The heat capacities of the
reactant, diﬀusion, and dispersion are neglected.
Under these simplifying assumptions, the dynamics of the
process are typically described by the following four nonlinear
PDEs which are derived from energy and mass balance
principles.27,45,46 In particular, one considers the spatially
varying jacket temperature that can be described by another
hyperbolic PDE.

1
1
(ζ ).
2ζL̅ [ζL − ζL̅ , ζL + ζL̅ ]

In summary, the

controlled variables are the concentrations CA, CB and the
temperature T of the reactor, and the corresponding
manipulated variable is the inlet ﬂow temperature of the
jacket. The mathematical model in eq 1 represents a nonlinear
relation between controlled variables and manipulated
variables.
Correspondingly, the following boundary conditions are
considered
CA(0, t ) = C A 0 , CB(0, t ) = 0, T (0, t ) = T0 , Tc(L , t )

∂CA(ζ , t )
∂C (ζ , t )
− k1e−E1/ T(ζ , t )R CA(ζ , t )
= −v A
∂t
∂ζ
+ k 2e−E2 / T(ζ , t )R CB(ζ , t )

= TC0

(2)

with the given initial conditions

∂CB(ζ , t )
∂C (ζ , t )
= −v B
+ k1e−E1/ T(ζ , t )R CA(ζ , t )
∂t
∂ζ
− k 2e−E2 / T(ζ , t )R CB(ζ , t )

CA(ζ , 0) = CA(ζ ), CB(ζ , 0) = 0, T (ζ , 0) = T (ζ ),
Tc(ζ , 0) = Tc(ζ )

∂T (ζ , t )
∂T (ζ , t )
−ΔH −E1/ T(ζ , t )R
+
= −v
k1e
CA(ζ , t )
∂ζ
∂t
ρCp
−ΔH −E2 / T(ζ , t )R
−
k 2e
CB(ζ , t )
ρCp
U
+
(Tc(ζ , t ) − T (ζ , t ))
ρCpV

(3)

The output is taken in the following form
ÄÅ
É
ÅÅCA(ζ , t ) ÑÑÑ
ÅÅ
ÑÑ
ÅÅ
Ñ
ÅÅC (ζ , t )ÑÑÑ
ÅÅ B
ÑÑ
ÑÑ
y(t ) = *ÅÅÅ
Ñ
ÅÅÅT (ζ , t ) ÑÑÑ
ÅÅ
ÑÑ
ÅÅ
Ñ
ÅÅTc(ζ , t ) ÑÑÑ
ÅÇ
ÑÖ

∂Tc(ζ , t )
∂T (ζ , t )
U
= vc c
−
(Tc(ζ , t ) − T (ζ , t ))
∂t
∂ζ
ρCpV

{

L

(4)

L

where *( ·) = diag ∫ ( ·)δ(ζ − L)dζ , ∫ ( ·)δ(ζ − L)dζ ,
0
0

+ b(ζ )u ̅ (t )
(1)

L

L

}

∫0 (·)δ(ζ − L)dζ , ∫0 (·)δ(ζ )dζ

In these equations, CA, CB denote the concentrations of the
reactant and the product, respectively. The temperature inside
of the reactor is T and Tc is the temperature of the cooling
medium ﬂowing around the wall of the tubular reactor. The
symbols v, vc, E1, E2, k1, k2, R, ΔH, ρCp, U, and V denote the
superﬁcial ﬂuid velocity, the velocity of the cooling ﬂuid, the
activation energy of the reactant and the product, the kinetic
constant of A and B, the ideal gas constant, the enthalpy, the
constant heat capacity, the product of the density and the heat
capacity of the ﬂuid in the reactor, the heat-transfer coeﬃcient,
and the volume of the reactor, respectively.47 Parameters of the
reactor considered are shown in Table 1.
In addition, ζ (ζ ∈ [0, L]), and t (t ∈ [0, ∞)) denote the
spatial variable and the temporal variable, respectively. The
boundary actuation is u̅(t), and it is characterized by b(ζ),

and δ(ζ) is the Dirac function which can capture the spatial
measurement points of interest.
System Linearization. The mathematical model described
above is composed of a set of PDEs that accurately describe
the dynamics of the tubular reactor from spatial and temporal
dimensional. It is, however, a fully coupled and nonlinear PDE
model that is diﬃcult to solve directly and analyze further.
Linearizing this system around some steady states of interest is
one way to proceed.9
First, the steady-state model of eq 1 can be simply obtained
as the time t → ∞, which means that all derivatives with
respect to time are equal to zero.
18923
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Figure 2. Steady-state proﬁles of the tubular reactor.

−v
−v
−v

vc

∂C Ass
∂ζ
∂C Bss
∂ζ

V = diag{−v , − v , − v , vc},
ÅÄÅ−N N
−G1
ÅÅÅ 1 2
ÅÅ
ÅÅ N1 −N2
G1
A(ζ ) = ÅÅÅÅ
ÅÅ βN − βN G
2
2
ÅÅ 1
ÅÅ
ÅÅÇ 0
α
0

− k1e−E1/ TssR C Ass + k 2e−E2 / TssR C Bss = 0
+ k1e−E1/ TssR C Ass − k 2e−E2 / TssR C Bss = 0

∂Tss
−ΔH −E1/ TssR
−ΔH −E2 / TssR
+
k1e
C Ass −
k 2e
C Bss
∂ζ
ρCp
ρCp
U
(Tc − Tss) = 0
+
ρCpV ss

∂Tcss
∂ζ

B(ζ ) = [0; 0; 0; b(ζ )] ,
β=

−

É
0 ÑÑÑÑ
ÑÑ
0 ÑÑÑÑ
ÑÑ,
Ñ
α ÑÑÑ
ÑÑ
Ñ
−α ÑÑÖ

U
(Tc − Tss) = 0
ρCpV ss

−ΔH
,
ρCp

μ1 =

E1
,
R

α=
μ2 =

U
,
ρCpV
E2
,
R

N1 = k1e−μ1 / Tss , N2 = k 2e−μ2 / Tss ,
CA
CB
G1 = N1μ1 2ss − N2μ2 2ss ,
Tss
Tss
C Ass
CB
G2 = βN1μ1 2 − βN2μ2 2ss − α
Tss
Tss

(5)

The steady states can be solved numerically by the ﬁnite
diﬀerence method. More speciﬁcally, the derivatives with
respect to the axial variable can be replaced by the ﬁrst-order
backward and the ﬁrst-order forward diﬀerences. As a result,
the corresponding steady-state proﬁles are illustrated in Figure
2.
By applying the state transformation and linearization, the
original nonlinear PDEs in eq 1 can be linearized around the
steady states.
ÄÅ
É ÅÄ
ÑÉ
ÅÅ x1(ζ , t ) ÑÑÑ ÅÅÅCA(ζ , t ) − C Ass(ζ , t )ÑÑÑ
ÅÅ
ÑÑ ÅÅ
ÑÑ
ÅÅ
Ñ Å
Ñ
ÅÅ x (ζ , t )ÑÑÑ ÅÅÅC (ζ , t ) − C (ζ , t ) ÑÑÑ
ÅÅ 2
ÑÑ ÅÅ B
ÑÑ
Bss
ÑÑ = ÅÅ
ÑÑ
X = ÅÅÅ
ÅÅ x (ζ , t ) ÑÑÑ ÅÅÅT (ζ , t ) − T (ζ , t ) ÑÑÑ
ÅÅ 3
ÑÑ ÅÅ
ÑÑ
ss
ÅÅ
Ñ Å
ÑÑ
ÅÅ x (ζ , t ) ÑÑÑ ÅÅÅ
Ñ
ÅÅÇ 4
ÑÑÖ ÅÅTc(ζ , t ) − Tcss(ζ , t ) ÑÑÑ
(6)
ÑÖ
ÅÇ

(8)

The linearized system has the corresponding boundary
conditions of
x1(0, t ) = 0, x 2(0, t ) = 0, x3(0, t ) = 0, x4(L , t ) = 0
(9)

and the initial conditions
x1(ζ , 0) = CA(ζ ) − C Ass(ζ ),
x 2(ζ , 0) = CB(ζ ) − C Bss(ζ )
x3(ζ , 0) = T (ζ ) − Tss(ζ ),
x4(ζ , 0) = Tc(ζ ) − Tcss(ζ )

Moreover, the steady states CAss, CBss, Tss, and Tcss need to
satisfy their corresponding boundary conditions indicated in eq
2. Therefore, the linearized inﬁnite-dimensional model is
obtained in the following form

(10)

The linearized jacket tubular reactor model is now complete
and the standard inﬁnite-dimensional continuous-time statespace model can be formulated as

∂X(ζ , t )
∂X(ζ , t )
+ A(ζ )X(ζ , t ) + B(ζ )u(t )
=V
∂ζ
∂t

Ẋ (ζ , t ) = (X(ζ , t ) + )u(t )
Y (t ) = *X(ζ , t )

(7)

(11)

subject to the boundary conditions eq 9 and the initial
c o n d i t i o n s e q 1 0 . T h e s t a t e X (ζ , t )∈ ? , w i t h

where u(t) is the corresponding input action of the linearized
system and the following notations are used in this equation.
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for j ≥ 1, where we omit the spatial dependence of x for

? = L2((0, L), 4 ) being deﬁned as a real separable Hilbert
space with the inner product ⟨·,·⟩. The input

brevity. Then, let

u(t ) ∈ L loc 2([0, ∞), <)

be an approximation of u(jh) by the

u(j h)
h

u(j h)
h

1

jh

= h∫
u(t )dt
(j − 1)h

converges to u(jh) as h →

0 in several diﬀerent ways, similar to Y(jh). Furthermore,
rewriting eq 15 gives the discrete time dynamics eq 16. It is
frequently called Tustin discretization in the engineering
literature, which is discovered in 1940s by Tustin and is
referred to as Tustin transform in digital and sample-data
control literature.38

where < and @ are real separable Hilbert spaces.
In this form, one can deﬁne the operator
∂(·)
(( ·) = V ∂ζ + A(ζ )( ·) on its domain. ( is the inﬁnitesimal
generator of a C0-semigroup on ? . Also, the input operator )
is deﬁned as a bounded operator ) = [0; 0; 0; b(ζ)]. The
operator ) can approximate “point actuation” using a small
interval shape function.48 To construct the model predictive
controller in the next section, the adjoint operator of ( needs
to be predetermined. For this system, the adjoint operator (*
is easily found using the inner product formula,

X (j h) − X (j −h)1
h
Y (j h)
h

⟨(φ , ϕ⟩ = ⟨φ , (*ϕ⟩,

≈*

≈(

X (j h) + X (j −h)1
2

+)

u(j h)
h

, X 0(h) = X 0

X (j h) + X (j −h)1
2
(16)

and is given by

Through some basic computations, the following inﬁnitedimensional discrete-time state-space model is obtained

∂( ·)
(*( ·) = −V
+ A*(ζ )( ·)
∂ζ

its

(12)

X (j h) = (dX (j −h)1 + )du(j h)

deﬁned

as
+((*) = {ϕ = [ϕ1; ϕ2 ; ϕ3; ϕ4 ] ϕi(ζ )∈ L 2(0, 1), ϕi(ζ ) is absolutely continuous, dϕi/dζ∈L2(0, 1), with i = 1, 2, 3, 4, and
ϕ1(1) = 0, ϕ2(1) = 0, ϕ3(1) = 0, ϕ4(0) = 0}.
The output is obtained as
ÄÅ
É
ÉÑ
ÄÅ
ÅÅ x1(ζ , t ) + C A (ζ )ÑÑÑ
ÄÅ x ÉÑ ÅÅÅÅC Ass(L)ÑÑÑÑ
ÅÅ
ÑÑ
ss
ÅÅ 1 ÑÑ ÅÅ
ÅÅ
ÑÑ
ÑÑ
ÅÅ ÑÑ ÅÅ
ÅÅ
Ñ
ÅÅ x ÑÑ ÅÅC B (L) ÑÑÑÑ
ÅÅ x 2(ζ , t ) + C Bss(ζ )ÑÑÑ
Å 2 Ñ Å ss ÑÑ
Å
ÑÑ
Y (t ) = *ÅÅÅ
Ñ = *ÅÅÅÅ x ÑÑÑÑ + ÅÅÅ
Ñ
ÅÅ x (ζ , t ) + T (ζ ) ÑÑÑ
ÅÅ 3 ÑÑ ÅÅÅT (L) ÑÑÑÑ
ÅÅ 3
ÑÑ
ss
ss
Å
Ñ
ÑÑ
Å
Å
Ñ
ÅÅ
ÑÑ
ÅÅ x4 ÑÑ ÅÅÅ
ÅÅ
Ñ
ÅÇ ÑÖ ÅÅT (0) ÑÑÑÑ
ÅÅ x4(ζ , ζt ) + Tcss(ζ ) ÑÑÑ
ÑÑÖ
ÅÅÇ css
ÅÇ
ÑÖ

domain

Y (j h) = *dX (j −h)1 + +du(j h)
ij (d )d yz ijj[δ − (]−1[δ − (] 2δ [δ − (]−1 ) yzz
jj
zz = jj
zz
jj
z
zz
−1
j *d +d zz jj 2δ *[δ − (]−1
[
δ
−
]
*
(
)
k
{ k
{

(18)

where δ = 2/h and the resolvent is 9(δ , () = (δI − ()−1.
Clearly, one must satisfy δ∈ρ(() so that the resolvent
operator is well-deﬁned. In particular, *(δ − ()−1) denotes
the transfer function of the linearized continuous model. The
unbounded operators ( of the continuous-time system are
mapped into bounded operators (d in the discrete-time
counterpart through the Cayley transform. In addition, it has
been demonstrated that the controllability and the stability are
invariant under this transformation.9 The continuous state
evolutional operator ( is discretized in time and (d can be
described by the resolvent operator with

In an analogous manner, by
⟨*φ , ϕ⟩ = ⟨φ , **ϕ⟩,

l
o
**( ·) = diagm
oδ(ζ − L)
n

the ** operator is determined as

∫0

L

( ·)dη , δ(ζ − L)

L

( ·)dη , δ(ζ − L)

∫0

L

( ·)dη , δ(ζ )

∫0

L

|
o
( ·)dη}
o
~

(d( ·) = [δI − (]−1 [δI + (]( ·) = −I( ·)

(14)

+ 2δ[δI − (]−1 ( ·) = −I( ·) + 2δ 9(δ , ()( ·)

Model Discretization. Based on the linearized inﬁnitedimensional system, we introduce the Cayley−Tustin discretization framework to transform the continuous-time system
to the discrete-time one. Let us consider the above linear
system in eq 11 and the given time discretization h > 0, and the
Cayley−Tustin discretization is given by

where I is an identity operator.
Resolvent Operator. In order to obtain the above
discrete-time spatial operators which are generated by the
Cayley−Tustin discretization, the resolvent operator needs to
be determined. In general, there is a link between the resolvent
operator and the analytical solution in the Laplace-domain for
the continuous-time model, such as
9(s , ()( ·) = [sI − (]−1 ( ·), which means one can obtain
the resolvent operator by applying the Laplace transform. To
better understand the resolvent operator, let us consider the
following model

X(jh) − X((j − 1)h)
X(jh) + X((j − 1)h)
≈(
h
2
+ )u(jh), X(0) = X 0
X(jh) + X((j − 1)h)
2

(17)

where (d , )d , *d , and +d are the discrete-time spatial
operators and are given by

(13)

Y (jh) ≈ (

h

. It has been shown in ref 39 that

y(t ) ∈ L loc 2([0, ∞), @)

∫0

u(j h)

mean value within a given sampling time,

and output

with

Article

(15)
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Ä
LÅ
ÅÅ 1
1
ÅÅ F (L − η , s)x (η , 0)
x4(0, s) = −
Å 41
1
F44(L , s) 0 ÅÅÅÇ v
1
+ F42(L − η , s)x 2(η , 0)
v
1
+ F43(L − η , s)x3(η , 0)
v
ÑÉÑ
Ñ
1
− F44(L − η , s)x4(η , 0)dηÑÑÑÑ
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where ( is deﬁned as a spatial derivative operator. Through
applying the Laplace transform, one attains the associated
resolvent operator 9(s , () as follows
z(ζ , s) = [sI − (]−1 z 0(ζ ) = 9(s , ()z 0(ζ )

(20)

This illustrates that the resolvent operator is mapping the
initial condition z0(ζ) to the solution z(ζ, s) in the Laplacedomain.
Following this line, for the linearized hyperbolic PDEs in eq
7, the Laplace transform is applied giving
∂X(ζ , s)
= FX(ζ , s) − V −1X(ζ , 0)
∂ζ

Consequently, the resolvent operator can be determined
utilizing eqs 23 and 24 in the following form
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The associated resolvent operators can be expressed as
()( ·) = −

∫0

and V is deﬁned in eq 8. Because of the diagonal form of V, it is
clear that V is invertible, which means that the well-posedness
is guaranteed. Based on the semigroup operator theory,48 a
frequency-domain solution is generated under the zero-input
condition as follows
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1
Fi1(ζ − η , s)( ·)dη ,
v

()( ·) = −

∫0

For notational simplicity, eFζ can be denoted as eFζ = [Fij(ζ,
s)]4×4 with i, j = 1, 2, 3, 4. The frequency-domain solution of
the DPS is

ζ

Fi 4(ζ , s)
F44(L , s)

Fi 4(ζ , s)
F44(L , s)

∫0

L

i = 1, 2, 3, 4
1
F44(L − ε , s)( ·)dε
vc

1
Fi 4(ζ − η , s)( ·)dη ,
vc

i = 1, 2, 3, 4
(26)

Now, the discrete-time operators in eq 18 can be solved by
straightforwardly substituting the above-listed resolvent
operators. Afterward, the discrete-time linear model is obtained
as
X(ζ , k) = (dX(ζ , k − 1) + )du(k)
Y (k) = *dX(ζ , k − 1) + +du(k)

Considering that the corresponding boundary conditions
(eq 9) are bidirectional, one needs to convert them to one side
in order to determine the resolvent operator as follows
(1) At ζ = 0, one can substitute x1(0, s) = 0, x2(0, s) = 0, and
x3(0, s) = 0 in eq 23, which results in F14(0, s) = 0, F24(0,
s) = 0, and F34(0, s) = 0, respectively.
(2) At ζ = L, one can substitute x4(L, s) = 0 in eq 23, which
yields

(27)

with the boundary conditions (eq 9) and the initial conditions
(eq 10).
MPC Formulation. The formulation of the model
predictive controller is developed for the discrete-time PDE
model (eq 27). In particular, the constrained optimal
controller design for the ﬁnite-dimensional system theory is
extended and deployed for the inﬁnite-dimensional system.
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N−1

Two cases are used to demonstrate the performance of the
controller: the ﬁrst case includes the state feedback MPC with
the assumption that full states are available and the second one
is a Luenberger observer-based MPC to reconstruct the state
from the available output measurements. These two cases are
shown schematically in Figure 3. One can note that, in the
MPC formulation, the state and the output are denoted Z(ζ, k)
and V(k), respectively, to avoid confusion in the notation.

min
N
u

∑ VkT+ j | kQVk+ j | k + ukT+ j | kRuk+ j | k
j=0

+ ⟨Zk + N − 1 | k , Q̅ Zk + N − 1 | k⟩
s.t.
Zζ , k − 1 | k = Xζ , k − 1 | k
Zk + j | k = (dZk + j − 1 | k + )duk + j | k
Vk + j | k = *dZk + j − 1 | k + +duk + j | k
umin ≤ uk + j | k ≤ umax
Vmin ≤ Vk + j | k ≤ Vmax

where N is the prediction horizon, Q̅ is the spatial operator to
penalize the terminal state which depends on the stability of
the given model. umin and umax are the lower and upper bound
vectors of the manipulated input u(t). Moreover, Vmin and Vmax
are lower and upper output constraints, respectively. It is
important to note that the input and output constraints are
imposed for two fundamentally diﬀerent reasons. The input
constraint usually represents physical limits of the control
actuator or available control actuation, such as the limitation of
the ﬂow valve. For the output constraint, it usually represents
the typical requirements among the operation of tubular
reactors in practice, such as the temperature of product not
exceeding certain ranges, as well as the physical limits of
actuators or sensors.
According to the nature of transport reaction systems, one
∞
can deﬁne Q̅ as the inﬁnite sum Q̅ = ∑i = 0 (*d i**d Q *d(id ,
which can be determined from the solution of the following
discrete Lyapunov equation50

Figure 3. Scheme of state-feedback MPC and observer-based MPC.

State-Feedback MPC. In this section, the MPC design for
the ﬁnite-dimensional system is extended to the discrete-time
inﬁnite-dimensional tubular reactor model based on the
previous contributions.9,36,49 The predictive controller is
found as the solution of an optimization problem such that
the following open-loop objective function on an inﬁnite
horizon is minimized at a given sampling time k
∞

min
∑ VkT+ j | kQVk+ j | k + ukT+ j | kRuk+ j | k + ΔukT+ j | kS ̅ Δuk + j | k
N
u

(29)

j=0

(*d Q̅ (d + **d Q *d = Q̅

(28)

where Q is a symmetric positive semideﬁnite spatial operator
and R is a symmetric positive deﬁnite spatial operator. Vk+j|k
and uk+j|k represent the output and input variables at future
time k + j predicted at current time k and the term Δuk+j|k
denotes the change in an input vector at time k + j as Δuk+j|k =
uk+j|k − uk+j−1|k. The vector uN includes the control sequence
{uk|k, uk+1|k, uk+2|k,···, uk+N−1|k} and the ﬁrst element uk|k will be
injected to the plant as the future control action.
A typical feature in MPC is that the inﬁnite-horizon
objective function can be cast into a ﬁnite-horizon objective
function by assuming that the inputs are zero beyond the
control horizon N, that is, uk+N|k = 0, j ≥ N. In addition, one
penalty term needs to be added to the objective function in
order to approximate the inputs and outputs beyond the
horizon.50 In this case, under the assumption of observability,
the terminal output penalty term can be written as the
corresponding state penalty term. As the state is a spatiotemporal variable, the penalty term is given in the form of the
inner product. Therefore, the ﬁnite horizon objective function
with input and output constraints can be formulated as follows

(30)

In particular, it can be demonstrated that the unique
solution of the discrete Lyapunov equation is directly related to
the continuous one, which is shown as follows48
(*Q̅ + Q̅ ( = −**Q *

(31)

The assumption of * being inﬁnite-time admissible for ( is
required which denotes the continuous-time Lyapunov
equation having solutions.51 By multiplying a spatial function
X(ζ) and substituting the operator ( on both sides, we can
obtain
(*Q̅ X + Q̅ (X = − **Q *X
−V

∂Q̅ X
ji ∂X
zy
+ (TQ̅ X + Q̅ jjjV
+ (X zzz = − **Q *X
∂ζ
∂ζ
k
{

− VQ̅

∂Q̅
∂X
∂X
−V
+ Q̅ (X = − **Q *X
X + (TQ̅ X + VQ̅
∂ζ
∂ζ
∂ζ

∂Q̅
= V −1(TQ̅ + V −1Q̅ ( + V −1**Q *
∂ζ

where Q̅ ∈ +((*). As a result, the straightforward algebraic
manipulation of the objective function presented in eq 29 leads
to the following quadratic programming optimization problem.
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+ ⟨Zζ , k − 1 | k , Q̅ Zζ , k − 1 | k⟩

e(ζ , t ) = X(ζ , t ) − X̂ (ζ , t ), converges to zero as time
increases. The error dynamic equation is shown as follows
e(̇ ζ , t ) = (( − Lc *)e(ζ , t )

s.t.
Umin ≤ U ≤ Umax
Vmin ≤ GU + SZζ , k − 1 | k ≤ Vmax

(32)

l
o
+*d Q +d + )*d Q̅ )d + R
for i = j
o
o
o
o
o
i−j−1
*
)d + )*d Q̅ (d i − j)d for i > j
hi , j = o
m
o + d Q *d(d
o
o
o
o
o
for i < j
h*
o
n j,i

(33)
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)*d Q̅ (d k}kN=−11.

with F given by F = {+*d Q *d(d
+
The constraints of eq 32 can be written in the form
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(38)

holds and where M is the positive deﬁnite design parameter
and Qc is a nonnegative self-adjoint operator which maps from
+((*c ) to +((c). However, eq 38 is diﬃcult to solve because
both of the operators Qc and Lc need to be determined.
Considering the error dynamic ( − Lc * can be arbitrarily
selected by choosing the observer gain Lc suitably when the
observability condition holds,52 one can assume Lc = Q c **,
and then the Lyapunov equation can be transformed into the
operator Riccati equation as follows.
Let us assume that the pair ((, *) is exponentially
detectable, then there exists a nonnegative self-adjoint operator
Qc which is the solution of the following operator Riccati
equation53,54

(34)

l
+d
for i = j
o
o
o
o
o
o
gi , j = m
*d(id− j − 1)d for i > j
o
o
o
o
o
o0
for i < j
n

where G is a lower triangular matrix given by

and S = {*d(d k − 1}kN= 1.
Observer-Based MPC. In the previous section, we
assumed that the states are available at each sample time k.
In other words, it requires knowledge of the current state of
the system in order to compute the solution of optimal input
formulated at each interval. However, in most applications,
state information is not always known. Therefore, for output
feedback, a Luenberger observer which can reconstruct the
states based on the output measurements is needed. In general,
there are two ways to design the Luenberger observer,
including the continuous-time observer based on the
continuous system model and the discrete one under the
discrete setting.
First, let us recall the linearized continuous-time model

(Q c + Q c (* − 2Q c ***Q c + M = 0,

on +((*)
(39)

with Q c(+((*c ))⊂ +((c). The observer gain Lc = Q c ** is
an exponentially stabilizing gain which guarantees the
exponential stability of (c = ( − Lc * . In addition, by
adjusting M proportionally, we can design a desired observer
gain that results in the desired convergency rate of error
dynamic.54
In a similar manner, one can design a discrete Luenberger
observer based on the following discrete-time model
X(ζ , k) = (dX(ζ , k − 1) + )du(k)
Y (k) = *dX(ζ , k − 1) + +du(k)

Ẋ (ζ , t ) = (X(ζ , t ) + )u(t )
Y (t ) = *X(ζ , t )

(37)

The design problem can be formulated as the choice of the
gain Lc such that the error dynamic eq 37 has exponential
stability. Therefore, if ( − Lc * can generate an exponentially
stable C0 semigroup, then the error e converges exponentially
to zero as t → ∞.48 Based on this consideration, the following
Lyapunov type of argument is introduced that can be applied
in the design of the Lc operator and, here, we denote
(c = ( − Lc * .
Let (c be an inﬁnitesimal generator of the C0-semigroup
;(c(t ) on the Hilbert space and M be a positive operator.
Then, the ;(c(t ) is exponentially stable if and only if there
exists a nonnegative self-adjoint operator Qc as a solution of the
following operator Lyapunov equation such that

where U = {uk+n}Nn=1 and H ∈ 3(U ) are positive and selfadjoint, respectively. By direct calculation, it is straightforward
to ﬁnd

k−1

Article

(40)

The observer is constructed by the following equations

(35)

X̂ (ζ , k) = (dX̂ (ζ , k − 1) + )du(k)
+ Ld(Y (k) − Y ̂ (k))

The Luenberger observer is presented by the following
equations

Y ̂ (k) = *dX̂ (ζ , k − 1) + +du(k)

X̂ ̇ (ζ , t ) = (X̂ (ζ , t ) + )u(t ) + Lc(Y (t ) − Y ̂ (t ))

(41)

where Ld is the discrete observer gain to be designed. Similarly,
we can obtain the error dynamic as ek = ((d − Ld *d)ek − 1. To
obtain a stabilizing observer gain, one can ﬁnd the nonnegative
self-adjoint operator Qd by solving the following Discrete
Lyapunov equation

Y ̂ (t ) = *X̂ (ζ , t )
(36)

where Lc is the continuous observer gain to be designed.
Stability of the observer implies that the state estimation error,
18928
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Figure 4. Open-loop steady-state proﬁles of the tubular reactor.

Figure 5. Perturbations of open-loop-state proﬁles of the tubular reactor from eq 27.

⟨X , [(̃ *d Q d (̃ d − Q d ]X ⟩ = −⟨X , [*̃ *d N *d̃ ]X ⟩

N−1

(42)

min
N
u

−1

w h e r e (̃ d = (d − Ld *d = −I( ·) + 2δ[δI − (c]
and
*d̃ = 2δ *[δ − (̃ d]−1. It can be demonstrated that the
solution of the discrete Lyapunov equation is also the solution
of the continuous Lyapunov equation under the Cayley−
Tustin time-discretization setting.53,55 Therefore, the discrete
Luenberger observer gain can be obtained by constructing the
continuous observer gain.
According to the principle of predictive control, the state
estimated by the observer at the current moment will be used
as the starting point for predicting the future dynamics of the
system. Hence, the observer-based MPC can be reconstructed
by setting the initial state equal to the estimate of the current
state at each time k, that is, Zζ , k − 1 | k = Xζ̂ , k − 1 | k . One can
obtain the estimate of the current state from the Luenberger
observer, from which one can reconstruct the entire state
trajectory.56 In this case, the observer-based MPC is directly
formulated as follows

∑ VkT+ j | kQVk + j | k + ukT+ j | kRuk + j | k + ⟨Zk + N − 1 | k ,

Q̅ Zk + N − 1 | k⟩

j=0

s.t.
Zζ , k − 1 | k = Xζ̂ , k − 1 | k
Zk + j | k = (dZk + j − 1 | k + )duk + j | k
Vk + j | k = *dZk + j − 1 | k + +duk + j | k
umin ≤ uk + j | k ≤ umax , Vmin ≤ Vk + j | k ≤ Vmax

(43)
N

where u , N, Q, R, and Q̅ are as in eq 29. As for
implementation, the Luenberger observer design and MPC
must be performed iteratively until the performance is
acceptable.
Simulation Study. In this section, the performance of the
two MPC formulations developed in the previous section is
demonstrated through two case studies. Case study 1 illustrates
the state-feedback MPC design, where all states of the system
are assumed to be available or measurable. The sensitivity
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Figure 6. Perturbations of closed-loop state proﬁles of the tubular reactor under the state-feedback MPC law from eq 32.

Figure 7. Performance comparison of open-loop and closed-loop output proﬁles under the state-feedback MPC law from eq 32.

Figure 8. (a) Comparison between proﬁles of the open-loop and closed-loop outputs (y3) using the state-feedback MPC from eq 32. (b) Input
proﬁle calculated in the state-feedback MPC case from eq 32.

analysis of input and output weights and constraints of MPC
formulation is given. Considering the unavailability of state
measurements in realistic tubular reactors, the observer is
designed to reconstruct the states, based on which an observerbased MPC is simulated as Case study 2. Both of the

controllers are designed to satisfy the input and output
constraint requirements and achieve system stabilization at the
same time. The resulting constrained optimization problems
become quadratic-programing problems, which are solved
using the MATLAB subroutine QuadProg.
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Table 2. Performance Comparison of the State-Feedback MPC with Diﬀerent Input and Output Weights and Constraints
weights
Q = diag{0.5, 0.5,0.5, 0.5}
Q = diag{5,5,5,5}

+10%
R
R
R
R

=
=
=
=

5
10
5
10

1.00
5.03
1.32
5.71

×
×
×
×

10−3
10−3
10−3
10−4

+5%
1.00
5.03
1.51
8.53

×
×
×
×

10−3
10−3
10−3
10−4

base case
1.00
5.03
1.67
8.79

×
×
×
×

10−3
10−3
10−3
10−4

−5%
7.91
4.51
1.83
9.95

×
×
×
×

10−4
10−3
10−3
10−4

−10%
4.46
3.51
2.14
1.77

×
×
×
×

10−5
10−3
10−3
10−3

Figure 9. Evolution of the observer error e(ζ, t).

The parameter values used in eq 32 and for simulations are
listed in Table 1. For the initial conditions of the dynamic
system, we consider x1(ζ, 0) = 0.019 ζ, x2(ζ, 0) = 0.03 ζ, x3(ζ,
0) = 0.02 ζ, x4(ζ, 0) = 0.02(1 − ζ). In addition, ζ̅L = 0.15 is
chosen for the input operator. In both cases, the horizon of N
= 15 is selected with the terminal constraint formulation. The
input and output weights are chosen as R = 5 and Q =
diag{0.5, 0.5, 0.5, 0.5} for MPC implementation, respectively.
The input and output constraints are considered as umin =
−0.5, umax = 0.05, Vmin = −0.5, and Vmax = 9 with respect to
state perturbation. As for the Cayley−Tustin time discretization, we choose h = 2 at the time discretization interval, which
implies δ = 1. The spatial discretization interval is taken as dζ =
0.01.
As shown in Figure 4, the open-loop states converge to their
corresponding steady states rapidly which indicates that the
original plant is intrinsically stable. By implementing the
proposed MPC frameworks, we aim to steer the convergence
rate without violating the physical constraints of actuators and
sensors. In order to clearly show the perturbation of each state,
the linearized states are depicted in Figure 5, where it is
apparent that all states go close to zero within the considered
time range.
Case Study 1: State-Feedback MPC. By implementing
the optimal control input on the plant model, the states of the
closed-loop system under the MPC law given by eq 32 are
obtained and shown in Figure 6. The closed-loop system is
stabilized because all of the states go to zero with a faster
convergence rate compared with the open-loop states shown in
Figure 5. This can also be veriﬁed from the output proﬁles
shown in Figure 7, where the four outputs under the statefeedback MPC law converge to steady states which are faster
than the corresponding open-loop proﬁles. In this case, we aim
to steer the temperature of the reactor without exceeding its

corresponding physical constraint. It can be observed from
Figure 8a that, compared with the open-loop temperature
proﬁles, the closed-loop proﬁle converge to a steady state at a
faster rate and satisfy the constraints simultaneously. The
corresponding manipulated input is given in Figure 8b. The
control eﬀort is required on the half of the time horizon to
keep the output inside the range of set limits and, after that, the
requirement for input control is not obvious.
In addition, the inﬂuence of the choice of the input and
output weights (Q and R) on the state-feedback MPC
performance is investigated below, where the average absolute
error is taken as the evaluation index. With the same objective
function and horizon, diﬀerent input and output constraints
(with ±5 and ±10% based on the chosen case umin = −0.5, umax
= 0.05, Vmin = −0.5, and Vmax = 9) are implemented. As
illustrated in Table 2, it is apparent that the state-feedback
MPC generally presents a very small average absolute error
which stays within a reasonable range (4.46 × 10−5 to 1.00 ×
10−3) under these conditions considered. In particular, when
the input and output weights are chosen as R = 5 and Q =
diag{0.5, 0.5, 0.5, 0.5} for MPC implementation, the average
absolute error is the smallest and is the case considered in this
article.
Case Study 2: Observer-Based MPC. The performance
of observer-based MPC is now described. Compared with the
implementation of the state-feedback MPC, the MPC is now
implemented based on the estimate states. First, in order to
obtain the estimate states, the observer design implies that the
expression in eq 39 is applied, with an arbitrary choice of the
design parameter M(ζ) and Ψ(ζ) in the domain of +((*),
which leads to the following equations
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Figure 10. Performance comparison of open-loop and closed-loop output proﬁles under the observer-based MPC law from eq 43.

(Q c Ψ(ζ ) + Q c (*Ψ(ζ ) + M Ψ(ζ )
− 2Q c ***Q c Ψ(ζ ) = 0
V

∂Q c

∂Ψ
+ A(ζ )Q c Ψ(ζ )
∂ζ
∂ζ
ÅÄÅ
ÑÉÑ
∂Ψ
Å
Ñ
+ Q cÅÅÅÅ−V
+ A(ζ )*Ψ(ζ )ÑÑÑÑ + M Ψ(ζ )
ÅÅÇ
ÑÑÖ
∂ζ
Ψ(ζ ) + VQ c

− 2Q c ***Q c Ψ(ζ ) = 0
V

∂Q c
∂ζ

Ψ(ζ ) + A(ζ )Q c Ψ(ζ ) + Q cA(ζ )*Ψ(ζ ) + M Ψ(ζ )
Figure 11. Input proﬁle computed by the observer-based MPC in eq
43.

− 2Q c ***Q c Ψ(ζ ) = 0

which yields
dQ c
dζ

= V −1[2Q c ***Q c − 2A(ζ )Q c − M ]

the input disturbance and the distributed disturbance, were
injected into the system.
In this ﬁrst scenario, we consider the input disturbance, d(t)
= 0.0005 sin(0.06t). The perturbations of open-loop-state
proﬁles shown in Figure 13 have shown the sinusoidal trend
given by the disturbance signal considered here, and the
proposed MPC design can stabilize the unstable modes, as
illustrated in Figure 14. As shown in Figure 15, it is apparent
that the open-loop output responses oscillate due to input
disturbance injection. The MPC controller is able to
simultaneously realize disturbance rejection and converge to
steady states in a short time and satisﬁes the given constraints.
The corresponding manipulated input is given in Figure 16.
Therefore, it can be clearly seen that under the consideration
of input disturbance, the proposed MPC achieves good control
performance.
In this second scenario, we consider the distributed
disturbance which is expressed by a step signal,
d(t ) = 0.0001, t ∈[32, 62] . As shown in Figure 17, the
0
otherwise
open-loop outputs show signiﬁcant oscillation when the step
disturbance is applied. The closed-loop output proﬁles show
that the disturbance does not aﬀect the designed control law
because of the fast convergency rate and good disturbance
rejection. The corresponding manipulated input is given in
Figure 18. It is apparent that the control actions become more
reliable and the system converges faster.
Finally, the performances of open-loop, state-feedback MPC
and observer-based MPC are compared from the perspectives

(44)

Therefore, one needs to choose Qc, which in the domain of
( and positive function M ensure the nonnegative deﬁniteness
of Qc. Choosing M to be 0.001, Qc can be solved numerically
and then the observer gain is found to be L = Q c **. As
shown in Figure 9, the estimation error of the designed
Luenberger observer converges to zero with increasing time.
As shown in Figure 10, the output proﬁles under the
observer-based MPC law converge to steady states that are
similar to the corresponding state-feedback output proﬁles, as
shown in Figure 7. The third output under the observer-based
MPC law has a faster convergency rate than the open-loop
proﬁle. The obvious diﬀerence between them is that the
observer-based MPC keeps the output within the given
constraints to satisfy the requirements. The input manipulation
obtained from the observer-based MPC, which is the solution
of the constrained optimization problem in eq 43, is shown in
Figure 11. The comparison of plant outputs and observer
outputs is shown in Figure 12. The estimated outputs have a
slight overshoot compared with plant outputs, but there are no
obvious diﬀerences in terms of convergency rates.
In order to further investigate the performance of the
proposed MPC design, we consider two truly unknown
disturbances which make the open-loop system potentially
unstable. In addition, we assumed that the addition of
disturbance does not aﬀect the feasibility of input and output
constraints. Speciﬁcally, two types of disturbances, including

{
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Figure 12. Estimated output proﬁles using the Luenberger observer.

Figure 13. Perturbations of open-loop-state proﬁles under the consideration of input disturbance.

Figure 14. Perturbations of closed-loop-state proﬁles under the consideration of input disturbance with the observer-based MPC law from eq 43.

controlled outputs and the outputs according to steady states
at 120 s. The average settling time and absolute error are
calculated by taking average of all outputs. For the disturbance
signals, we consider two same types of disturbances including
the input disturbance and the distributed disturbance.

of average settling time and absolute error under the
consideration of two types of disturbances with the same
overall simulation time of 120 s. More speciﬁcally, the settling
time is calculated as the time taken by the output response to
reach the steady states with 2% tolerance in this case. The
absolute error is deﬁned as the absolute diﬀerence in the
18933
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Figure 15. Closed-loop output proﬁles under the consideration of input disturbance with the observer-based MPC law from eq 43.

Figure 18. Input proﬁle generated by the observer-based MPC from
eq 43.

Figure 16. Input proﬁle calculated in the observer-based MPC case
from eq 43.

Table 3. Performance Comparison of Open-Loop and
Closed-Loop Systems with Diﬀerent Types of Disturbances

As illustrated in Table 3, it is apparent that the settling time
of state-feedback MPC is slightly smaller than the observerbased MPC under the consideration of input sinusoidal
disturbance, while for the open-loop system, the settling time is
not achieved during the overall simulation. The average
absolute error of the open-loop system is 5.13 × 10−2, which is
worse than the error of two strategy controller (9.75 × 10−4
and 3.73 × 10−4, respectively), where the observer-based MPC
shows a competitive performance to the state-feedback MPC.
Under the proposed distributed disturbance consideration, the
overall trend is similar to the input disturbance, but the openloop system shows a worse absolute error than other cases.
Through simulation studies, it can be seen that the feasibility

types of
disturbances
speciﬁcations
open-loop
state-feedback
MPC
observer-based
MPC

input disturbance
settling
time (s)

distributed disturbance

absolute error
−2

settling
time (s)

absolute error

42

5.13 × 10
3.73 × 10−4

75.5
67

1.10
4.33 × 10−3

45

9.75 × 10−4

68

4.93 × 10−3

Figure 17. Closed-loop output proﬁles considering the distributed disturbance under the observer-based MPC law from eq 43.
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and applicability for the MPC design are valid. As expected, the
two constrained predictive controllers developed in this work
are able to minimize the energy cost and/or prevent damage to
equipment (sensors and actuators) in order to improve the
safety and eﬃciency of the system.
The novelty of the proposed design method lies in the
combination of Cayley−Tustin time discretization of the PDE
model with MPC application in the tubular reactor with a
reversible reaction. Therefore, the proposed design outperforms other numerical simulation methods using Cayley−
Tustin time discretization because of the numerical stability,
energy-preserving, and theoretical properties (such as stability,
controllability, and observability) preserved in a late lumping
manner. The construction of the model predictive controller of
an inﬁnite-dimensional system leads to a ﬁnite-dimensional
constrained quadratic optimization problem which is easily
solvable using standard numerical optimization methods.

■

Article

AUTHOR INFORMATION

Corresponding Author

Stevan Dubljevic − Department of Chemical and Materials
Engineering, University of Alberta, Edmonton T6G 2V4,
Canada; orcid.org/0000-0002-1889-1599; Phone: +1
780 2481596; Email: Stevan.Dubljevic@ualberta.ca; Fax: +1
780 4922881
Authors

Lu Zhang − Department of Chemical and Materials Engineering,
University of Alberta, Edmonton T6G 2V4, Canada;
orcid.org/0000-0002-4499-9843
Junyao Xie − Department of Chemical and Materials
Engineering, University of Alberta, Edmonton T6G 2V4,
Canada; orcid.org/0000-0002-1949-1909
Charles Robert Koch − Department of Mechanical Engineering,
University of Alberta, Edmonton T6G 2R3, Canada;
orcid.org/0000-0002-6094-5933
Complete contact information is available at:
https://pubs.acs.org/10.1021/acs.iecr.0c02500

CONCLUSIONS

In summary, the MPC algorithms are developed in this work
for a jacket tubular reactor as the distributed parameter system,
considering the input and state constraints. The plant is
described by a set of nonlinear coupled hyperbolic PDEs
considering a simple reversible exothermic reaction taking
place in the reactor (A ⇌ B). In particular, a spatially varying
jacket temperature is considered in this work instead of a
constant one. After applying linearization around a given
equilibrium operating point of interest, a linearized PDE model
is obtained for modeling tubular reactor dynamics. For model
time-discretization, the Cayley−Tustin transform is utilized to
map the continuous-time system to the discrete-time model
representation without spatial discretization and model
reduction, which preserves the input−output stability of the
plant. Model predictive controllers are formulated on that basis
to realize model stabilization and account for the input and
output constraints. For state estimation, an observer-based
MPC realization is proposed and realized by solving the
corresponding operator Riccati equation, which is utilized in
the construction of Luenberger observer gains. Finally, two
numerical examples are provided to demonstrate the feasibility
of the proposed MPC design. They show that for the tubular
reactor, the proposed MPC is capable of steering the original
dynamics to steady states at a faster convergence rate without
violating physical constraints and make a good performance in
the presence of disturbances. The developed framework can be
extended to the MPC design of linear hyperbolic systems with
complex reversible reactions (such as aA + bB ⇌ rR + sS) to
account for general esteriﬁcation, saponiﬁcation, and neutralization reactions.
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(17) Bošković, D. M.; Krstić, M. Backstepping control of chemical
tubular reactors. Comput. Chem. Eng. 2002, 26, 1077−1085.
(18) Smyshlyaev, A.; Krstic, M. Backstepping observers for a class of
parabolic PDEs. Syst. Contr. Lett. 2005, 54, 613−625.
(19) Aksikas, I.; Winkin, J. J.; Dochain, D. Optimal LQ-feedback
control for a class of first-order hyperbolic distributed parameter
systems. ESAIM Control, Optim. Calc. Var. 2008, 14, 897−908.
(20) Mohammadi, L.; Aksikas, I.; Dubljevic, S.; Forbes, J. F. Optimal
boundary control of coupled parabolic PDE−ODE systems using
infinite-dimensional representation. J. Process Control 2015, 33, 102−
111.
(21) Rippin, D. W. T. Simulation of single-and multiproduct batch
chemical plants for optimal design and operation. Comput. Chem. Eng.
1983, 7, 137−156.
(22) Sundmacher, K.; Qi, Z. Conceptual design aspects of reactive
distillation processes for ideal binary mixtures. Chem. Eng. Process
2003, 42, 191−200.
(23) Georgakis, C. A model-free methodology for the optimization
of batch processes: Design of dynamic experiments. IFAC Proc. Vol.
2009, 42, 536−541.
(24) Richalet, J.; Testud, J.; Rault, A.; Papon, J. Model Predictive
Heuristic Control: Applications to Industial Processes. Automatica
1978, 14, 413−428.
(25) Rawlings, J. B. Tutorial overview of model predictive control.
IEEE Contr. Syst. Mag. 2000, 20, 38−52.
(26) Qin, S. J.; Badgwell, T. A. A survey of industrial model
predictive control technology. Contr. Eng. Pract. 2003, 11, 733−764.
(27) Shang, H.; Forbes, J. F.; Guay, M. Model predictive control for
quasilinear hyperbolic distributed parameter systems. Ind. Eng. Chem.
Res. 2004, 43, 2140−2149.
(28) Kumar, A. S.; Ahmad, Z. Model predictive control (MPC) and
its current issues in chemical engineering. Chem. Eng. Commun. 2012,
199, 472−511.
(29) Xie, W.; Bonis, I.; Theodoropoulos, C. Data-driven model
reduction-based nonlinear MPC for large-scale distributed parameter
systems. J. Process Control 2015, 35, 50−58.
(30) Marquez, A.; Oviedo, J. J. E.; Odloak, D. Model reduction using
proper orthogonal decomposition and predictive control of
distributed reactor system. J. Contr. Sci. Eng. 2013, 1025, 1−19.
(31) Lao, L.; Ellis, M.; Christofides, P. D. Economic model
predictive control of transport-reaction processes. Ind. Eng. Chem. Res.
2014, 53, 7382−7396.
(32) Joy, P.; Rossow, K.; Jung, F.; Moritz, H.-U.; Pauer, W.; Mitsos,
A.; Mhamdi, A. Model-based control of continuous emulsion copolymerization in a lab-scale tubular reactor. J. Process Control 2019,
75, 59−76.
(33) Zavala, V. M.; Biegler, L. T. Optimization-based strategies for
the operation of low-density polyethylene tubular reactors: nonlinear
model predictive control. Comput. Chem. Eng. 2009, 33, 1735−1746.
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