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ABSTRACT

In this manuscript, we address discrete-time state and error feedback output regulator designs for a class
of linear distributed parameter systems (DPS) with bounded input and output operators. By utilising the
Cayley-Tustin bilinear transform, a linear infinite-dimensional discrete-time system is obtained without
model spatial approximation or model order reduction. Based on the internal model principle, discrete
state and error feedback regulators are designed. In particular, discrete Sylvester regulator equations are
formulated, and their solvability is proved and linked to the continuous counterparts. To ensure the stability
of the closed-loop system, the design of stabilising feedback gain and its dual problem of stabilising output
injection gain design are provided in the discrete-time setting. Finally, three simulation examples including
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a first-order hyperbolic partial differential equation model and a 1-D heat equation with considerations of
step-like, ramp-like and harmonic exogenous signals are shown to demonstrate the effectiveness of the

proposed method.

1. Introduction

Output regulation has been an active research and practical
application-driven topic during the past decades. The main idea
of output regulation is to design regulators capable of stabilising
unstable systems, tracking desired output references, and reject-
ing undesired disturbance signals simultaneously. In general,
there are two distinct design problems associated with output
regulation, i.e. the state feedback and output/error feedback reg-
ulator designs. In the case of the state feedback regulator design,
the full state information is assumed to be available while only
the output or error is known for the output/error feedback reg-
ulator design problems. Since the pioneering work of Francis
and Wonham (1976), the internal model principle has initiated
a plethora of important contributions in the output regula-
tion theory of various linear and nonlinear finite-dimensional
systems (Bengtsson, 1977; Byrnes et al., 1997; Davison, 1976;
De Marco et al., 2018; Fridman, 2003; Gillella et al., 2014;
Isidori & Byrnes, 1990; Johnson, 1971; Qiu et al., 2015; Serrani
et al., 2001; Silva et al., 2016).

When it comes to complex dynamical systems in engi-
neering applications which are often modelled by partial dif-
ferential equations (PDE) and/or partial integral-differential
equations (PIDE), the major challenge in regulator design
is to account for the characteristics of infinite-dimensional
systems and incipient efforts were made toward extending
the output regulation theory in finite-dimensional systems
to infinite-dimensional systems. In particular, the non-model
based PI controllers were naturally explored as early regula-
tors for stable distributed parameter systems with constant dis-
turbance by Pohjolainen (1982), and later Kobayashi (1983)

introduced the concepts of the state feedback and the out-
put feedback in the design of regulators based on state-
space representations. Isidori and Byrnes (1990) studied the
output regulator design problem of finite-dimensional non-
linear systems by solving certain output regulator equa-
tions, which were generalised to infinite-dimensional systems
with bounded control and observation operators in Byrnes
et al. (2000), and recently further extended to an impor-
tant class of regular linear systems by Natarajan et al. (2014).
Within the regulator design approaches the distinct realisations
can be grouped in the cases when the exo-system is finite-
dimensional (Byrnes et al., 2000; Grasselli et al., 1996; Himalai-
nen & Pohjolainen, 2000; Humaloja & Paunonen, 2017) or
infinite-dimensional (Hamaildinen & Pohjolainen, 2000, 2010;
Immonen, 2007; Immonen & Pohjolainen, 2005), which implies
that reference and disturbance signals can take finite- or infinite-
dimensional representation.

Except the existing contributions on geometric regulation
(Aulisa & Gilliam, 2015), the backstepping approach (Krstic
& Smyshlyaev, 2008) was introduced to solve output regula-
tion problems leading to systematic regulator design methods.
In particular, Aamo (2013) applied a backstepping method
for disturbance rejection of a boundary controlled linear
2x2 hyperbolic system with co-located sensing and actua-
tion, which was extended for the same type of system with
interior domain disturbance by Anfinsen and Aamo (2015),
n+1 systems by Hasan (2014) and more general n+m
heterodirectional first-order hyperbolic systems by Anfinsen
and Aamo (2017) and Deutscher (2017). Recently, Bribiesca-
Argomedo and Krstic (2015) introduced an integral transform
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into hyperbolic PDEs and proposed a backstepping-forwarding
controller and observer for this class of hyperbolic PDEs with
Fredholm integrals, which was further extended to the output
regulation problem by Xu and Dubljevic (2017). As for parabolic
systems, Deutscher (2015) first developed a backstepping-based
regulator design approach for a scaler PDE system and the
results were extended to output regulation problems of a 1-D
Schroédinger equation by Zhou and Weiss (2017) and PIDE sys-
tems by Deutscher and Kerschbaum (2019). Recently, there are
intense interests in cascade PDE systems by the use of back-
stepping approaches, including cascaded parabolic PDEs by
Kang and Guo (2016), hyperbolic-parabolic PDE-PDE cascade
by Gu and Wang (2018), ODE-PDE-ODE cascade systems by
Deutscher and Gabriel (2018) and etc.

However, most of the existing work on the output regu-
lation problem is conducted on the continuous-time setting,
and relatively limited references are available on output reg-
ulation of discrete-time systems. Among these, discrete-time
output regulation were considered for linear lumped parameter
systems with input saturation by Mantri et al. (1997), piecewise-
linear systems by Feng and Zhang (2006), and linear finite-
dimensional multi-agent systems by Huang (2017). Neverthe-
less, there are even more scattered contributions when it comes
to discrete-time output regulator design in infinite-dimensional
systems. Among these, a simple sampled-data low-gain con-
troller was proposed for approximate tracking and disturbance
rejection of a class of exponentially stable well-posed infinite-
dimensional systems (Ke et al., 2009). A sampled-data control
problem of output tracking and disturbance rejection for unsta-
ble well-posed linear infinite-dimensional systems was consid-
ered with respect to constant disturbance and reference sig-
nals (Wakaiki & Sano, 2019), where a frequency-domain tech-
nique based on coprime factorisations approach was employed.
A lifting technique was used to design a discrete-time feed-
back controller that achieves approximate robust output track-
ing and disturbance rejection in Paunonen (2017). Motivated
by the fact that digital controllers and discrete-time systems
are of great practical and theoretical interest, this manuscript
addresses discrete-time output regulator design problem for lin-
ear distributed parameter systems with state-space models and
consideration of general exogenous signals (including step-like,
ramp-like and harmonic signals).

In particular, we consider a discrete-time output regulation
design problem for linear distributed parameter systems driven
by a finite-dimensional exo-system and extend key results of
Byrnes et al. (2000) and Xu and Dubljevic (2016). More specif-
ically, novel contributions of this work lie in the following
aspects: (1) state and error feedback discrete regulators are
designed for linear discrete-time distributed parameter sys-
tems by employing the Cayley-Tustin bilinear transform which
preserves model structure and properties of linear infinite-
dimensional continuous-time systems; (2) the discrete regulator
equations are formulated and proved in the design of state
and error feedback regulators, and the discrete state and error
feedback regulator design problems are solvable if and only if
the discrete regulator equations can be solved; (3) a 1-1 cor-
respondence between the solutions of discrete regulator equa-
tions and the corresponding continuous regulator equations
is established, implying that one can solve for the continuous

Sylvester equations and utilise the results in a discrete regulator
design and vice versa; (4) the non-resonance solvability condi-
tions of the discrete regulator equations are provided and linked
to the corresponding continuous regulator equations; (5) a
novel way of determining discrete-time stabilising feedback gain
(and its dual problem) is provided for the infinite-dimensional
discrete-time systems using discrete-time Lyapunov and Riccati
equations.

The rest of the manuscript is organised as follows: in
Section 2, continuous-time infinite-dimensional plant and
exogenous system are described and discretised in time by using
the Cayley-Tustin transform. In Section 3, after revisiting some
main results in the continuous-time state feedback regulator, the
discrete-time state feedback regulator is designed and the solv-
ability of the discrete Sylvester equations is proved and linked
to its continuous counterpart. To ensure the stability of the
closed-loop system, continuous- and discrete-time Lyapunov
and Riccati equations are introduced to determine the discrete
stabilising feedback gain along with their continuous paral-
lels. In the same manner, a discrete error feedback regulator is
formulated and the solvability of the corresponding regulator
equations is proved, along with its continuous counterpart, and
the dual problem of solving output injection gain is studied in
Section 4. Finally, the results are shown to be applicable to a
first-order hyperbolic PDE model and a heat equation model
in Section 5, and conclusions are offered in Section 6.

We use the following notations in this manuscript. Assume
that X and V are two Hilbert spaces and A: X+~ V is a
linear operator from X to V. £(&X,V) denotes the set of lin-
ear bounded operators from X to V. If X =V, we simply
write £(X'). The domain, spectrum, resolvent set and resolvent
operator of a linear operator A are denoted as: D(A), o (A),
p(A), and R(s, A) = (s — A)~! with s € p(A), respectively.
We denote the space X as the space D(A) with the norm
llxll1 = [1(BI — A)x||, and the space X_; as the completion of
X with the norm ||z||_; = ||(BI — .A)~'z]|, where V¥ x € D(A),
Vze X, and B € p(A). The constructed space are linked by
X1 C & C X_y, with each inclusion being dense and continu-
ous embedding (Tucsnak & Weiss, 2009). In addition, the inner
product is denoted by (-, -}, and L2(0, )™ with a positive inte-
ger m denotes a Hilbert space of a m-dimensional vector of the
real functions that are square integrable over [0, /] with a spatial
length I.

2. Preliminaries
The plant — The following linear infinite-dimensional contin
uous-time system is considered:
x(t) = Ax(t) + Bu(t) + Ed(1t),
ye(t) = Cx(t)

x(0) =xp € X (1a)

(1b)

where the spatial state x(-,t) € X, with X = L*((0,1),C) is
being defined as a complex separable Hilbert space. ¢ €
[0,]] C R and ¢ € [0, 00) represent temporal and spatial coor-
dinates. We denote the input u(t) € LIZOC([O, 00), U), the distur-
bance d(t) € leoc([O, 00), Uy), and the controlled output y.(¢) €
L2

ioc([0,00),Y), where U, Uy and Y are finite-dimensional



Hilbert spaces. A : D(A) C X — X is an infinitesimal genera-
tor of a Cp-semigroup T 4(t) on X. The operators B € L(U, X),
E e L(Uy X), and C € L(X,Y) are assumed to be bounded
operators. We remark that our approach can be extended to
the more general class of well-posed linear systems which
include unbounded input and output operators in the sense of
Weiss (1994a, 1994b). To address that, we need to introduce the
spaces X7 and X_; so as to define unbounded control, observa-
tion and disturbance operators as in Tucsnak and Weiss (2009,
Pro. 2.10.3) and Salamon (1984).
Naturally, one can express the transfer functions as follows:

Ge(s) =CR(s, B, sep(A) (2a)

T.(s) =CR(s, DB, sep(A (2b)

where G.(s) and 7.(s) stand for transfer functions from u(t) to
y:(¢) and from d(¢) to y.(t), respectively.

The plant discretisation in time — In order to address the
issue of time discretisation, the energy and structure preserv-
ing Cayley-Tustin bilinear transform is applied to the linear
infinite-dimensional continuous-time system (1) for a given
time discretisation interval At > 0 as follows:

x(kAt) — x((k — 1) Ab)

At
o 2 kAD + x2((k “DAD L Bukan + 2dkan  (3a)
ye(kAD)
- Cx(kAt) + xz((k — I)At)’ x(0) = xp, k> 1 (3b)

As shown in Equation (3), the discretisation is performed based
on the implicit mid-point integration rule, which does not rely
on any spatial discretisation or model reduction, leading to
a symmetric (in time) and symplectic discretisation scheme
(Hairer et al., 2006). Through simple algebraic manipulation of
Equation (3), one can obtain the infinite-dimensional discrete-
time state-space model as:

X = Agxr—1 + Baug + Ead,
Yek = Caxg—1 + Dauy + Ygdy

k>1 (4a)

(4b)

where the discrete state, disturbance and output are denoted by
Xk, di and y. Additionally, the discrete input is given by —«

T =
A% f(llcﬁtl) A (1) dt, and it can be shown that ;_27 converges
to u(t) on the interval t € ((k — 1)At, kAt) as At — 0 (Havu
& Malinen, 2007). Similar expressions hold for the discrete-time
di and y. The associated discrete-time operators are given as

follows:

[Ad By Ed]

Ca Dy g4

_[—I+26R(8,A) V26R (8, A)B mR(B,A)E} 5)
~ | V26CR(5, A) Ge(d) 7c(8)

where R (6, A), G.(§) and 7.(5) denote the resolvent operator
R(s, A) = (sI — A)~!, transfer functions G.(s) and 7.(s) with s
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evaluated at s = § = 2/At € p(A). In addition, there are feed-
forward operators D; and Y, appearing in the discrete-time
setting (4) after applying Cayley-Tustin discretisation, which
is not necessarily present in the continuous model (1b). The
transfer functions of the discrete-time system (4) are given by

Ga(z) = Cy(zl — Ag) ' By + Dy,
Ta(z) = Ca(zl — A ' Eq + Y

(6a)
(6b)

z e p(AP\{—1}
z e p(AD\{-1}

where G;(z) and 7;(z) are transfer functions from uy, to y and
from dj to yq, respectively. Based on the well-known bilinear
mapping z = g—i‘i and s = ;—}8 (Curtain & Oostveen, 1997)
(taken as: § = 1), the discrete- and continuous-time transfer

functions are linked as

z—1
Gi(2) =G, (Z—}—_15> >

-1
T4(2) =1; (z—5> , z€ p(AD\{-1} (7a)
z+1

8 )
Ge(s) = Ga (a fj) L T =T (6—+j) . sep(A\E)
(7b)

By the Cayley-Tustin bilinear transformation, the open right-
half plane C* = {s € C : %i(s) > 0} is mapped into the exterior
of the unitdisc D™ = {z € C : |z| > 1} and vice versa. Based on
that, a 1-1 correspondence of stability, admissibility, controlla-
bility and observability between continuous- and discrete-time
systems has been established in terms of Lyapunov and Riccati
equations by Curtain and Oostveen (1997). In this paper, we will
explore the 1-1 equivalence of discrete- and continuous-time
regulation problems in terms of Sylvester equations.

Remark 2.1: In the discrete-time model (4), all discrete-
time operators are bounded and defined as: Ay € L(X), B, €
LUX), Eje€ LUy X),Cqe LX,Y), Dge LU,Y), Ty €
LUy, Y), see details in Paunonen (2017).

Exo-system - In order to generate disturbance and reference
signals, a finite-dimensional exogenous system (exo-system in
short) is introduced as follows:

q(0) = q° € C™
yr() = Qq(t)

q(t) = Sq(1),
d(t) = Fq(t),

(8a)
(8b)

where g, d and y, represent the state, disturbance and reference
signals of the continuous-time exo-system. In addition, g(t) €
C™, S, F and Q have compatible dimensions.

Assumption 2.1: S: D(S) : C" — C" is a matrix with all
eigenvalues on the imaginary axis and S has two candidates S,
and S,. Sy has distinct eigenvalues and is diagonalisable with
dimension of ng, while S, is a nilpotent matrix of dimension 2
as Sy = [931. Hence, this design of S accounts for the modelling
of step-like, ramp-like, and harmonic exogenous signals.
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Exo-system discretisation — A discrete exo-system is formu-
lated to generate discrete-time disturbance and output reference
signals as follows:

(9a)
(9b)

qo =4’ €C™
k>1

gk = Saqk—1

dr =Faqe,  yrk = Qaqks

where gy, di and y,y are the state, disturbance and output ref-
erence signals in the discrete-time setting. Specifically, S; is
the discrete state evolution matrix and obtained by discretis-
ing the corresponding continuous evolution matrix S using the
Cayley-Tustin transform as

Sq = —I+28(8I—971,
Fg=F, Qi=AQ

where §g = 2/ AT with AT defined as the discretisation time for
the exo-system and we assume AT = At for simplicity, which
implies that § = §y.

By the light of Assumption 2.1, we have two candidates for
Sq as Sg = 8% or S; = S, which implies that all the eigen-
values of Sy are on the unit circle boundary on the complex
plane. In particular, ¢ = —I + 28(8I — $;)~',i = m, n,and §¢,

- . 10 .
has all distinct eigenvalues and $¢ = [ 2 1 1. Hence, S; is capa-

o € p(§) =C\o(S) (10a)

(10b)

ble of generating step-like, ramp-like, and harmonic signals in
the discrete-time setting. Thus, the correspondence between the
continuous- and discrete-time exogenous systems is established
in order to link the solvability of discrete Sylvester equations to
the continuous counterparts.

Remark 2.2: We need discretise F and Q as below using Cay-
ley-Tustin discretisation approach in order to ensure the cor-
responding relationship of discrete- and continuous-time error
feedback regulators.

Si=—I1+28BI—97L, 8ep®) =C\o(S (11a)
Fqi=~28F@SI—98)7", Qu=+28Q@I—S~" (11b)

Corollary 2.1: With diagonalisable S and S; (i.e. S = Sy, and
Sa = S%), for each eigenpair (AS, ) of S, the associated eigenpair
O, ) of S is given by A9 = —1 +28(8 — A5) "' and ¢ = ¢}
where § € p(S); With non-diagonalisable S and Sy (i.e. S =S,
and Sg = S%), we have the multiplicity of eigenvalues 1° = 0 and
A% = 1 (for simplicity we drop the subscript i in this case), which
induces a standard eigenvector Sp; = A°¢; or Sd(j)f = thi)f and
a generalised eigenvector as S¢5 = A°¢5 + ¢ or qub‘zi = Adqﬁg +
¢fl by using the chain rule. Furthermore, we suppose A; # 8 and
)»;-1 # —1, which can always be ensured by Assumption 2.1 and a
proper choice of the discretisation interval.

For clarification, we introduce the following stability con-
cepts.

Definition 2.1: The Cy-semigroup T 4(t) on X is exponentially
stable if there exist positive constants M and « such that

ITA@®)) <Me ™ VteRT

and it is strongly stable if | T 4()x|| — 0 ast — oo forall x €
X. Aj is power stable if there exist positive constants M and

y < 1such that
1A% < My* VkeN
and Ay is strongly stable if Agx — Oask — ooforallx € X.

Theorem 2.1 (Curtain & Oostveen, 1997, The. 2.9): Suppose
that (A, B,C,D) and X ;3(Ag, B4, C4, Dy) are continuous- and
discrete-time analogues. Then 3 3(Ag, B, Cg, Dy) is strongly sta-
bilisable (detectable) if and only if £(A,B,C,D) is strongly
stabilisable (detectable).

Normally, it is more favourable to show the 1-1 correspon-
dence between the power stability of A, and exponential stabil-
ity of T 4(t). However, it needs more rigorous assumption on the
boundedness of A on X (Curtain & Rodriguez, 1994, Lem. 4.4)
or the semigroup generated by A and .A~! (Guo & Zwart, 2006,
The. 4.4), which needs more technical treatments and it will not
be considered in this manuscript.

Throughout this manuscript, we make some general assump-
tions as below:

Assumption 2.2: The spectrum of S is included in the resolvent

set of A, i.e. o (S) C p(A).

By applying the Cayley-Tustin transform with some proper
time discretisation interval, we can ensure that the spectrum of
S4 is contained in the resolvent set of Ay, i.e. 0(Sz) C p(Ayg).

Assumption 2.3: The pair (A, B) is exponentially stabilisable.

By Theorem 2.1 and Assumption 2.3, we induce that the
pair (A, B) is strongly stabilisable, which further implies that
(Ag, By) is strongly stabilisable.

Assumption 2.4: The pair ([“é‘ }S)], [C —Ql) is exponentially
detectable and there exists G, = [Gy; G2] € L(Y, 2), where Q is
a Hilbert space with Q@ = X @& C" such that

A P

[0 S] ~Glc -Ql= [

generates an exponentially stable Cy-semigroup, where P = EF.

A—-GC P+GiQ
-GC S+ G2Q

By Theorem 2.1 and Assumption 2.4, we can induce that the
pair ([ “‘(l)"’ IS)Z 1, [Ca ® — Qqg]) is strongly detectable and there
exists Go4 € L(Y, ), such that

P
3] - s 0=

_ |:-Ad — G14Cy

Pj— G14(®¢y — Qd)i|
—G24Cy

Sd — G24(O¢g — Qu)

is a strongly stable operator, where Gy = [G14; Gagl, Py =
E4F; and O, = Y4F,;. It can be proved by showing that
([“‘éd gg],[Cd ®cg — Qq]) corresponds to the discrete-time
operator ([ “él Is) I,[C — Q]) by using the Cayley-Tustin trans-
form.



In order to show the solvability of the regulator equations, we
introduce the concept of transmission zero. Under the consid-
eration of finite-dimensional input and output spaces, we make
the following definition as in Byrnes et al. (2000).

Definition 2.2: sy € C is a transmission zero of continuous-
time plant (1) if detG.(sp) = 0, and zp € C is a transmission
zero of discrete-time plant (4) if det G(zp) = 0.

3. State feedback regulation

In this section, with the full state information being provided,
a discrete-time state feedback regulator is designed for the dis-
crete system (4) and it is presented in parallel with its continuous
analogue for comparison. Based on the Cayley-Tustin discreti-
sation, we prove the solvability of the discrete output regula-
tor equations and provide a 1-1 correspondence between the
solutions of discrete- and continuous-time regulator equations.

3.1 Continuous-time state feedback regulator

To proceed with the discrete-time state-feedback regulator
design, we briefly revisit the corresponding continuous-time
counterpart in this section.

For simplicity, the continuous-time state feedback regulator
design problem is reviewed as follows. A continuous-time state-
feedback regulator is designed for the system (1) by finding a
control law having the following form:

u(t) = Kx(t) + Lq(t) (12)

where K € L(X,U), L € L(C™,U) such that the following
conditions hold.

[cl]: The closed-loop system operator A + BK generates an
exponentially stable Cp-semigroup.
[c2]: For the closed-loop system, the output tracking error

e(t) = y.(t) — y,(t) = 0 with t - +o0o for any given
initial conditions of xg € X and q° € C".

To determine the control law (12), the following theorem is
often utilised.

Theorem 3.1: Let Assumptions 2.2 and 2.3 hold. The contin
uous-time state feedback regulation problem is solvable if and only
if there exist mappings I1 € L(C™, X) with T1D(S) C D(A) and
I' € L(C", U) such that the following Sylvester equations hold
(Byrnes et al., 2000, The. IV.1):

NnS= A+ BTr'+P
CI1=Q

(13a)
(13b)

where P = BF, and L = I — KI1 can be utilised for computing
the control input u(t) = Kx(t) + Lq(t).

3.2 Discrete-time state feedback regulator

A discrete state feedback regulator is designed for the discrete
system (4) in a discrete-time setting by satisfying the following
conditions:
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[C1]: The closed-loop system operator A, + B4K; is strongly
stable.
[C2]: For the closed-loop system, the output tracking error

ex = Yk — Yrk — 0 with k — 400 for any given initial
conditions of xo € X and q° € C™.

Discrete-time regulator design - a full state feedback: With full
state information of plant and exo-system being available, the
discrete state feedback regulator design problem is addressed by
finding a discrete regulator in the following form:

up = Kaxg—1 + Laq (14)
where Ky € L(X,U), Ly € L(C™, U) such that [C1] and [C2]
hold.

To address the discrete-time state feedback regulator design
problem, we propose the following theorem.

Theorem 3.2: Under Assumptions 2.2 and 2.3, the discrete state
feedback regulation problem is solvable if and only if there exist
mappings Tz € L(C", X) and T'y € L(C",U) such that the
following discrete Sylvester equations hold:

;85 = Aglly + (BaTy + Py)Sy
QuSa = Callg + (Dal'g + ©y)Sa

(15a)
(15b)

where Py = E4F;, Oy = Y4Fg,and Ly =Ty — Kdl'ldsd_l can
be utilised to compute the state feedback control law uy in
Equation (14).

Proof: First, let us prove the sufficiency. Plugging Equation (14)
into the discrete system (4) leads to the closed-loop model as
follows:

xk = (Ag + BaKg)xx—1 + (BaLg + Pa)qx (16)

To ensure [C1], the operator Ay + ;K needs to be strongly
stable and the discrete-time solution takes the following form:

Xk = (Ag + BaKa)*xo
k
+ D (Ag+ BaKg)" ' (BaLa + Pa) Gk 1-m

m=1

(17)

By substituting Equations (9) and (15) into Equation (17), one
gets

%k = (Ag + BaKa)*xo
k
+ D (Ad+ BaKg)" ' [Ba(Tq — KaTlaS;")

m=1

+ Pd]qk+17m
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= (Ag + BaKa) xo
k
+ > (Ag+ BaKg)"  [(Bal'a + Pa)Sq

m=1
— BaKall)1qk—m

= (Ag + BaKa)*xo
+ Xk:(Ad + BaKg)" ' M4Sq — (Ag + BaKa) 1)1 qk—m
m=1
= (Ag + BaKg)*x
+ Xk:(Ad + BaKa)" ™ Mg 1—m

m=1
k+1
= Y (Ad+ BaKa)™  Taqi1-m

m=2
= (Ag + BaKa)*(x0 — Taq0) + Tagx (18)

Moreover, the discrete tracking error can be expressed as

€k = Yck — Vrk
= Caxk—1 + Dauk + Ocaqr — Qaqk
= (Cq + DgKap)xk—1 + (Dalg + Ocg — Qa)qk
= (Ca + DaKa)(Ad + BaKa)* " (x0 — Mago)
+ [(Ca + DaK)g + (DgLg + Ocg — Qa)Salgr—1 (19)

Since A4 + BiK; is a strongly stable operator, we have that
(Ag + BiKg)kx — 0 as k — +oo for all x € X. Therefore, x
converges to I1;qx in Equation (18) and the discrete tracking
error e goes to zero in Equation (19) as k — 400, which is
guaranteed by the discrete Sylvester equations (15a)-(15b).
Now, we focus on the proof of the necessity and let us
construct the following extended closed-loop system:

[xk} _ [Ad + BiKg (BaLg+ Pd)sd] I:xk—li| (20)
qk 0 Sa qk—1

It is straightforward to conclude the solution of Equation (20)
by induction as follows:

o
qk
(Ag + BiKg)*xo
= |+ A+ BaKa)" ™ (Bala + Pa)ds1-m
S q()
d

1)

Given that Ay + B;Kj is strongly stable, (A; + BiK)kxg — 0
ask — 400 and Equation (21) indicates that [;’; 1= 1 n;,?k ] as
k — +ooand I1; € L(C™, X). To determine I1,, we can con-
struct the dynamical evolution of [ f;z 1 —1 Héiqu ] as the following

homogeneous difference equation:

|:xki| B |:qu;{| _ |:.Ad + BiK; (BgLg+ Pd)Sdi|
qk qk 0 Sa

T
qk—1 qk—1
where the initial condition is defined as [gg — [l'lgoqo] e Q

with @ = X @ C". The first component in Equation (22) leads
to (Ag + BaK) Iy + (BaLg + Py)Sy; = 1,4S,4 which is identi-
cal to discrete-time Sylvester equation (15a). Furthermore, the
discrete tracking error is described as

ek = Yck — Yrk
= Caxg—1 + Daug + Oagr — Qugx
= (Cqg + DgKp)xk—1 + (DaLg + Oy — Qa)gx

=[Ca+ DKy (DgLg+ Oy — Qa)S4l [ ;Cij }

— [(Cqg +DyKp)g + (Dglg + Oy — Qu)Sal gr—1

(ask — +00) (23)
To realise perfect tracking, it is necessary to ensure that
Cq+ DK+ (DyLy + Oy — Qq)Sq = 0, which implies
Equation (15b) by substituting Ly = I'y — Kdl'IdS;l. [ |

3.3 Link between continuous and discrete regulator
equations

The solutions of the proposed discrete-time regulator equations
are linked to the associated continuous analogues, based on
Theorems 3.1 and 3.2 and Cayley-Tustin bilinear transform.

Before we proceed with the theorem showing the equivalent
link, let us propose the following proposition:

>

Proposition 3.1: Suppose that we have these ‘second-order
transfer functions (or equivalently the derivatives of transfer func-
tions Gc(s), Ga(z), 1.(s), and T;(z)) for the continuous- and
discrete-time system (1) and (4) accordingly as

GP(s) =C(sI — A)72B, s € p(A\{8) (24a)
GP(2) = Cael — Ad) *Ba,  z€ p(AD\[-1}  (24b)
T2 (s) =CsI — A)PE, s e p(A)\(8) (240)
T,2(2) = Calel = A) *Bar z€ p(AD\{-1}  (24d)

Using the Cayley-Tustin bilinear transform, it can be proved that
the following relationships hold:

32

6@ =" g2 (250)
32

7,7 (2) = % x T2 (s) (25b)



Proof: By substituting the discrete operators (Ag, B4,Cy, Eg)
given by Equation (5) and z = ‘S+$ into (24b), one can obtain

V28C (ST — A) Y288 — s)t — 28(81 — A) 12

V251 — A)7'B

B 8 —s)?
28

(8 —s)?

_ @
=T G )

9@ =

x C(sI — A)72B

(26)

In the similar manner, the proof of Equation (25b) can be
completed. [ |

To reveal the relationship between (I', IT) and (I'y, [1;), we
provide the following theorem.

Theorem 3.3: Let Assumptions 2.1-2.3 hold. By Cayley-Tustin
transform (5) and (10), the solutions of continuous- and discrete-
time Sylvester equations are linked by

(a) For diagonalisable S = S,,, Sg = Sff1

Fg=T (27a)
8+ A3 V2628
Ny¢; = —="T¢; = LT1g; 27b
a®; 75 ¢; e ¢; (27b)
(b)  For non-diagonalisable S = S,,, Sq = S¢

Ly=T (27¢)

s 5 . s §_ o1 [s

Mgy =\ STy, Tady = /ST + 3 >y
(27d)

Proof: Under the stated assumptions, we have that Theo-
rems 3.1 and 3.2 hold. We first consider diagonalisable S and
S4, namely S = S,,, Sy = $% . Based on simple manipulations of
discrete Sylvester equations (15) on the eigenpair ()»:.1, ¢>id) of 4,
the discrete regulator gains (I'y, I1;) can be found as

Map¢ = A3 — A~ (BaTa + Pa)of
Tap? = [GaG:HIQu — TaOHFp?

(28a)
(28b)

where Qd(kf) and %(Af) are discrete-time transfer functions
Ga(z) (from uy to y4) and 7;(z) (from dj to y4) with z evalu-
ated at z = )»f. Since A? € p(AD\{-1}, Qd(kf) and ’Td()»f) are
always solvable.

Similarly, one can solve for the continuous regulator gains
(T, TT) from continuous Sylvester equations (13) as below

Mg} = (A1 — A)~HBT + P)¢s
Tes =[G HQ — T.(A)Flg;

(29a)
(29b)

where G¢ (1) and 7;(A}) are continuous-time transfer functions
Gc(s) (from u(t) to y.(¢)) and 7.(s) (from d(¢) to y.(t)) with s
evaluated at s = Aj. Since A] € p(A)\{8}, Gc(X]) and T.(A}) are
always solvable.
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To proceed with the proof, one need to show the follow-
ing relationships between the continuous- and discrete-time
transfer functions:

Ge(k) = GaOh), Tk = Tah)
Visiea(S), Vil e o(Sy) (30)

Under Assumptions 2.1-2.2 and Corollary 2.1, one can deduce

that Ad 5+;$ € o (Sy) C p(Ay) (and )\‘-i # —1 since —1 ¢
0(S4)) which coincides with the bilinear mapping z = §+Z

with z = Af and s = A}. Combining Equation (7), we can infer
Equation (30). Note that F = Fj and Q = Qg, so one can finally
conclude that " = I'y.

With the relationship between A{ and Kfl shown in
Corollary 2.1, we establish the correspondence between IT and
I1, in Equation (29a) and Equation (28a) as follows:

Magf = AT — A" (Balq + Pa)gy
=228 —A) =281 —A) 71!
V2581 — A)"L (BT + )¢
= MV25 (6 = (KT — A (BT + P)g
(with ¢ = o)
= 29V/28 (5 — A1

Va2l
=1 Mg (31)

Therefore, in the case that S and S; are diagonalisable the
solutions of Sylvester regulator equations in continuous- and
discrete-time settings are related by Equation (27a)-(27b).

Then we consider non-diagonalisable S and Sy, i.e. S= S,
and Sy = S%. By recalling Assumption 2.1, we can show that
there are two eigenvectors associated with the eigenvalue 0 of
S, and two eigenvectors associated with the eigenvalue 1 of S.
Considering the multiplicity of eigenvalues 0 and 1, there are a
standard eigenvector and a generalised eigenvector associated
with S and §; respectively.

From Corollary 2.1, we have the following relationship of the
first (standard) eigenvector in S and Sy:

So} = 1¢1, Sagi = 1%gf (32)

In this case, the solutions of continuous and discrete Sylvester
regulator equations are related by Equation (27a)-(27b). The
proof is the same as the previous one so it is omitted. More
specifically, due to A* = 0 and A4 = 1, we have the following for
the first (standard) eigenpair:

Iry=r

6
Mgy = \/;Hfﬁf

Now, we need to fully consider the action of IT and IT; on
the generalised eigenvectors of S and Sy, namely ¢3 and q)g as

(33a)

(33b)
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follows:

M4Sa¢s = Aallag¥ + (Bal'g + Pa)Sads
QuSadd = Callggl + (DaTg + O ) Sapd

(34a)
(34b)

By substituting de)g = Adqbg + ¢f into Equation (34), a
directly algebraic manipulation leads to

Mapd = (T — Ag) " (BaTy + Pa)r‘¢p§
— M — AT AT 497

Tagd = [Ga(AD] ™' [Qu — Ta(A)Fy)op4
+ [GaH] TGP DT + TP W Falef (35b)

(35a)

where gf’ (%) and 7:1(2) (19 represent the discrete-time
‘second-order’ transfer functions inz) (z) and 7;(2) (z) with z
evaluated at z = A%. Similarly, by inserting the generalised
eigenvector ¢ (with S¢5 = A°¢3 + ¢7) in the continuous-time
Sylvester regulator equations (13), it is straightforward to attain

Mgs = W1 — A)“HBL 4 Py — (W1 — A) "o, (36a)
I'¢s = [G.(A)]7'[Q — T.(A)Fl¢3

+ GG P AOT + TP (W) Flg (36b)

where g§2) (A%) and ’TC(Z) (A®) denote continuous-time ‘second-
order’ transfer functions QC(Z)(S) and ’22(2)(5) with s evalu-
ated at s = A°. Applying the link (24) between discrete- and
continuous-time ‘second-order’ transfer functions, one can
readily conclude that I'y = I' (i.e. Equation (27¢)) holds.

To show the relationship between IT; and IT, we can sub-
stitute Equation (28a) with q)f = q&f into Equation (35a) as
follows:

Mag§ = AT — Ap) ' (BaTa + Po)r?e4
— (T = AT AT = Ag) T (BaTa + Pa)od

=2 — AN BTy + Py)pd

+ W — AN (Bal + Pa)os

— (T — Ag) T ged (37)

Based on the chain rule of the generalised eigenvectors ¢35 and
¢¢ shown in Corollary 2.1, we have the following:

G- A)E-S)

o4 =27 8=
2 28

S _
¢ = 28 2 28

L)

which can be further substituted in Equation (37). Through
simple algebraic manipulation, one can rewrite Equation (37)

as
s § —1 3
Mg = |5~ A~ (BLa + P)gs
+ %ﬁ<—A>—1<Brd + P
SV 2
- %(—A)*(M — A)Tggd

V2 T2 Vs !

The last expression is induced by the use of Equation (36a). This
completes the whole proof. |

(39)

Remark 3.1: With the 1-1 correspondence (27), it can be
seen that the solutions of discrete Sylvester equations (15) and
their continuous counterparts (13) are linked via the Cay-
ley-Tustin bilinear transform. Hence, one can solve for (I'g, [1y)
from discrete-time Sylvester equations to attain (I",IT) for
continuous-time regulator design and vice versa.

Regarding the solvability of the regulator equations, the non-
resonance conditions of finite-dimensional systems have been
generalised for the continuous-time linear infinite-dimensional
systems in Byrnes et al. (2000). Following that, we establish
the non-resonance conditions for the discrete state feedback
regulator equations (15).

Lemma 3.1: Let Assumptions 2.1-2.3 hold. The regulator equa-
tions (13) are solvable for every choice of P and Q if and only if
no eigenvalue of S is a transmission zero of continuous-time plant
(1), ie. det G (X)) # 0, Y A3 € 0 (S).

Proof: For the diagonalisable S having all eigenvalues on the
imaginary axis (namely S = S,;,), the proof is shown in Byrnes
et al. (2000, Corollary V.1). For the case of non-diagonalisable
S,ie. S = S,, we observe that IT is always solvable under stated
assumptions and the solvability of I" depends on the invertibility
of G.(1%) (indeed A* = 0 and for simplicity we drop the sub-
script 7 in A} in this case) as shown in Equation (36) that is same
as the case of diagonalisable S but through more complicated
manipulation. u

In a similar manner, we can prove the non-resonance solv-
ability criteria for discrete-time regulator equations (15) with a
proper choice of the time discretisation interval.

Corollary 3.1: Let Assumptions 2.1-2.3 hold. The regulator
equations (15) are solvable for every choice of Py and Qg if and
only if no eigenvalue of Sy is a transmission zero of discrete-time
plant (4), i.e. det Ga(A%) # 0,¥ 14 € 0(Sy).

By combining Lemma 3.1 and Corollary 3.1, we show that
the non-resonance conditions stay invariant under the Cay-
ley-Tustin transformation.

Theorem 3.4: Let Assumptions2.1-2.3 hold. The non-resonance
conditions in Lemma 3.1 and Corollary 3.1 are equivalent under



the Cayley-Tustin bilinear transformation, and regulator equa-
tions (15) are solvable if and only if regulator equations (13) are
solvable.

Proof: Under Assumptions 2.1-2.2 and Corollary 2.1, we have

d_ S+ 2—1
M=ok €08 C oA, A= 8 €a(§) Co(A),

where 6§ ¢ 0(S) and —1 ¢ 0(Sy) with a proper choice of §,
which indicates G.(A]) = Qd(k?), for all A} € o(S) and Xfl €
0(S4) by using the 1-1 correspondence in continuous- and
discrete-time transfer functions (7). Thus, we have det G (1}) #
0, V A € o(S) if and only if det Gy(A%) # 0, ¥ A% € o' (Sy).
The proof is completed by combining Lemma 3.1 and
Corollary 3.1. [ |

3.4 The stabilising feedback control gain

The 1-1 correspondence of exponential (strong) stability of
the pairs (A, B) and (Ay, By) has been addressed by Curtain
and Oostveen (1997). In this work, we will provide a novel way
to determine the discrete stabilising feedback controller gain
by finding its correspondence relationship with the associated
continuous counterpart.

Lemma 3.2: Given that A, is an infinitesimal generator of the
Co-semigroup T 4 (t) on the Hilbert space, T 4 (t) is exponen-
tially stable if and only if there exists a non-negative self-adjoint
operator Q. such that (Curtain & Zwart, 1995, The. 5.1.3):

Ach + QA +M. =0, on D(A) (40)

with Q.(D(A.)) C D(AY), where M, is a positive definite design
parameter.

With A, = A+ BK, Lemma 3.2 is linked to the following
theorem.

Theorem 3.5: Let Assumption 2.3 hold. If there exists a non-
negative self-adjoint operator Q. that solves the following alge-
braic Riccati equation (Xu & Dubljevic, 2016, The. 1):

A*Qc + QA+ M, —2Q:BB*Q. =0, on D(A) (41)

where M. is a positive definite design parameter such that
Qc(D(A)) € D(A*) and the stabilising feedback control gain
is K= —B*Q,, then the closed-loop system is exponentially
stable, i.e. A+ BK generates an exponentially stable Cy-
semigroup. It can be shown that Equation (41) is equivalent to
Equation (40) by taking K = —B*Q. and Q.(D(A)) € D(A¥),
see Xu and Dubljevic (2016). Motivated by this, we aim at
proposing a novel way to determine the discrete stabilising control
gain K.

By Curtain and Zwart (1995, Exe. 4.30), it can be shown that
the operator Q, that is the solution of the continuous-time Lya-
punov equation (40) and Riccati equation (41) coincides with
the solution Q.4 of the discrete-time Lyapunov equation:

Adecd-Acd —Qed + My =0, onX (42)
where M4 is a positive definite design parameter such that

Qed € L(X).
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To show that the discrete- and continuous-time Lyapunov
equations share the same solution, we propose the following
proposition.

Proposition 3.2: Let Assumption 2.3 hold. Given that M, =
C*N.C, Mg = C5NCegy Acg = —1 +258(8 — A VandCoy =
V25C(8 — A7t by the Cayley-Tustin transform, the discrete
Lyapunov equation (42) and its continuous version (40) share the
same solution, i.e. Q. = Q.4, where N, is a positive definite design
parameter.

Proof: Stemming from the continuous Lyapunov equation (40),
we can demonstrate the following:

A Q + QA +C'NC=0x
—28(81 — A)*Q; — 28Q.(8I — Ap)
+ 48%Q. + 28C*N.L = 0 &
—28Q(81 — At = 28[(81 — A) ¥ Q.
+ 482 [(81 — A) ' * Q8 — A) !
+28[(81 — A) T FC*NLBI - A) ' =0 &
[—1 +28(81 — A) " Qe[—1 + 28(81 — A
—Q+CiNLy=0<%
A5 QcAqg — Qe+ CENCeq = 0

The last expression implies that Q. = Q4. |

Then, we further investigate the link between solutions of the
discrete-time Lyapunov equation and Riccati equation by the
following corollary.

Corollary 3.2: Let Assumption 2.3 hold. If there exist a non-
negative operator Q.4 that solves the following discrete-time alge-
braic Riccati equation:

A%QcaAd — Qea + CINLy

— K} (2I + BjQcaBi + DiNDg) Kg =0, on X (43)
where N, is a positive definite design parameter, then the strongly
stabilising feedback control gain is Kq = —(I + B}QcaBg +
DiNDy) " (B5QciAd + DiNLa).

As for the proof, one can take Ay = Ay + BsKy, Cog =
Cq+ DgKy and Ky = —(I + B5QaBa + DiN.Dy)~ (BQea
Ag + D)NCy) in Equation (42) which can be further simplified
as Equation (43).

Remark 3.2: The continuous- and discrete-time stabilising
feedback control gains are given by: K = —B*Q, and K; =
—(I + B}QeBa + 'D;;NCDd)_l (B3QcaAa +DNLCq)  where
Qc = Q4> so we can solve for discrete Q4 and apply it for the
construction of continuous K, and vice versa.
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4. Error feedback regulation

In this section, after a brief review of the continuous-time
error feedback regulator design, the discrete-time error feed-
back regulator design is proposed. More specifically, the discrete
error feedback output regulator equations are constructed and
proved.

4.1 Continuous-time error feedback regulator

In comparison to the discrete error feedback regulator design,
the continuous counterpart is reviewed shortly. A continuous-
time error feedback regulator design is achieved by finding a
regulator taking the following form:

(1) = Gir(t) + Gae(®), 1(0) =ro (44a)

u(t) = Hr(t) (44b)

where r(t) e Q = X @ C™ for t € [0,+0), G € L(RQ), G, €
L(Y,Q2) and H € L(2,U), and only the error signal e(t) is
known in order to satisfy the following conditions:

(c3) The system

x(t) = Ax(t) + BHr(t) (45a)

7(t) = G2Cx(t) + Gir(t) (45b)

is exponentially stable when g = 0, which implies [A BH;
G»C G] is an infinitesimal generator of an exponentially
stable Cy-semigroup.

The tracking error e(t) — 0 as t — 400 for any given
xo € X,r9 € Qand g’ € C™a.

(c4)

To solve the continuous-time error feedback regulator design
problem, the following theorem is often utilised.

Theorem 4.1: Let Assumptions 2.2-2.4 hold. The continuous-
time error feedback regulation problem is solvable if and only if
there exist mappings I1 € L(C™, X') with TID(S) C D(A) and
I € L(C"1, U) such that the following Sylvester equations hold
(Byrnes et al., 2000, The. IV.2):

1S = AIl + BI' + P (46a)
Cll=Q (46b)

where P = EF, and L =T" — KI1. With Il and T, the error
feedback regulator is found by

7(t) = Gir(t) + Gae(t) (47a)

u(t) = Hr(t) (47b)
wherer(t) € Q = X & C™ and

G — A+ BK—-GiC P+ BT —KII)+ GQ
1= —GyC S+ G2Q

G2

Here, K € L(X,U), G1 € LY, X) and G, € L(Y,C™) such
that K € L(X,U) is an exponentially stabilising feedback gain

sz[Gl}, H=[K T —KII]

for the pair (A, B) and G, = | g; | is an exponentially stabilising
output injection gain for the pair ([ "61 IS’], [C —Q).

4.2 Discrete-time error feedback regulator
Discrete-time error feedback regulator design: Find a regulator

having the following form:

k>1 (48a)

(48b)

1k = Grark—1 + Gagex—1,

ux = Hyry

where 7, € Q@ = X @ C", Q is a Hilbert space, G154 € L(R),
Grq € L(Y,Q2) and Hy € L(2, U), where only the error signal
ey is available, such that the following conditions hold:

(C3) The system

X = Agxp—1 + BgHgr (49a)

k1 = G2aCaxk—1 + (Gra + GoaDaHg) 1k (49b)
is strongly stable when gy = 0, which means [A; BjHg;
G24Ca (G4 + G24DzH ;)] is a strongly stable operator.
The tracking error ey — 0 as k — +o0 for any given
xo € X, 19 € Qand ¢° € C™.

(C4)

To address the discrete-time error feedback regulation prob-
lem, we propose the following theorem.

Theorem 4.2: Under Assumptions 2.2-2.4, the discrete error
feedback regulation problem is solvable if and only if there exist
mappings 11y € L(C",X) and T'y € L(C",U) such that the
following discrete Sylvester equations hold:

MgSq = Aglly + (BaT'y + Py)Sq
QuSa =Callg+ (Dal'g + ©y) Sy

(50a)
(50b)

where Py = E4Fy, O3 = Y4F;, and the discrete error feedback
control law uy can be computed as follows:

tk = Guark—1 + Gager—1, k=1 (51a)
ux = Hgry (51b)

wherer, € Q = X ® C" and

_ Ag+ BiKg — Gigt Py + BiLg — Gigv
91 = |: —Gaat Sa — Gaqv (52a)
Goa= %4, Hy=[K; L b
w= g > Hi=I[Ka Ldl (52b)
2d

where 1 =C3+D3Kgs, v=Dylg+0Onyg—Q4 Li=Ty

— Kal14S;", Kg € L(X,U), Gig € LY, X) and Gy € L(Y,
C"), such that Az + BgKy is a strongly stable operator and
Gua =1 g;z | is a strongly stabilising output injection gain for the

pair (17 §41,1Ca ©cq — Qal).



Proof: Let us prove sufficiency first. In the regulator
Equation (51), one can take ry = [x’é: ] € Q as the estimated
plant and exogenous states, which leads to

]
Jk

Xp—
=G4 [Ak 2} + Goger—1
qk—1
_|Gu Gn Xk—2
Gau G| |gk—1

G
+ [G;Z} [Caxk—2 + Dattr—1 + Ocaqi—1 — Qudx—1]

_|Gun Gn Xk—2 " G14Dy ”
G G| |gk—1 GyDa| *7!
|:G1dcd G14(Ocg — Qd):| |:xk—2]
G2dCa  G2a(Og — Qa) | | gr—1

| G + G1aD4Ky

_ G12 + G1gDgLy | | Xk—2
G21 + G24DaKy

G2 + G2gDgLa | | k-1

|:G1dcd G14(Ocg — Qd):| [xkz] (53)

G2iCq G24(Ocg — Qo) | | Gk—1

up = [Kg Lyl [&’ﬁl} (54)
qk

where G4 = [ g; gg ]. Then, we substitute uy in Equation (54)

back into the plant (4a) and exo-system (9a) as follows:

|:xk1] _ [Ad Pd] [xkz] + [Bde Bde:| [&kz]

qk 0 Sa][4grk-1 0 0 qk—1
(55)

By combining Equations (53) and (55) and introducing two esti-

mation errors ey,_, = xx—1 — Xk—1 and ey, = gk — gk, one can
attain:

|:exk1:| _ [Ad —G14C4 Pg— G14(Ogy — Qd):| |:xk—2]
€y —G2iCi Si— G2a(Og — Qo) | [ qk—1

n (Ba — G1aD)Kg — G11 (Bg — G14Dag)Lg — G2
—Gg DKy — Gy —GgDyLg — G2

i
qk—1

Through direct calculation, one can have the following homo-
geneous difference equation for describing the error evolution
dynamics:

|:exk1i| _ [Ad — G14Cy
eqy —G24Cq

(56)

Py — G14(Ocg — Qd)] [ex“}
Si— G2d(Ocg — Qo) | | eqey

With Theorem 2.1 and Assumption 2.4, one can readily con-
clude that [ e’;’;;‘ ] converges to zero as k — 400, and obtain the
following by combining Equations (56) and (57):

Guy = Gn Gnp
Gy G
_ Ag+ BiKg — Gigt Py + BiLg — Gigv (58)
- —Gagt Sq — Gyav
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where « =Cy+ DyKy, v ="DyLlg+ O, — Qq. Finally, from
Equation (54) we have uy — Kyxx—1 + Lagx since xx_; —
xk—1 and gx — qx as k — +oo. Based on the proof of
Theorem 3.2, we can conclude that the tracking error ex — 0as
k — 400 and the error feedback regulation problem is solvable
given that Sylvester equations (50) hold.

Now we prove the necessity. Similarly, let us consider r, =

[&g: ] €Q, ey, =xk1 — X1 and ey = gk — gx. Substitut-
ing Equations (51) and (52) into the extended system (55) leads

to Equation (57). Then one can plug the expression of uj in
Equation (51b) into the plant system (4), and induce that

xr = Aaxk—1 + Ba(KgXx—1 + Laqk) + Paqx
= (Ag + BaKg)xk—1 — BaKgex,_,

+ (Bl + Pa)qx — BaLaeg, (59)

By combining Equations (57) and (59), we denote ®;_; =
[xk—15 €x,_,; €q,] and obtain

& = A1 Py + Prgx + Brug (60a)
qk = Sdqk—1 (60b)
ey = C1Pp_1 + Dgug + (Ocg — Qi) gk (60c)

where By = [0;0;0], C; =[Cq 0 0], Py = [BgLg + Py;0;0]
and

Ag + BiKy —BiK, —BiL,
A = 0 Ad—G1aCqy Py — G1g(Ocg — Qq)
0 —GCqg Sq— Gra(Ocg — Qq)

Along this line, we can define an extended mapping I1; =
[140;0] : C" > X @ Y @ C™ and then apply Theorem 3.2
to design a state feedback regulator for the system (60) as: ux =
Ki®k_1 + (I — K1 T1;S; Hgr where Ky = [K4 0 0]and Ty =
I'y. Then the following Sylvester equations are obtained for
solving the corresponding operators I1; and I'; € £(C",Y):

I1,Sq = A1y + (BiT'1 + P1)Sa
QuSa = CiIly + (Dal'1 + Og)Sa

(61a)
(61b)

Under Assumptions 2.2-2.4 and Theorem 2.1, it is apparent that
A, is strongly stable, and hence A; + B,K; is strongly stable
due to B; = 0. Taking the first components of Equations (61a)
and (61b) into consideration, one can obtain

M4Sq = (Ag + BaK)Tlg + (BaLg + Pg)Sa (62a)

QuSqa = Cyllg + (Dyl'g + Ocq)Sa (62b)

which further indicates Equation (50) with Ly = 'y — K,
s;t. ]
d

Corollary 4.1: Let Assumptions 2.1-2.4 hold. With Cayley-Tus
tin transform (5) and (11), the corresponding relationships
between (I'g,T13) and (I',T1) are established as below for the
continuous- and discrete-time error feedback regulator designs.
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(a) For diagonalisable S = Sy, Sq = S,
V28
r

My= -
TS

(63a)

a5 = 2¢TIg; (63b)

(b) For non-diagonalisable S = S,,, Sy = S%

Fudi = \ﬁrd)i, Cads = \ﬁwz + l\ﬁwi
) ) sV S

(63¢)

Mag; = N4; (63d)
Proof: Under stated assumptions, we have that Theorems 4.1
and 4.2 hold. The next proof is similar to Theorem 3.3, so it is
omitted. [ ]

We note that under Assumptions 2.1-2.4, the solvability of
the state feedback regulator problem is equivalent to that of the
error feedback regulator problem in a continuous- or discrete-
time setting. Along this line, we can establish the same non-
resonance solvability criteria for continuous-time error feed-
back regulator equations (46) and discrete-time error feedback
regulator equations (50) as in Lemma 3.1 and Corollary 3.1 by
including Assumption 2.4. Thus we can further show that the
solvability of discrete-time error feedback regulator equations is
equivalent to that of the continuous analogues.

Corollary 4.2: Under Assumptions 2.1-2.4, we have the follow-
ing assertions: (a) regulator equations (46) are solvable if and only
if no eigenvalue of S is a transmission zero of continuous-time
plant (1), i.e. detG.(A}) # 0,V A} € 6 (S); (b) regulator equa-
tions (50) are solvable if and only if no eigenvalue of Sy is a
transmission zero of discrete-time plant (4), i.e. det Qd(kf) #
0,V kf € 0 (Sy); (c) the non-resonance conditions (a) and (b) are
equivalent under the Cayley-Tustin bilinear transformation; and
(d) regulator equations (50) are solvable if and only if regulator
equations (46) are solvable.

Proof: The proof is similar to Lemma 3.1, Corollary 3.1 and
Theorem 3.4 under Assumptions 2.1-2.4, so we omit it. |

4.3 Discrete stabilising output injection gain

In this section, we will provide a new way to solve for the discrete
stabilising output injection gain G,4. First, let us revisit some
main results on stabilisation of continuous- and discrete-time
systems from Curtain and Zwart (1995) and Xu and Dublje-
vic (2016).

Lemma 4.1: Given that A, is an infinitesimal generator of the
Co-semigroup T 4 (t) on the Hilbert space, T 4 (t) is exponen-
tially stable if and only if there exists a non-negative self-adjoint
operator Q, such that (Curtain & Zwart, 1995)

AoQo + QoAz +M,=0, on D(Az) (64)

with Qo (D(AY)) C D(A,), where M, is a positive definite design
parameter.

Given that A4, = [“5l IS)] — G2[C — QJ, we adopt the follow-
ing theorem from Xu and Dubljevic (2016) to solve for G,.

Theorem 4.3: Let Assumption 2.4 hold. If there exist non-
negative self-adjoint operators ©1 and ©, that solve the following
algebraic Riccati equations (Xu & Dubljevic, 2016, The. 5):

AO; + @1./4* — 2®1C*C®1 + My =0 (65a)
PO, +201C*QO; + My =0 (65b)
SO, + 0,5 —20,Q* Q0 + My3 =0 (65c¢)

where My1 and M,3 are positive definite operator and matrix,
respectively, and M, is determined based on solutions of ®; and

®, to ensure that [ %ﬁ; %"; | is positive definite and ®1 (D(A*)) C
0. 0.

D(A), then G, = [g;] _ [ ec

_0,q+ | is an exponentially stabilising
output injection gain.

By Curtain and Zwart (1995, Exe. 4.30), it can be shown
that the operator Q, that solves the continuous Lyapunov
equation (64) coincides with the solution Q,4 (namely [®; 0;0
®;2] = [O14 0;0 Oy4] as shown in Equation (67)) of the fol-
lowing discrete-time Lyapunov equation:

AonodAZd —Qod +Mog =0, onX (66)
where M, is a positive definite design parameter and Qg €
L(X) is a non-negative self-adjoint operator. To prove that,
one can take M, = BN,B8* in Equation (64), Mg = B,aNoB};,
Bog = V288 — Ap) !B and Ayy = —1+28(8 — A,)"! by
using the Cayley-Tustin transform, where N, is a positive defi-
nite design parameter.

Given that Aog = [/ 1 — G24[Ca ©ca — Qql, we provide
the following discrete Riccati equations for solving the discrete

stabilising output injection gain G,.

Corollary 4.3: Let Assumption 2.4 hold. If there exist the non-
negative operators ©14 and ©,4 that solve the following discrete-
time algebraic Riccati equations

Ai® gAY — O3 + PyOy4P)
— G1d(2R1 + C40©14C + Q24O242) Gl + Mg =0

(67a)
(Pg — G1aR1)©24(Sq — G2422)*
— (Aq — G1aC)014C;Gy + Mgy = 0 (67b)
8402485 — ©2q — G2g(2Ry + C4©14C;
+ Qd®2dQZ)G;d + My =0 (67¢)

where Ry, Ry, Mgs and My, are positive definite matrices and
. . . Mg Mg,
operator, respectively, and My, is determined such that [ M) Mys ]



is positive definite, then

| Gua
Goa = |:G2d:|
(Ad®14C) + PyO24827)
X (Ry + CaO14Ch + Q4©q2%) 7!
Sd®2dQ:§(R2 + Cd@mC; + Qd®2dQ§)_1

is a strongly stabilising output injection gain, where Qg = ©.4 —
Qa-

Proof: Given Q,g = bdiag(®14, ®24), Myg = [ﬁg %;ﬁ] and

Avd = [ §1 = G2alCa Ocq — Qq] with

| Gua
gld - [sz}
(Ad®14C] + Py©®2427)
= X (Ry + Ca®14Ch + Q4©2q2%) 7! ,
Si©2425(Ry + CqO14C5 + 2402425 !

simple algebraic manipulation of Equation (66) leads to
Equation (67). |

Remark 4.1: To solve the algebraic Riccati equations (67), we
provide the following steps:

(1) Initialise Ry, Ry, Mz and Mys.

(2) Solve for ®;4 and ©,, in Equations (67a) and (67¢) using
numerical iteration methods (e.g. Newton-Kleinman iter-
ation method Gibson & Rosen, 1988; Hewer, 1971; Klein-
man, 1974).

(3) Find M, by substituting ©,4 and ®,, into Equation (67b),

. . _ Mo Mg,
and check the positive definiteness of M,y = [ M, My, ]and

Qod =bdiag(®14, ®,,), if not return to repeat steps (1)-(2).

Remark 4.2: Given that M, = BN,B* and Myg = B,4N,B;;,
the continuous- and discrete-time stabilising output injec-
tion gains G, and G,y can be linked by Theorem 4.2 and
Corollary 4.3. Thus one can solve for G,; and then apply the
result (®14, ®,,) for the construction of G,, and vice versa.

5. Simulation

To verify the effectiveness and applicability of the proposed
discrete-time regulator design methods, we provide three exam-
ples including two state feedback regulator designs for a first-
order hyperbolic PDE (non-spectral system) with considera-
tions of harmonic and polynomial exogenous signals respec-
tively, and an error feedback regulator design for a 1-D heat
equation (spectral system) to realise set-point reference control.

5.1 Example 1: state feedback regulator design for a
first-order hyperbolic PDE (non-spectral system) with
consideration of harmonic reference and disturbance

Let us consider a tubular reactor system described by a first-
order hyperbolic partial differential equation model as follows:
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z1(8, 1) = —vze (8, 1) + ¥ (§)z(8, 1) + b u(h) + f()d()

(68a)
z(0,t) =0, 2(£,0) = 20({) (68b)
ye(@®) = Cez(¢, 1) (68¢)

where ¢ € [0,1] and ¢ € [0, +00) stand for spatial and temporal
coordinates, respectively. We consider bounded input and dis-
turbance operators as b(¢) = 1, f(¢) = 0.5 with model param-
eters v = 2 and ¥ (¢) = sinh(¢). A bounded output operator
is considered as C; := [ 5= 1{r.—c. z+e.] (1) dC, where 1(4p)(0)
denotes the spatial shaping function:

1, ¢ elab]
Lot (©) = {0, otherwise
The system operator A is defined as: A := —v% + sinh(¢) with
the domain D(A) = {¢(¢) € X|¢(¢) is absolutely continuous,
‘M:j—gf) € X and ¢ (0) = 0}. In addition, ¢, = 0.5, €, = 0.01, and
z0(¢) = 2sin(2m¢).

In this example, we focus on harmonic reference and dis-
turbance signals, so the discrete-time exo-system is designed
with the diagonalisable S; = Si = [0.9969, 0.0784; —0.0784,
0.9969] (with the continuous counterpart S = S,,, = [0, 0.057;
—0.057,0]), ¢° = [0;1], Q4 = [2,0], and F4 = [0,1]. Along
this line, the discrete disturbance and reference signals are gen-
erated as: di = c0s(0.025km) and y, = 2sin(0.025k7w). Appar-
ently, we have 0 (S) C p(A) ensuing that Assumption 2.2 holds.
Then, the state feedback regulator is constructed using the
procedures shown in Table 1.

Through discrete Sylvester equations (15), the discrete feed-
forward gain can be solved as I'y = [7.6629, —0.3479] and I1,
can be obtained as spatial functions correspondingly. To ensure
the stability of the closed-loop system, the state feedback stabil-
ising gain is solved using Equation (41) as bellow

dQc(9)
d¢

+M—2Q(¢)* =0,

2

+ sinh(£)Qc(£) + Qc(¢) sinh(Z)

Qc(1) =0 (69)

where M is a design parameter which is chosen as 0.001 in this
example. It is straightforward to solve this ODE by the finite dif-
ference method, from which we obtain the feedback control law
ur = Kyxr—1 + Laqk by performing Steps 3-4.

Table 1. Construction of the discrete state feedback regulator.

Algorithm 1: Discrete state feedback regulator.

Step 1: Solve discrete Sylvester equations (15) for 'y and Iy

Step 2: Solve for continuous stabilising feedback gain Q. in Equation (41), and
then obtain Kj to stabilise the discrete operator Ay + ByKy

Step 3: Determine Ly =Ty — Kdl'Ide’1 and simulate the exo-system and
plant

Step 4: Construct the discrete state feedback regulation law (14) and apply to
the discrete system (4)
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Table 2. Comparison of regulation performance with different time discretisation
intervals.

At (s) 0.375

0.0016

0.475
0.0009

0.50
0.0070

0.525
0.0022

0.625
0.0100

Absolute tracking error |e|

After 80 s of simulation, the regulation results are illustrated
in Figure 2. Specifically, the simulated time and spatial inter-
vals are set as 0.5 s and 0.01. With the control action applied,
the closed-loop state profile can follow the sinusoidal reference
trend and reject undesired cosine disturbance as well. As shown
in Figure 2(b), it can be seen that controlled output y. tracks
the desired sinusoidal reference rapidly and the tracking error
converges to zero under the closed-loop control.

In addition, the influence of the choice of the sampling time
on the output regulation performance is investigated below.
With the same regulation objective and overall simulation time
of 80 s, different simulated time intervals (with £5% and +25%
based on the chosen 0.50 s) are implemented. As illustrated in
Table 2, it is apparent that the tracking error increases approx-
imately with the increase of discretisation time interval and
overall the relative error stays within a reasonable range (around
0.01).

5.2 Example 2: state feedback regulator design for a
first-order hyperbolic PDE (non-spectral system) with
consideration of step-like and ramp-like reference and
disturbance

In this example, we construct another state feedback regulator
for the same first-order hyperbolic PDE model (68) with the
same parameters considered in the first example. Differently to
Example 1, we aim at tracking ramp-like and step-like references
by considering a non-diagonal exo-system in this example.

In this case, we consider the continuous exo-system with the
non-diagonalisable S = §,, = [0, 0; 1, 0], and the discrete coun-
terpart Sy = SZ =[1,0;0.5,1] with At =0.5 and ¢° = [1;0].
By designing Q; = [1, 1] for 0 < k < 60 and Qg = [15,0] for
61 < k < 160, the output reference signal is generated as

1+0.5k 0<k<60

IE= s, 61 < k < 160

In addition, a constant disturbance dj = 0.5 is considered in
this example with F; = [0.5, 0]. By revisiting discrete Sylvester
equations (15), the discrete feedforward gain can be solved
as 'y = [3.5819,3.8319] for 0 < k < 60, I'y = [57.2292,0] for
61 < k < 160. Using the same stabilising gain calculated in the
first example, the feedback control law uy = Kgxx_1 + Laqx can
be computed by implementing Steps 2-4 given in Table 1. The
initial condition in this case is taken as: zg(¢) = 6 sin(37¢).

After 80 s of simulation, the output regulation performance
is illustrated in Figure 3. Using the constructed state feedback
regulator, the output is steered to track the ramp-like and step-
like reference signals and reject the undesired step disturbance
simultaneously. In particular, the tracking error converges to
zero rapidly as shown in Figure 3(b).

Table 3. Construction of the discrete error feedback regulator.

Algorithm 2: Discrete error feedback regulator.

Step 1: Solve discrete Sylvester equations (50) for 'y and I1y4

Step 2: Solve for discrete stabilising output injection gain ®14 and ©,4 in
Equation (67), and then obtain G,4

Step 3: Determine Gy4 and simulate ry system (51a)

Step 4: Construct the discrete error feedback control law (51b) and apply it to
the discrete system (4)

5.3 Example 3: error feedback regulator design for a 1-D
heat equation (spectral system) with set-point reference
control

In this case, we consider a 1-D heated bar model described by a
parabolic PDE with Newman boundary conditions as follows:

xt(8, 1) = x¢¢ (8, 8) + b(O)ult) + f(£)d(1) (70a)
X¢ 0,t) =0= Xr (1,1) (70b)
)’c(t) = Ccx(¢, 1) (70¢)

where ¢ € [0,1] and t € [0, 4-00) represent spatial and tempo-
ral coordinates, respectively. In addition, we consider spatially
distributed actuation and disturbance that are characterised by:
b)) = ﬁl[;h_gb,;b+8b](§) and f(¢) = 1. The goal is to reg-

ulate the output y. with C, := fol ZLECI[Q,GDQJFSC](-) d¢. More
specifically, we consider ¢, = 0.5, &, = 0.3, { = 0.99 and €, =
0.01.

It is apparent that the original state evolution operator A :=
32
ac?
the Assumption 2.2 since 0 € o (A). To address this issue, we
first stabilise the system by introducing a stabilising gain K

as K& = — (P, 1), with 8 > 0 (Byrnes et al., 2000). For the
stabilised system A, := % + b(¢)K with 0 € 0 (A), we have
o(s) C o(A,) so Assumption 2.2 is satisfied. The rest design of
the discrete error feedback regulator follows the steps as shown
in Table 3.

To track and reject step signals, we set S = 0 (hence S; =
1), F3=1 and Qg = 3. Based on the discrete output regu-
lator equations (50), we obtain: Ly = 'y = 8.7859 and Hy =
[0 8.7859] due to Kz = 0 and 0 is a zero vector with proper
dimension. By solving Riccati equations (67), we can determine
the discrete stabilising output injection gains G,4 and G4, with
Ry = Ry = M3; = 1and M43 = 1 where 1 is an identity matrix
with proper dimension. Then, one can simulate r¢ system (51) to
generate control trajectory u, which is plugged into the original
discrete plant (4). As shown in Figure 1, the closed-loop output
yc follows the set-point and the tracking error converges to zero
rapidly. In addition, the discretisation time interval is 0.2 s and
the number of spatial nodes is 1001.

has the eigenvalues A, = —(n7)?, n € N, which violates

Remark 5.1: As proposed in this work, the discrete-in-time
regulator design provides a novel way to directly realise dig-
ital regulator design in a late-lumping manner. Most impor-
tantly, intrinsic properties of linear continuous systems are
fully preserved in the discrete-time systems by the use of Cay-
ley-Tustin transform. Therefore, the discrete-in-time regulator
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design method is beneficial to the corresponding design of
continuous-time systems by using the equivalent relationships
between continuous- and discrete-time systems established in
this work.

Remark 5.2: Spatial discretisation may have a potential effect
on the time-discretised stability in the numerical realisation
stage. Particularly, dissipation and dispersion errors may be
induced by an improper choice of spatial and temporal dis-
cretisation intervals, which may eventually influence time-
discretised stability. To reduce the dissipation and dispersion
errors, the spatial and temporal discretisation intervals need to
be chosen small enough, see details in Thomas (2013, Cha. 7.2,
7.3).

6. Conclusion

In this work, discrete-time state and error feedback output reg-
ulators are designed for a class of linear distributed parameter
systems with bounded input and output operators. The Cay-
ley-Tustin bilinear transform is used for model discretisation
without spatial approximation or model order reduction. Based
on the discretised plant and exogenous systems, discrete-time
Sylvester equations are formulated and solved for discrete state
and error feedback regulator designs. The solvability of discrete-
time regulator equations is proved and linked to the associ-
ated continuous version. Given the solutions of discrete-time
Sylvester regulator equations, one can attain the corresponding
continuous solutions and vice versa. To stabilise the closed-
loop systems, a novel way to determine the stabilising output
injection gain (and its dual problem) is provided. Finally, three
output regulators are designed and simulated, including har-
monic, step-like and ramp-like reference control for a first-order
hyperbolic PDE system and set-point tracking for a 1-D heat
equation, which verify the feasibility of the proposed method.
The discrete-in-time design and continuous-time design can
be beneficial to each other in determining the stabilising con-
troller gain, stabilising output injection gain and regulator gain.
Hence, the proposed discrete-in-time design has the potential to
be utilised in digital control applications, such as sampled-data
control of distributed parameter systems.

Disclosure statement

No potential conflict of interest was reported by the author(s).

ORCID

Junyao Xie "= http://orcid.org/0000-0002-1949-1909
Charles Robert Koch " http://orcid.org/0000-0002-6094-5933
Stevan Dubljevic "= http://orcid.org/0000-0002-1889-1599

References

Aamo, O. M. (2013). Disturbance rejection in 2 x 2 linear hyperbolic
systems. IEEE Transactions on Automatic Control, 58(5), 1095-1106.
https://doi.org/10.1109/TAC.2012.2228035

Anfinsen, H., & Aamo, O. M. (2015). Disturbance rejection in the interior
domain of linear 2 x 2 hyperbolic systems. IEEE Transactions on Auto-
matic Control, 60(1), 186-191. https://doi.org/10.1109/TAC.2014.232
2435

Anfinsen, H., & Aamo, O. M. (2017). Disturbance rejection in general
heterodirectional 1-d linear hyperbolic systems using collocated sens-
ing and control. Automatica, 76, 230-242. https://doi.org/10.1016/j.auto
matica.2016.10.027

Aulisa, E., & Gilliam, D. (2015). A practical guide to geometric regulation for
distributed parameter systems. Chapman and Hall/CRC.

Bengtsson, G. (1977). Output regulation and internal models - a frequency
domain approach. Automatica, 13(4), 333-345. https://doi.org/10.1016/
0005-1098(77)90016-4

Bribiesca-Argomedo, F, & Krstic, M. (2015). Backstepping-forwarding
control and observation for hyperbolic PDEs with Fredholm inte-
grals. IEEE Transactions on Automatic Control, 60(8), 2145-2160.
https://doi.org/10.1109/TAC.2015.2398882

Byrnes, C. L, Lauk¢, I. G., Gilliam, D. S., & Shubov, V. I. (2000). Output
regulation for linear distributed parameter systems. IEEE Transactions
on Automatic Control, 45(12), 2236-2252. https://doi.org/10.1109/9.89
5561

Byrnes, C. L, Priscoli, F. D., Isidori, A., & Kang, W. (1997). Structurally sta-
ble output regulation of nonlinear systems. Automatica, 33(3), 369-385.
https://doi.org/10.1016/S0005-1098(96)00184-7

Curtain, R. E, & Oostveen, J. (1997). Bilinear transformations between
discrete-and continuous-time infinite-dimensional linear systems. Pro-
ceedings of the 4th international symposium on Methods and Models
in Automation and Robots, Poland (pp. 861-870).

Curtain, R. E, & Rodriguez, A. (1994). Necessary and sufficient condi-
tions for J-spectral factorizations with a J-lossless property for infinite-
dimensional systems in continuous and discrete time. Linear Algebra
and Its Applications, 203, 327-358. https://doi.org/10.1016/0024-3795
(94)90208-9

Curtain, R. E, & Zwart, H. (1995). An introduction to infinite-dimensional
linear systems theory (Vol. 21). Springer Science & Business Media.

Davison, E. (1976). The robust control of a servomechanism problem for
linear time-invariant multivariable systems. IEEE Transactions on Auto-
matic Control, 21(1), 25-34. https://doi.org/10.1109/TAC.1976.1101137

De Marco, S., Marconi, L., Mahony, R., & Hamel, T. (2018). Output
regulation for systems on matrix Lie-groups. Automatica, 87, 8-16.
https://doi.org/10.1016/j.automatica.2017.08.006

Deutscher, J. (2015). A backstepping approach to the output regula-
tion of boundary controlled parabolic PDEs. Automatica, 57, 56-64.
https://doi.org/10.1016/j.automatica.2015.04.008

Deutscher, J. (2017). Output regulation for general linear heterodirectional
hyperbolic systems with spatially-varying coeflicients. Automatica, 85,
34-42. https://doi.org/10.1016/j.automatica.2017.07.027

Deutscher, J., & Gabriel, J. (2018). Robust state feedback regulator design for
general linear heterodirectional hyperbolic systems. IEEE Transactions
on Automatic Control, 63(8), 2620-2627. http://doi.org/10.1109/TAC.
2018.2791524

Deutscher, J., & Kerschbaum, S. (2019). Output regulation for coupled lin-
ear parabolic PIDEs. Automatica, 100, 360-370. https://doi.org/10.1016/
j.automatica.2018.11.033

Feng, G., & Zhang, T. (2006). Output regulation of discrete-time piecewise-
linear systems with application to controlling chaos. IEEE Trans-
actions on Circuits and Systems II: Express Briefs, 53(4), 249-253.
https://doi.org/10.1109/TCSII1.2005.862178

Francis, B. A., & Wonham, W. M. (1976). The internal model principle
of control theory. Automatica, 12(5), 457-465. https://doi.org/10.1016/
0005-1098(76)90006-6

Fridman, E. (2003). Output regulation of nonlinear systems with delay.
Systems & Control Letters, 50(2), 81-93. https://doi.org/10.1016/S0167-
6911(03)00131-2

Gibson, J. S., & Rosen, I. G. (1988). Numerical approximation for the
infinite-dimensional discrete-time optimal linear-quadratic regulator
problem. SIAM Journal on Control and Optimization, 26(2), 428-451.
https://doi.org/10.1137/0326025

Gillella, P. K., Song, X., & Sun, Z. (2014). Time-varying internal
model-based control of a camless engine valve actuation system.
IEEE Transactions on Control Systems Technology, 22(4), 1498-1510.
https://doi.org/10.1109/TCST.2013.2280902

Grasselli, O. M., Longhi, S., Tornambe, A., & Valigi, P. (1996). Robust out-
put regulation and tracking for linear periodic systems under structured


http://orcid.org/0000-0002-1949-1909
http://orcid.org/0000-0002-6094-5933
http://orcid.org/0000-0002-1889-1599
https://doi.org/10.1109/TAC.2012.2228035
https://doi.org/10.1109/TAC.2014.2322435
https://doi.org/10.1016/j.automatica.2016.10.027
https://doi.org/10.1016/0005-1098(77)90016-4
https://doi.org/10.1109/TAC.2015.2398882
https://doi.org/10.1109/9.895561
https://doi.org/10.1016/S0005-1098(96)00184-7
https://doi.org/10.1016/0024-3795(94)90208-9
https://doi.org/10.1109/TAC.1976.1101137
https://doi.org/10.1016/j.automatica.2017.08.006
https://doi.org/10.1016/j.automatica.2015.04.008
https://doi.org/10.1016/j.automatica.2017.07.027
http://doi.org/10.1109/TAC.2018.2791524
https://doi.org/10.1016/j.automatica.2018.11.033
https://doi.org/10.1109/TCSII.2005.862178
https://doi.org/10.1016/0005-1098(76)90006-6
https://doi.org/10.1016/S0167-6911(03)00131-2
https://doi.org/10.1137/0326025
https://doi.org/10.1109/TCST.2013.2280902

uncertainties. Automatica, 32(7), 1015-1019. https://doi.org/10.1016/
0005-1098(96)00046-5

Gu, J. ], & Wang, J. M. (2018). Backstepping state feedback regula-
tor design for an unstable reaction-diffusion PDE with long time
delay. Journal of Dynamical and Control Systems, 24(4), 563-576.
https://doi.org/10.1007/s10883-017-9384-5

Guo, B, & Zwart, H. (2006). On the relation between stability of
continuous-and discrete-time evolution equations via the Cayley
transform. Integral Equations and Operator Theory, 54(3), 349-383.
https://doi.org/10.1007/s00020-003-1350-9

Hairer, E., Lubich, C., & Wanner, G. (2006). Geometric numerical integra-
tion: Structure-preserving algorithms for ordinary differential equations
(Vol. 31). Springer Science & Business Media.

Himidldinen, T., & Pohjolainen, S. (2000). A finite-dimensional robust con-
troller for systems in the CD-algebra. IEEE Transactions on Automatic
Control, 45(3), 421-431. https://doi.org/10.1109/9.847722

Hamildinen, T., & Pohjolainen, S. (2010). Robust regulation of distributed
parameter systems with infinite-dimensional exosystems. SIAM Journal
on Control and Optimization, 48(8), 4846-4873. https://doi.org/10.1137/
090757976

Hasan, A. (2014). Disturbance attenuation of n+ 1 coupled hyperbolic
PDEs. In 53rd IEEE conference on decision and control (pp. 2058-2064).
IEEE.

Havu, V., & Malinen, J. (2007). The Cayley transform as a time discretiza-
tion scheme. Numerical Functional Analysis and Optimization, 28(7-8),
825-851. https://doi.org/10.1080/01630560701493321

Hewer, G. (1971). An iterative technique for the computation of the steady
state gains for the discrete optimal regulator. IEEE Transactions on Auto-
matic Control, 16(4), 382-384. https://doi.org/10.1109/TAC.1971.1099
755

Huang, J. (2017). The cooperative output regulation problem of discrete-
time linear multi-agent systems by the adaptive distributed observer.
IEEE Transactions on Automatic Control, 62(4), 1979-1984. https://doi.
org/10.1109/TAC.2016.2592802

Humaloja, J. P, & Paunonen, L. (2017). Robust regulation of infinite-
dimensional port-Hamiltonian systems. IEEE Transactions on Auto-
matic Control, 63(5), 1480-1486. https://doi.org/10.1109/TAC.9

Immonen, E. (2007). Practical output regulation for bounded linear
infinite-dimensional state space systems. Automatica, 43(5), 786-794.
https://doi.org/10.1016/j.automatica.2006.11.009

Immonen, E., & Pohjolainen, S. (2005). Output regulation of periodic
signals for DPS: An infinite-dimensional signal generator. IEEE Transac-
tions on Automatic Control, 50(11), 1799-1804. https://doi.org/10.1109/
TAC.2005.858643

Isidori, A., & Byrnes, C. 1. (1990). Output regulation of nonlinear
systems. IEEE Transactions on Automatic Control, 35(2), 131-140.
https://doi.org/10.1109/9.45168

Johnson, C. (1971). Accomodation of external disturbances in linear reg-
ulator and servomechanism problems. IEEE Transactions on Automatic
Control, 16(6), 635-644. https://doi.org/10.1109/TAC.1971.1099830

Kang, W, & Guo, B. Z. (2016). Stabilisation of unstable cascaded
heat partial differential equation system subject to boundary dis-
turbance. IET Control Theory & Applications, 10(9), 1027-1039.
https://doi.org/10.1049/iet-cta.2015.0953

Ke, Z., Logemann, H., & Rebarber, R. (2009). A sampled-data ser-
vomechanism for stable well-posed systems. IEEE Transactions on Auto-
matic Control, 54(5), 1123-1128. https://doi.org/10.1109/TAC.2009.201
3032

INTERNATIONAL JOURNAL OF CONTROL 17

Kleinman, D. (1974). Stabilizing a discrete, constant, linear system with
application to iterative methods for solving the Riccati equation. IEEE
Transactions on Automatic Control, 19(3), 252-254. https://doi.org/10.
1109/TAC.1974.1100565

Kobayashi, T. (1983). Regulator problem for infinite-dimensional systems.
Systems & Control Letters, 3(1), 31-39. https://doi.org/10.1016/0167-
6911(83)90035-X

Krstic, M., & Smyshlyaev, A. (2008). Boundary control of PDEs: A course on
backstepping designs (Vol. 16). SIAM.

Mantri, R., Saberi, A., Lin, Z., & Stoorvogel, A. A. (1997). Output regulation
for linear discrete-time systems subject to input saturation. International
Journal of Robust and Nonlinear Control: IFAC-Affiliated Journal, 7(11),
1003-1021. https://doi.org/10.1002/(ISSN)1099-1239

Natarajan, V., Gilliam, D. S., & Weiss, G. (2014). The state feedback regula-
tor problem for regular linear systems. IEEE Transactions on Automatic
Control, 59(10), 2708-2723. https://doi.org/10.1109/TAC.9

Paunonen, L. (2017). Robust output regulation for continuous-time
periodic systems. IEEE Transactions on Automatic Control, 62(9),
4363-4375. https://doi.org/10.1109/TAC.2017.2654968

Pohjolainen, S. (1982). Robust multivariable PI-controller for infinite
dimensional systems. IEEE Transactions on Automatic Control, 27(1),
17-30. https://doi.org/10.1109/TAC.1982.1102887

Qiu, Z., Santillo, M., Jankovic, M., & Sun, ]J. (2015). Composite adaptive
internal model control and its application to boost pressure control of
a turbocharged gasoline engine. IEEE Transactions on Control Systems
Technology, 23(6), 2306-2315. https://doi.org/10.1109/TCST.2015.241
4400

Salamon, D. (1984). Control and observation of neutral systems (Vol. 91).
Pitman Advanced Publishing Program.

Serrani, A., Isidori, A., & Marconi, L. (2001). Semi-global nonlinear output
regulation with adaptive internal model. IEEE Transactions on Auto-
matic Control, 46(8), 1178-1194. https://doi.org/10.1109/9.940923

Silva, A. C,, Landau, I. D., & Ioannou, P. (2016). Robust direct adaptive
regulation of unknown disturbances in the vicinity of low-damped com-
plex zeros-application to AVC. IEEE Transactions on Control Systems
Technology, 24(2), 733-740. http://doi.org/10.1109/TCST.2015.2445859

Thomas, J. W. (2013). Numerical partial differential equations: finite differ-
ence methods (Vol. 22). Springer Science & Business Media.

Tucsnak, M., & Weiss, G. (2009). Observation and control for operator
semigroups. Springer Science & Business Media.

Wakaiki, M., & Sano, H. (2019). Sampled-data output regulation of well-
posed infinite-dimensional systems. Preprint. arXiv:1901.07254

Weiss, G. (1994a). Regular linear systems with feedback. Mathematics of
Control, Signals, and Systems, 7(1), 23-57. https://doi.org/10.1007/BF01
211484

Weiss, G. (1994b). Transfer functions of regular linear systems. I. Char-
acterizations of regularity. Transactions of the American Mathemati-
cal Society, 342(2), 827-854. https://doi.org/10.1090/S0002-9947-1994-
1179402-6

Xu, X., & Dubljevic, S. (2016). Output regulation problem for a class of regu-
lar hyperbolic systems. International Journal of Control, 89(1), 113-127.
https://doi.org/10.1080/00207179.2015.1060363

Xu, X., & Dubljevic, S. (2017). Output regulation for a class of linear
boundary controlled first-order hyperbolic PIDE systems. Automatica,
85, 43-52. https://doi.org/10.1016/j.automatica.2017.07.036

Zhou, H. C., & Weiss, G. (2017). Solving the regulator problem for a 1-
D Schrodinger equation via backstepping. IFAC-PapersOnLine, 50(1),
4516-4521. https://doi.org/10.1016/j.ifacol.2017.08.720


https://doi.org/10.1016/0005-1098(96)00046-5
https://doi.org/10.1007/s10883-017-9384-5
https://doi.org/10.1007/s00020-003-1350-9
https://doi.org/10.1109/9.847722
https://doi.org/10.1137/090757976
https://doi.org/10.1080/01630560701493321
https://doi.org/10.1109/TAC.1971.1099755
https://doi.org/10.1109/TAC.2016.2592802
https://doi.org/10.1109/TAC.9
https://doi.org/10.1016/j.automatica.2006.11.009
https://doi.org/10.1109/TAC.2005.858643
https://doi.org/10.1109/9.45168
https://doi.org/10.1109/TAC.1971.1099830
https://doi.org/10.1049/iet-cta.2015.0953
https://doi.org/10.1109/TAC.2009.2013032
https://doi.org/10.1109/TAC.1974.1100565
https://doi.org/10.1016/0167-6911(83)90035-X
https://doi.org/10.1002/(ISSN)1099-1239
https://doi.org/10.1109/TAC.9
https://doi.org/10.1109/TAC.2017.2654968
https://doi.org/10.1109/TAC.1982.1102887
https://doi.org/10.1109/TCST.2015.2414400
https://doi.org/10.1109/9.940923
http://doi.org/10.1109/TCST.2015.2445859
https://doi.org/10.1007/BF01211484
https://doi.org/10.1090/S0002-9947-1994-1179402-6
https://doi.org/10.1080/00207179.2015.1060363
https://doi.org/10.1016/j.automatica.2017.07.036
https://doi.org/10.1016/j.ifacol.2017.08.720

