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ABSTRACT
Spatiotemporal evolution of liquid-liquid interface leading

to dewetting and pattern formation is investigated for thin liquid
bilayeres subjected to the long range electrostatic force and the
short range van der Waals forces. Based on the 2D weakly non-
linear thin film equation three dimensional structure evolution is
numerically simulated. A combined finite difference for the spa-
tial dimensions and an adaptive time step ODE solver is used
to solve the governing equation. For initially non-wetting sur-
faces, the stabilizing effects of viscosity and interfacial tension
and the destabilizing effect of the Hamaker constant are inves-
tigated. Electrostatic interaction is calculated analytically for
both perfect dielectric-perfect dielectric and ionic conductive-
perfect dielectric bilayers. Ionic conductive-perfect dielectric bi-
layers based on the electric permittivity ratio of layers are found
to be stabilized or deformed in response to the applied external
electric field.

INTRODUCTION
Dynamics of ultra-thin (< 500nm) liquid films on solid sub-

strates has gained significant attention due to its interesting be-
havior and its numerous technological applications [1–6]. Insta-
bilities in thin liquid films caused by van der Waals forces or ex-
ternal stimuli like thermal, mechanical and electrical forces lead
to dewetting and pattern formation of films [7–12]. Develop-
ment of these instabilities at the liquid film interface gives rise to
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the film disruption and/or pattern formation on the film interface,
which is of interest in numerous applications.

Determining drainage time (i.e. time when film’s rupture oc-
curs) and different morphological structures of the film interface
requires insight into the dynamics and morphological evolution
of the film. From bulk fluid dynamics, interfacial tension and vis-
cosity are known as damping factors for fluctuations on the free
surfaces. Small scale systems also have intermolecular forces
which depend on material properties of the films and substrate,
and these forces play a dominant role in engendering instability
of thin films [13, 14]. These intermolecular interactions create a
pressure, called the conjoining pressure, on the film interface [3].
The stability of the thin film depends on the first derivative of the
conjoining pressure with respect to the local film thickness, often
referred to as the spinodal parameter. When there are no strong
residual stresses in the films [5], in apolar systems (systems un-
der consideration in this study) the conjoining pressure has only
one component (van der Waals interaction) and the sign is deter-
mined by the sign of system’s effective Hamaker constant.

More recently, electrically induced perturbations of thin
films leading to micro/nano structures formation, known as elec-
trohydrodynamic (EHD) patterning, has also received consider-
able attention [15–20]. In this process, an electric field is ap-
plied to the thin film sandwiched between two electrodes (see
Fig.1). The electrostatic force acts on the film interface because
of the discontinuous electric fields acting on the two sides of
the liquid interface [21]. This results in complex interface dy-
namics and the potential to create complex shapes in the fluid
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FIGURE 1. Schematic representation of a bilayer (thin liquid film-
bounding fluid) sandwiched between two electrodes. λ is wavelength of
growing instabilities on the interface.

layer. The shape and size of structures are determined by ge-
ometrical (filling ratio and electrodes shape, etc.) and electro-
static (relative electric permittivity of layers and applied voltage,
etc.) properties of the system [16, 19]. Pillars, bicontinuous,
holes and undulating structures are observed on the bilayer-two
adjoining immiscible liquid layers with a common deformable
interface having electrical, apolar, and fluid mechanical property
discontinuities-interface based on the electric permittivity ratio
of layers and their initial filling ratio-film thickness to the elec-
trodes distance ratio [16, 22]. Initially, growth of instabilities are
found to be linear and linear stability analysis (LS) is used to
characterize the interface behavior. This changed to nonlinear
for later times [23].

It has been experimentally observed that a hexagonal pillar
pattern forms on the interface with a centre-to-centre distance
equal to fastest growing wavelength of instabilities, λmax, pre-
dicted by LS [15]. To produce smaller features (reducing λmax)
in EHD patterning technique like applied voltage V , film initial
thickness h0, electrodes distance d, conductivity σ and electric
permittivity of layers ε have been examined [16,22,24]. Replac-
ing the upper layer (i.e bounding fluid) with an ionic conductive
media leads to higher electrostatic force acting on the interface
as less electric potential drop occurs within upper layer and so
the film is subject to a higher electric field. Experiments show
that using an ionic liquid upper layer leads to smaller size pillars
that are disordered and polydispersed (the pattern is not hexago-
nal) [18]. Film drainage, dewetting of surfaces and pattern for-
mation on the interface has been extensively studied using linear
stability analysis or 3D nonlinear simulations. However, film
drainage and its dynamics where there is an interaction between
short range van der Waals and long range electrostatic forces, and
nonlinear structure selection or its morphological evolution con-
trol in confined bilayers have not been comprehensively studied.

In this study, the non-linear spatio-temporal evolution of a
liquid-liquid interface under the combined influence of electro-
static and apolar interactions is investigated. The electrostatic
interaction is calculated analytically for both perfect dielectric-

TABLE 1. Constants or parameters used in simulations.

Parameter Value

interfacial tension (γ) 0.002−0.06 N
m

viscosity of liquid film (µ) 1−100 Pa s

effective Hamaker constant (A) (−) 10−21 −10−18 J

permittivity of vacuum (ε0) 8.85×10−12 C
V m

electric permittivity of the liquid film (ε1) 2.5 (−)

electric permittivity ratio of layers (εr) 0.1−1.5 (−)

initial film thickness (h0) 5−20 nm

electrodes distance (d) 100 nm

equilibrium distance (l0) 1−5 nm

applied voltage (Vup) 0 −20 V

perfect dielectric (PD-PD) and ionic conductive-perfect dielec-
tric (IC-PD) bilayers.

MATHEMATICAL MODEL

A schematic of thin liquid-liquid bilayer (liquid film-
bounding fluid) resting on a solid substrate and confined to a flat
upper electrode is shown in Fig.1. The material properties of liq-
uid layers such as dielectric constant and viscosity are assumed
constant. Constants and parameters used in this study are listed
in Table 1. Liquid layers are assumed Newtonian, incompress-
ible, isothermal, immiscible and thin enough to neglect the grav-
ity effects. Thin film evolution is described using continuity and
Navier-Stokes (NS) equations for both liquid film and bounding
fluid.

∇.⃗ui = 0 (1)

ρi(
∂ u⃗i

∂ t
+(⃗ui.∇u⃗i)) =−∇Pi +∇.[µi(∇u⃗i +(∇u⃗i)

T )]+ f⃗e (2)

Where f⃗e =−∇ϕ is for external body force, ϕ is conjoining pres-
sure, i = 1,2 stands for ith fluid phase. Boundary conditions are:

u⃗i = 0 at z = 0 & z = d (3)
u⃗relative = 0 at z = h(x,y, t) (4)
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Kinematic boundary condition is used to relate interfacial veloc-
ity component to the film thickness as [23]

w =
∂h
∂ t

+u
∂h
∂x

+ v
∂h
∂y

at z = h(x,y, t) (5)

To simplify and solve the governing equations, it is assumed (a)
the upper layer is much less viscous than the lower layer, (b) liq-
uid film is thin enough to neglect the inertial effects. Since the
mean film thickness is significantly smaller than the characteris-
tic wavelengths of the disturbance (i.e. h0/λ ≪ 1) [9], the long-
wave approximation is used to find spatio-temporal evolution of
the thin film height.

3µht +[h3(γ[hxx +hyy]−ϕ)x]x +[h3(γ[hxx +hyy]−ϕ)y]y = 0
(6)

where x and y subscripts denote for derivatives with respect to x
and y. Greater details and governing equations are available in
other references [3, 16, 19, 25]. The conjoining pressure ϕ is the
summation of all excess intermolecular interactions that exist in
the system. In general, it is defined as ϕ = ϕvdW + ϕBr + ϕE .
The term, ϕvdW , is van der Waals component of excess pres-
sure and given by ϕvdW = A/6πh3 [13, 14] and A is the effec-
tive Hamaker constant for the layered three components system
in Fig.1 A213 = (

√
A33 −

√
A11)(

√
A22 −

√
A11) in which 1,2 and

3 denote substrate, liquid film and bounding fluid, respectively.
The second term is for the Born repulsive force for the lower and
upper electrode, ϕBrL =−8BL/h9 and ϕBrU = 8BU/(d −h)9 and
is used to remove the contact line singularity in case of dewetting
and wetting of lower and upper electrodes [16, 19]. Coefficients
BL and BU are calculated by equating the net conjoining pressure
equal to zero at equilibrium distance l0 from the lower and upper
electrodes. The electrostatic conjoining pressure, ϕE is devel-
oped due to the Maxwell stress induced at the fluid interface [21]
requires the calculation of electric potential. Governing equation
for electric potential in the perfect dielectric layer with no free
charge is the Laplace equation and in the ionic conductive layer
is the Poission equation. Governing equations for electric poten-
tial (Vi , i=1 and 2 for thin film and bounding fluid, respectively.)
in the long-wave limit are

∂ 2V1/∂ z2 = 0 ; ∂ 2V2/∂ z2 =
−ρ f 2
ε2ε0

(7)

and the boundary conditions are

V1 = 0 at z = 0 ; V2 =V at z = d

V1 =V2 and ε1(∂V1/∂ z) = ε2(∂V2/∂ z) at z = h(x,y, t) (8)

Charge density in ionic conductive layer, ρ f 2, in pseudo-steady
[18] and equilibrium condition for symmetric monovalent condi-
tion [13] is given by

ρ f 2 = 2000eNAM sinh [−
e(V −Vup)

kBT
] (9)

where, e is the magnitude of electron charge and M is electrolyte
molar concentration (mol/L). NA is Avogadro number, kB is the
Boltzmann constant and T is the temperature in (K). Using this
definition for charge density leads to Poisson-Boltzmann equa-
tion for ionic conductive liquid layer. Electric potential distri-
bution is found by solving the Eqns. 7,8 and 9 and finally the
electrostatic conjoining pressure is obtained as

ϕE =−1
2

ε0ε1(εr −1)E1
2 (10)

Electric field in the film, E1, for the case of PD-PD bilayers
(ρ f 2 = 0)

E1 =
Vup

h(1− εr)+ εrd
(11)

and for IL-PD bilayers

E1 =
Vs

h
(12)

where, Vs is the electric potential at the bilayer interface is ob-
tained by solving the following nonlinear equation for each in-
terface height h(x,y, t)

εrVs −h(
ε2kBT

500e2NAM
)1/2 sinh(

Vs −Vup

2
) = 0 (13)
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Scaling
For LS analysis following problem scaling is used:

λmax = 2π
√

2γ
| ∂ϕ

∂h |

x∗,y∗ = λmax & t∗ =
12µγ

h3
0(

∂ϕ
∂h )

2
at h = h0 (14)

In Eq.14, ϕ is the initial dominant excess pressure in the system
(i.e. ϕvdW for pressure based and ϕE for electric based drainage)
[3, 15, 16, 24]. Interface height is also scaled with lower layer
mean initial thickness, H(x∗,y∗, t∗) = h(x,y, t)/h0.

Numerical method
Based on the 2D weakly nonlinear thin film equation (Eq.

6) the 3D liquid film height evolution is numerically simulated
over a square domain with periodic boundary conditions. A fi-
nite difference in space combined with and an adaptive time step
ODE solver is used. Simulations were started with small random
but volume preservative disturbances at the interface. Uniform
Cartesian grids with 61× 61 and 121× 121 spatial grids for the
domain sizes of 4 λ 2

max and 16λ 2
max are found sufficient to track

bilayer interface and used throughout this study. The smaller
domain size is used to study the drainage time whereas for the
patterns evolution the larger domain is used. A custom Fortran
code is used.

RESULTS AND DISCUSSION
First for the base case, the behavior of thin liquid bilayer

drainage under no external electric field is addressed. To do this
an initially unstable thin liquid bilayer system with properties
listed in Table 1 is selected. Then the stabilizing effects of lower
layer viscosity and interfacial tension and the destabilizing ef-
fect of the Hamaker constant are investigated. Film drainage
and the spatiotemporal evolution of the interface are presented
to track the morphology and dewetting of liquid-liquid bilayer in
response to short range van der Waals forces. These simulations
are done for an initially unstable film under no external electric
disturbance. Next, for an applied electric field, the effects of vari-
ations in the electric permittivity ratio of bilayers (εr) on the pat-
tern formation, as well as the feature shape and size are studied.
Finally the effect of using a bounding fluid which is IC instead
of being PD is tested to understand it’s effects on the dynamics
and pattern formation process. These results will be discussed in
this section.

Nondimensional minimum film thickness variations versus
time by changing (a) interfacial tension and (b) film viscosity is
shown in Fig.2. The lowest value for the interface height is the

FIGURE 2. Nondimensional minimum film thickness variations on
an initially unstable bilayer under no applied electric field versus time
for: (a) interfacial tension, γ and (b) viscosity, µ . A = 10−19(J)

equilibrium distance defined for the Born repulsive force on the
lower electrode. This is used to avoid a contact line singular-
ity and is shown with dotted line in hmin/d = 0.01. The time
when the interface reaches the Born equilibrium height is de-
fined as the drainage time and it gives an indication as to how
fast instabilities are growing over the domain. In Fig.2a surface
tension is varied at µ = 1(Pa.s) while in Fig.2b viscosity is var-
ied at γ = 0.02(N/m). Drainage time increases by several orders
of magnitude for both increasing surface tension and viscosity.
Presenting the results in dimensional time assists in better un-
derstanding of these considerable effects in the real time exper-
iments. The use of low viscosity polymers degrade damping of
fluctuations and leads to fast dewetting and pattern formations in
films which is of interest in fast EHD patterning.

Attractive van der Waals forces (effective Hamaker constant
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FIGURE 3. Nondimensional minimum film thickness variations on
an initially unstable bilayer versus time: Effects of hamaker constant, A,
and applied voltage, Vup.

greater than zero) tend to enhance fluctuation growth. Systems
with higher effective Hamaker constant are more unstable and
film rupture occurs sooner in these systems as shown in Fig.3.
The film drainage time is more sensitive to Hamaker constant
when no electrostatic force (Vup = 0) is applied. This is illus-
trated by the Vup = 0 lines in Fig.3. By applying electric field,
electrostatic stress forms on the interface due to inequality of
electric permittivity ratio of layers (εr = 2.5) and this force is
considered as a long range and dominant force compared with
van der Waals forces. Drainage time significantly decreases
when applying a voltage but still depends on the Hamaker con-
stant value. However the drainage time is not sensitive to the
Hamaker constant in presence of electrostatic force.

Nondimensional film thickness as a function of time shows
how the initial disturbances grow during the early stages of pat-
tern formation. A sequence of times (t∗) are used to show the
different stages in the dewetting process of an initially unstable
film as illustrated in Fig.4 with no applied electric field. The
initial random disturbance is reorganized into nonuniform holes
(see Fig.4 (i)) then holes and their surrounded uneven rims are
expand over time (see Fig.4 (ii)) leading to holes coalescence
and bicontinuous structure formation (see Fig.4 (iii)). Next, long
undulating (peak and valley) shape structures form due to co-
alescence of holes and undergo some fragmentation and create
droplets (see Fig.4 (iv-v)). The size of droplets increases over
time (see Fig.4 (vi)) due to negative diffusion-fluid flow from
thinner region to the thicker region. Finally droplets coalesce
to minimize the interface area and form one droplet in the final

FIGURE 4. Major stages for time evolution of patterns, nondimen-
sional times are t∗=29, 30, 32, 33, 35 and 40. h0 = 5 nm and A =

1.5×10−19(J).

equilibrium condition (image is not shown).
The effects of the electric permittivity ratio variations on the

stability, dynamics and pattern formation on the bilayer interface
are shown in Fig.5 and 6, respectively, two ratios of εr = 1.5 and
0.1. For εr = 1.5, the electrostatic force (see Eq.10) is pushing
the interface toward the upper electrode (denoted disjoining) and
for εr = 0.1, electrostatic force is pushing the interface toward the
lower electrode (denoted conjoining). For a thin film that is ini-
tially stable (Hamaker constant is less than zero) the electrostatic
force can either enhance or lower the stability of a liquid-liquid
interface.

Figure 5 shows two stages of the pattern formation on the
interface in a(i and ii) PD-PD and b(i and ii) IC-PD bilayers. In
bilayers with an electric permittivity ratio greater than one when
the upper layer is perfect dielectric, pillar structures with circu-
lar cross sections are created. In an ionic conductive (IC) up-
per layer case initial random disturbances are damped over time.
This shows that the electrostatic force is stabilizing the pertur-
bations in this case. As mentioned earlier, negative diffusion is a
driving mechanism in systems where spinodal parameter is nega-
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FIGURE 5. Stages for time evolution of patterns a(i and ii) PD-PD
and b(i and ii) IC-PD bilayer, nondimensional times are t∗= a(i) 3.88×
106, a(ii) 8.37×106, b(i) 0 and b(ii) 91, h0 = 20 nm and A = −1.5×
10−20(J).

tive. The spinodal parameter for PD-PD bilayers are unstable for
both εr > 1 and εr < 1 ranges, while IC-PD bilayers are only un-
stable while εr < 1. For IC-PD bilayers with εr > 1, the spinodal
parameter is positive predicting a stabilizing effect for electro-
static force.

Two stages of pattern formation on the interface of PD-PD
and IC-PD bilayers with the εr = 0.1 are shown in Fig.6. Pillars
are formed on the interface of both PD-PD and IC-PD condition
(see Fig.6 a(ii) and b(ii)) and fragmentation of long hills shape
structures is seen before the pillars formation (see Fig.6 a(i) and
b(i)) similar to those seen in dewetting of films under attractive
van der Waals forces (see Fig.4 (iv) and (v)). Here, pillars are
polydispersed compared to those formed in PD-PD withεr = 1.5
in which they have the typical hexagonal structure [15]. How-
ever, from the LS calculations for λmax the size of pillars for
εr = 0.1 are much smaller than those obtained in εr = 1.5. So
the number of pillars that form in εr < 1 are much higher than
for bilayers with εr > 1 with the same physical domain.

CONCLUSION
This paper has addressed dynamics and spatiotemporal evo-

lution of liquid-liquid interface leading to dewetting and pattern
formation for thin liquid bilayeres subjected to the long range
electrostatic force and the short range van der Waals forces.
Based on the 2D weakly nonlinear thin film equation, three di-

FIGURE 6. Stages for time evolution of patterns a(i and ii) PD-PD
and b(i and ii) IC-PD bilayer, nondimensional times are t∗= a(i)125,
a(ii) 200, b(i) 11 and b(ii) 15.4, h0 = 20 nm and A =−1.5×10−20(J).

mensional structure evolution is numerically simulated. A com-
bined finite difference for the spatial dimensions and an adap-
tive time step ODE solver is used. The stabilizing effects of
viscosity and interfacial tension and the destabilizing effect of
the Hamaker constant are investigated by assessing thin film’s
drainage and the spatiotemporal evolution of interface. The mor-
phology and dewetting of liquid-liquid bilayer in presence of at-
tractive short range van der Waals forces is investigated. Then
the dynamics, stability and morphology of electrically induced
perturbation of the interface are examined for both PD-PD and
IC-PD bilayers based on the analytical results obtained for elec-
trostatic conjoining pressures. Bilayers with εr < 1 have smaller
size pillars compared with εr > 1 case. Using upper IC media
instead of PD as a bounding fluid decreases the size of pillars
though they are polydispersed. It is also observed that electro-
static force stabilizes the initial perturbations in IC-PD bilayers
with εr > 1.
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