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Engineering expressions for characteristic values of a moving point heat source on a semi-infinite solid
are presented. Related characteristic values are: maximum isotherm width and its location, leading
and trailing lengths of isotherm, centerline heating rate and cooling rate, maximum temperature and
its gradient at maximum width, aspect ratio of isotherms, melting efficiency, cooling time from 800 �C
to 500 �C (often used for studying steels), solidification time, the thickness of zone affected by the heat
source, and modification criteria to account for the effect of joint preparation. All engineering expressions
proposed are accurate to within 7% of the exact analytical solutions, and are obtained with a systematic
approach. Dimensional analysis indicates that the expressions developed depend on a single dimension-
less parameter that captures all possible cases. This dimensionless number is typically the Rykalin num-
ber (Ry), which characterizes three dimensional heat flow induced by a moving point heat source. The
obtained engineering equations are of great practical value for very diverse fields where moving heat
sources are involved, and are simple enough to be calculated with a calculator or spreadsheet.

� 2019 Published by Elsevier Ltd.
1. Introduction

This paper applies the methodology of scaling analysis, asymp-
totic analysis, and correction factors based on blending techniques
to the calculation of 13 technologically relevant characteristic val-
ues of moving point heat sources (represented in Fig. 1) associated
with the isotherm T x; y; zð Þ ¼ Tc. The method of analysis is
explained in detail in [1] where the maximum isotherm width
and its location (ymax and xmax) were analyzed as demonstration
examples. This paper focuses on 6 new primary characteristic val-
ues, and 5 secondary characteristic values associated with the pri-
mary ones. The primary characteristic values studied are: the
trailing length of isotherm xb, the leading length of isotherm xf ,
the centerline cooling rate _Tb, the centerline heating rate _T f , the
maximum temperature of a point in the cross section Tmax and
the transverse temperature gradient at the maximum isotherm
width dTmax=dy. The secondary characteristic values are the aspect
ratio AR of the chosen isotherm (indicating how elongated it is), the
melting efficiency gm (in this case as a rough approximation useful
to estimate the dilution of filler metal in welding), cooling time
from 800 �C to 500 �C (t8=5, a standard metric of rate of cooling
in the welding of steels), solidification time tsl, (the time interval
for the base material to solidify over a range of temperature) and
the separation between the maximum width of two isotherms
DyHAZ (useful to assess thickness of the heat affected zone in weld-
ing). The cylindrical symmetry of the idealized problem formula-
tion also enables the generalization of results to other geometries
with cylindrical symmetry, such as edges, corners, and bevels.

The methodology employed here is based on the solution for a
moving point heat source in quasi-stationary state on a semi-
infinite solid presented in [2–4], and typically called ‘‘Rosenthal
solution”

T x; y; zð Þ ¼ T0 þ q
2pkr

exp � U
2a

r þ xð Þ
� �

ð1Þ

where x; y, and z are the independent variables illustrated in Fig. 1,
q is the intensity of the point heat source, k is the thermal conduc-
tivity of the substrate, T0 is the temperature of the substrate far
from the heat source, U is the velocity of the heat source relative
to the substrate, and a is the thermal diffusivity of the substrate.
The radial coordinate r is defined in relation to the independent

variables as r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2 þ z2

p
. Eq. (1) can be rewritten in normal-

ized form as
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Notation

Variable Description (Unit)
AR aspect ratio of isotherm (1)
cp specific heat (J kg�1 K�1)
k thermal conductivity (Wm�1 K�1)
q power of heat source absorbed by substrate (W)
r distance from the heat source (m)
Ry Rykalin number (1)
St Stefan number (1)
t time (s)
tsl solidification time at centerline (s)
t8=5 cooling time from 800 �C to 500 �C (s)
T temperature (K)
T0 initial temperature (K)
Tc temperature of interest (K)
THAZ temperature of edge of HAZ (K)
Tmax maximum temperature (K)
_Tb centerline cooling rate (K s�1)
_T f centerline heating rate (K s�1)
dTmax=dy gradient of maximum temperature (K m�1)
U travel speed of moving heat source (m s�1)
W0 Lambert function (–)
x; y; z Cartesian coordinates (m)

xb trailing length of isotherm (m)
xf leading length of isotherm (m)
xmax location of maximum isotherm width (m)
ymax maximum isotherm width (m)
DyHAZ thickness of the affected zone (m)

Greek symbols
a thermal diffusivity (m2 s�1)
gm melting efficiency (1)
/ actual heat flow angle (�)
q density (kg m�3)

Superscripts
� dimensionless valueb asymptotic behavior
þ correction for intermediate values

_symbol time derivative

Subscripts
I corresponding to Regime I
II corresponding to Regime II
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T� ¼ 1
r�

exp �r� � x�ð Þ ð2Þ

where

T� ¼ 4pka T � T0ð Þ
qU

ð3Þ

x� ¼ Ux
2a

ð4Þ

y� ¼ Uy
2a

ð5Þ

z� ¼ Uz
2a

ð6Þ

r� ¼ Ur
2a

ð7Þ

In Eqs. (3)–(7) the � superscript indicates a dimensionless quan-
tity. Dimensional analysis indicates that for a selected isotherm
T ¼ Tc, all dimensionless characteristic values depend only on the
Rykalin number (Ry) proposed by Fuerschbach [5,1]

Ry ¼ qU
4pka Tc � T0ð Þ ð8Þ

The Rykalin number is the reciprocal of T� for T ¼ Tc , and can be
interpreted as a Peclet number (Pe ¼ UL=a) where the characteris-
tic length L is related to the gradient induced by the heat source:
L ¼ q= 4pk Tc � T0ð Þ½ �. The Peclet number relates the effect of advec-
tion relative to conduction and therefore a high Ry value can be
interpreted as a ‘‘fast heat source” where advection dominates over
conduction, and a low Ry value can be interpreted as a ‘‘slow heat
source” with heat transfer dominated by conduction. The use of
Churchill-Usagi blending techniques [6,7] to estimate intermediate
values based on the limiting cases was pioneered in [8].

In the following sections, closed-form expressions of character-
istic values in high and low Ry asymptotic regimes are presented,
and blending functions are used to provide estimates at the inter-
mediate regime with high accuracy and simplicity. The blending
then becomes the basis of correction factors suitable for engineer-
ing applications. Finally, engineering expressions suitable for use
by practitioners are presented.
2. Maximum isotherm width ymax and its location xmax

The maximum isotherm width is a parameter of much practical
value, since it can be measured from cross sections of samples.
Temperatures of relevance include the melting temperature (for
the case of welding) and the austenitization temperature (for the
case of moving heat sources on steel). Explicit estimates and asso-
ciated correction factors were derived in [1]. For maximum iso-
therm width, the asymptotic behavior in dimensionless form is

cy�maxI Ryð Þ ¼
ffiffiffiffiffiffiffiffiffi
2Ry
e

r
for Regime I fastð Þ ð9Þ

cy�maxII Ryð Þ ¼ Ry for Regime II slowð Þ ð10Þ

and the corresponding practical engineering expressions with cor-
rection factors are

byþ
max ¼ bymaxI f ymaxI

Ryð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
pe

aq
Uk Tc�T0ð Þ

s
f ymaxI

Ryð Þ for Regime I fastð Þ ð11Þ

byþ
max ¼ bymaxII f ymaxII

Ryð Þ ¼ 1
2p

q
k Tc�T0ð Þ f ymaxII

Ryð Þ for Regime II slowð Þ ð12Þ

f ymaxI;II
Ryð Þ¼ 1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eRy=2

p� ��n
� �1=n

n¼�1:731 ð13Þ

where the value of the exponent n was determined through the
optimization process described in [1]. The functional form of Eq.
(13) was proposed originally by Acrivos [9,10] and further devel-
oped by Churchill and Usagi [6,7]. The most important features of
this blending approach are that it matches exactly the asymptotic
behavior for large and small values (in this case, values of Ry), mak-
ing it rigorous and general; it has a single fitting parameter, making
it computationally efficient; and typically yields approximations
within a few percentage points of the exact solution over the whole
domain, making it credible and useful in practice.
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For the location of maximum isotherm width, the asymptotic
behavior in dimensionless form is

bx�
maxI

Ryð Þ ¼ �Ry
e

for Regime I fastð Þ ð14Þ
bx�
maxII

Ryð Þ ¼ �Ry2 for Regime II slowð Þ ð15Þ

resulting in the following practical engineering expressions

bxþ
max ¼ bxmaxI f xmaxI

Ryð Þ

¼ � q
2pek Tc � T0ð Þ f xmaxI

Ryð Þ for Regime I fastð Þ ð16Þ
bxþ
max ¼ bxmaxII f xmaxII

Ryð Þ

¼ �2U
a

q
4pk Tc � T0ð Þ
� �2

f xmaxII
Ryð Þ for Regime II slowð Þ ð17Þ

f xmaxI;II
Ryð Þ ¼ 1þ eRyð Þ�n� �1=n

n ¼ �0:9990 ð18Þ

In Eqs. (13) and (18), the positive sign corresponds to Regime I
(f ymaxI

; f xmaxI
), and the negative sign corresponds to Regime II

(f ymaxII
; f xmaxII

).
3. Trailing length of isotherm xb

The trailing length of an isotherm, xb, is the length of the ‘‘hot
tail” trailing the heat source. In the case of welding, the trailing
length of the isotherm of melting temperature estimates the length
of the molten tail (which is often protected with inert gases of lim-
Fig. 1. Characteristic values of isotherm T ¼ Tc for a m
ited reach). The trailing length, together with the maximum iso-
therm width are geometrical parameters often used to
characterize the shape of the melt pool in welding and laser clad-
ding [11,12], and has been used as a variable in electron beam
manufacturing (EBM) processes [13,14]. For the problem formula-
tion captured by Eq. (2), x�b is calculated by solving the equation at
the centerline (y� ¼ 0; z� ¼ 0), and T ¼ Tc. This equation has two
roots; x�b is the negative root, while the positive root is x�f , which
will be discussed later. For both roots, the exact solution is in
closed form, and covers the whole range of Ry from Regime I
(Ry! 1) through Regime II (Ry! 0); therefore, asymptotic
approximations and blending are not necessary. In dimensionless
form, the expression of x�b is

x�b Ryð Þ ¼ �Ry Regime I fastð Þ and II slowð Þ ð19Þ
where the b symbol is not used because the above equation is an
exact expression, not an asymptotic approximation. The corre-
sponding engineering expression with units is obtained by replac-
ing Eqs. (4) and (8) into Eq. (19), obtaining

xb ¼ � q
2pk Tc � T0ð Þ Regime I fastð Þ and II slowð Þ ð20Þ
4. Centerline cooling rate _Tb

The centerline cooling rate, _Tb, evaluated at temperature Tc, is
one of the most important characteristic values associated with
oving point heat source on a semi-infinite solid.
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moving heat sources, and in most practical cases, the centerline
cooling rate is representative of the cooling rate of the whole area
affected by the heat source [15,16]. The centerline cooling rate is
crucial to determine the microstructure and mechanical properties
such as hardness and strength in metals. For example, for the case
of steels, for a given composition and austenite grain size, their
hardness is almost completely determined by the cooling rate at
a temperature near the transformation temperature (approxi-
mately 700 �C) [17,18].

To calculate the rate of temperature variation at a particular
point in the substrate (which is moving relative to the heat source),
the concept of material derivative is needed

DT
Dt

¼ @T
@t

� U
@T
@x

ð21Þ

where @T=@t ¼ 0 in the pseudo-steady state of the problem formu-
lation. Eq. (21), together with Eqs. (3) and (4) yield the following
normalization for time t

t� ¼ U2t
2a

ð22Þ

resulting in

DT�

Dt�
¼ � @T�

@x�
ð23Þ

The derivative @T�=@x� at the centerline is directly derived from
Eq. (2). Similarly to the case of xb, an exact closed-form solution
covers the whole range of Ry and neither asymptotic approxima-
tions nor blending are necessary. In dimensionless form

DT�

Dt�

				
b
Ryð Þ ¼ �Ry�2 Regime I fastð Þ and II slowð Þ ð24Þ

The corresponding engineering expression with units can be
obtained by replacing Eqs. (3), (8) and (22) into Eq. (24)

_Tb ¼ �2pkU Tc � T0ð Þ2
q

Regime I fastð Þ and II slowð Þ ð25Þ

Eq. (25) is identical to the expressions presented in [19,16], and
it has been widely used in practice in applications such as welding
[20], laser processing [21,22], and many other more. Empirical
approximations based on modifications of this formula have been
proposed in [23–26]; for example, a modification of the exponent
of temperature difference as follows [23,25]

_Tb / Tc � T0ð Þn ð26Þ
where the proposed value of n for the welding of steels is approxi-
mately 1.8, very close to the theoretical value of 2. This modified
exponent captures in a rough form the physical effects beyond
the limitations of Rosenthal’s model (finite heat source, latent heat,
non-insulated surface, convection in the melt, etc.). It is remarkable
that the extremely idealized Rosenthal model yields a dependence
on temperature so close to what is seen in practice.
5. Leading length of isotherm xf

The leading length of an isotherm, xf , is an indication of how far
the heat travels by conduction (and against advection) ahead of the
heat source. If the melting isotherm is considered, xf is a metric of
how much the molten bead ‘‘leads” the heat source. The leading
length is of much technological relevance in welding, laser clad-
ding, and additive manufacturing [27,28].

As mentioned in the discussion of x�b; x
�
f involves solving Eq. (2)

for T ¼ Tc at the centerline, but in this case, using the positive root.
The exact solution can be expressed in a simple form using the
Lambert W0 function and covers the whole range of Ry; therefore,
no blending or correction functions are necessary.

x�f Ryð Þ ¼ 1
2
W0 2Ryð Þ Regime I fastð Þ and II slowð Þ ð27Þ

where W0 nð Þ is the positive branch of the solution of the equation
n ¼ W exp Wð Þ [29] as shown in Fig. 2.

The Lambert function is implemented into common scientific
software such as Matlab, Maple, Mathematica, and online calcula-
tion tools such as WolframAlpha. Although the Lambert function is
non-elementary, it can be approximated using elementary func-
tions (28) [30] as shown below

cW 0 xð Þ � 1þ �ð Þ ln 1:2x

ln 2:4x
ln 1þ2:4xð Þ

h i
8<:

9=;� � ln
2x

ln 1þ 2xð Þ
� �

ð28Þ

where � � 0:46, and the relative error is below 2 10�3.
The dimensional engineering expression for leading length can

be obtained by replacing Eq. (4) into Eq. (27), obtaining

xf ¼ a
U
W0

qU
2pka Tc � T0ð Þ
� �

Regime I fastð Þ and II slowð Þ ð29Þ
6. Centerline heating rate _T f

The centerline heating rate ahead of the heat source, _T f , is rele-
vant to understand phase transformations in thermal processes.
For example, during heating, steels experience a phase transforma-
tion from ferrite to austenite around 700 �C (The temperature at
which the transformation starts depends on the alloy, and it is
called Ac;1, and the temperature at which the transformation is
complete Ac;3). Both temperatures are significantly affected by
the heating rate, and in the ignorance of the rate of heating, these
temperatures are assumed to be those measured in near-
equilibrium conditions, resulting in predictions of transformed
region larger than seen in reality. Another example of relevance
of the heating rate is the case of welding of Zn-coated steels. The
Zn coating tends to evaporate ahead of the weld, preventing poros-
ity in the weld; however, if the rate of heating is faster than the
rate of evaporation, Zn might remain on the surface and become
entrapped in the melt, causing porosity.

The centerline heating rate _T f shares the same derivation pro-
cess as centerline cooling rate _Tb. The temperature evolution at
the leading length of an isothermwhen the heat source approaches
is also captured by Eq. (23). The exact solution can be calculated in
exact form using the first derivative of Lambert W function [29],
and it covers the whole range of Ry, so neither asymptotic approx-
imations nor blending are necessary. In dimensionless form, the
expression of DT�=Dt� is

DT�

Dt�

				
f
¼ 2

Ry
1

W0 2Ryð Þ þ 1
� �

Regime I fastð Þ and II slowð Þ ð30Þ

The corresponding engineering expression with units can be
obtained by replacing Eqs. (3), (8), and (22) into Eq. (30)

_T f ¼ U2 Tc � T0ð Þ
a

1
W0 2Ryð Þ þ 1
� �

Regime I fastð Þ and II slowð Þ

ð31Þ
7. Maximum temperature Tmax

The maximum temperature reached at a given point in a cross
section gives an indication of possible phase changes, phase



Fig. 2. Dimensionless leading length as a function of Ry. The exact solution and the approximation of Eq. (28) overlap within the thickness of the line.
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transformations, thermodynamic effects, or practical defects that
might happen. With the cylindrical symmetry of the formulation
used, any point on the cross section is equivalent to a point on
the surface (z� ¼ 0) at the same radial distance from the centerline
y� ¼ y�c. In this case, the target characteristic value T�

max depends
only on the dimensionless group y�c, rather than Ry as in the previ-
ous cases. The reason is that dimensionless temperature T� and Ry
are directly related by T�

c ¼ 1=Ry; therefore, this case can be inter-
preted as the reverse of the calculation of y�max Ryð Þ studied in [1].
The location of the maximum temperature at y� ¼ y�c is x� ¼ x�max,
such that x�max ¼ x�max y�c


 �
. This way, max T� x�; y�c; 0


 �� � ¼
T� x�max; y

�
c;0


 � ¼ T�
max y�c

 �

. Asymptotic analysis of Eq. (2) yields the
following power laws for Regime I (fast) and Regime II (slow)

cT�
maxI y�c


 � ¼ 2
ey�2c

for Regime I fastð Þ ð32Þ

cT�
maxII y�c


 � ¼ 1
y�c

for Regime II slowð Þ ð33Þ

Eq. (32) is in agreement with the expression derived by Adams
in [16] for fast welds. Adams expression, despite an apparent
attempt at blending, breaks down for slow welds. The blending
techniques detailed in [1] result in the following correction factors

f TmaxI;II
y�c

 � ¼ 1þ ey�c

2

� �n
" #1=n þn for Regime I fastð Þ

�n for Regime II slowð Þ
ð34Þ

The optimal value of n for Eq. (34) is n ¼ �1.246, with an error
always less than 3.880%. The crossover point for the correction fac-
tors is y�c ¼ 0.7363. Asymptotic expressions without correction fac-
tors result in an error less than 10% for y�cI > 2.809 or y�cII < 0.1050
in their corresponding regimes.
The corresponding engineering expression with units can be
obtained by replacing Eq. (8) into Eqs. (32) and (33) and combining
with Eq. (3)

bTþ
max ¼ bTmaxI f TmaxI

y�c

 �¼ T0þ 2aq

epkUy2c
f TmaxI

y�c

 �

for Regime I fastð Þ

ð35Þ

bTþ
max ¼ bTmaxII f TmaxII

y�c

 �¼ T0þ q

2pkyc
f TmaxII

y�c

 �

for Regime II slowð Þ

ð36Þ
8. Gradient of maximum temperature dTmax=dy

The gradient of maximum temperature is a useful intermediate
step to approximate the distance between two important temper-
atures that can be identified in a cross section, for example, this
gradient can be used to estimate the thickness of the heat affected
zone (HAZ) in welding. Because the HAZ is typically thin, the error
of using the gradient instead of the exact subtraction is typically
negligible. The advantage of using the gradient instead of subtract-
ing the maximum widths corresponding to the two target temper-
atures is that the gradient yields a power-law answer, which is
convenient to see intuitively the interplay of parameters.

The dimensionless form of the gradient of maximum tempera-
ture can be analyzed by expanding the derivative of
T�
max ¼ T x�max y�ð Þ; y�;0
 �

, and evaluating it at point x�max; y
�
c;0


 �
dT�

max

dy�
¼ @T�

@x�
dx�max

dy�
þ @T�

@y�
ð37Þ

where @T�=@x� ¼ 0 at x ¼ x�max, by definition; therefore
dT�

max=dy
� ¼ dT�

=dy� yielding the following power laws



Fig. 3. Aspect ratio of the isotherm T ¼ Tc for different Ry values under a moving point heat source on a semi-infinite solid.
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ddT�
max

dy�

					
I

Ryð Þ ¼ �
ffiffiffiffiffiffi
2e

p
Ry�3

2 for Regime I fastð Þ ð38Þ

ddT�
max

dy�

					
II

Ryð Þ ¼ �Ry�2 for Regime II slowð Þ ð39Þ

with the following correction factors

f dTmax=dyjI;II Ryð Þ¼ 1þ
ffiffiffiffiffiffiffiffiffiffiffi
1

2eRy

s !�n24 351=n

þn for Regime I fastð Þ
�n for Regime II slowð Þ

ð40Þ
The optimal value of n for Eq. (40) is n ¼ 3.079, with an error

always less than 6.141%. The crossover point for the correction fac-
tors is Ryc ¼ 0:1839. Asymptotic expressions without correction
factors result in an error smaller than 10% for RyI > 0.3897 or
RyII < 0.05530 in their corresponding regimes.

The corresponding engineering expression with units can be
obtained by replacing Eq. (5) into Eqs. (38) and (39), and combin-
ing with Eq. (3)

ddTmax

dy

þ

¼
ddTmax

dy

					
I

f dTmax=dyjI Ryð Þ

¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2epkU
aq

s
Tmax � T0ð Þ32 f dTmax=dyjI Ryð Þ for Regime I fastð Þ

ð41Þ

ddTmax

dy

þ

¼
ddTmax

dy

					
II

f dTmax=dyjII Ryð Þ

¼ �2pk
q

Tmax � T0ð Þ2 f dTmax=dyjII Ryð Þ for Regime II slowð Þ
ð42Þ
9. Aspect ratio AR

The aspect ratio of an isotherm is a metric of how elongated the
isotherm is, and because it depends only on Ry, the aspect ratio is
also a proxy for Ry. In many practical applications, such as welding,
key isotherms are visible; for example the melting isotherm can be
observed easily, and the isotherm of 600 �C is often seen in steels
as the line at which the steel starts to turn red hot; this way, a sim-
ple observation becomes a practical assessment of travel speed.
Previous attempts at obtaining an explicit expression were made
in [27] using a polynomial fitting over a limited range of speeds,
and a linear correlation for slow speeds. The aspect ratio, AR, is
defined as the ratio of isotherm length xf � xbð Þ to isotherm width
2ymaxð Þ

AR ¼ xf � xb
2ymax

¼ x�f � x�b
2y�max

ð43Þ

Asymptotic analysis of Eq. (43) yields the following power laws
for Regime I and Regime II

cAR I Ryð Þ ¼
ffiffiffiffiffiffiffiffiffi
eRy
8

r
for Regime I fastð Þ ð44Þ

cAR II Ryð Þ ¼ 1 for Regime II slowð Þ ð45Þ
The aspect ratio of 1 in Regime II is consistent with the spherical

symmetry of the pure conduction problem when there is no
motion of the heat source. The correction factors using blending
are the following

f AR I;II
Ryð Þ¼ 1þ

ffiffiffiffiffiffiffiffiffi
8

eRy

s !�n24 351=n

þn for Regime I fastð Þ
�n for Regime II slowð Þ

ð46Þ

The optimal value of n for Eq. (46) is n ¼ 1.904, with an error
always less than 1.994%. The crossover point for the correction fac-
tors is Ryc ¼ 2.943. Asymptotic expressions without correction fac-
tors result in an error less than 10% for RyI > 19.07 or RyII < 0.6756
in their corresponding regimes. The corresponding engineering
expression with units can be obtained by replacing Eq. (8) into
Eqs. (44) and (45) to obtain

cAR
þ ¼cAR If AR I Ryð Þ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eqU

32pka Tc�T0ð Þ

s
f AR I

Ryð Þ for Regime I fastð Þ ð47Þ

cAR
þ ¼cAR IIf AR II Ryð Þ¼ f AR II

Ryð Þ for Regime II slowð Þ ð48Þ
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Fig. 3 presents the aspect ratio as a function of Ry, and displays
the isotherms corresponding to Ry equals to 0.01, 1, 10 and 100,
showing how the isotherm becomes progressively more elongated
with Ry.

10. Melting efficiency m

Melting efficiency gm is a magnitude defined for fusion welding
processes, in which melting is essential to accomplish the joining
operation. The superheat above melting is unnecessary for joining,
and in the ideal case, the molten material reaches the melting
point but does not exceed it, leaving the rest of the substrate unaf-
fected. For a given cross section of a weld, a lower melting effi-
ciency implies that more heat will affect the substrate, resulting
in distortions, residual stresses, and grain coarsening. When the
welding process involves a filler material, different melting effi-
ciencies can result in different mixtures of filler and base material
in the melt (dilution). Dilution is a critical factor in the welding of
wear-resistant overlays [31], the welding of carbon to stainless
steels [32,33] and the welding of aluminum [34]. Beyond welding,
if critical temperatures other than melting are considered, the
melting efficiency is an applicable parameter to other relevant
thermal processes. For example, if the characteristic temperature
considered is the austenitization temperature, the adapted concept
of melting efficiency yields insight into the excess heat applied and
potential distortions and residual stresses in laser or flame heat
treating.

The melting efficiency is defined as the energy used to reach
melting relative to the total energy deposited from the heat source,
and it can be approximated using Rosenthal’s model, acknowledg-
ing its limitations, especially the lack of proper accounting for
latent heat. Despite its limitations, the conclusions obtained are
qualitatively correct, and quantitatively not far from reality as
shown by previous studies on melting efficiency [35–38]. Some
rough corrections can be used to improve the calculations, such
as using an average specific heat which includes the effect of latent
heat.

For the model considered, the volumetric energy to reach melt-
ing is given by qcp Tm � T0ð Þ, where q; cp, and Tm are the density,
specific heat, and melting temperature of the substrate respec-
tively. The cross section of fusion zone has a cross sectional area
of p

2 y
2
max;m, where ymax;m is the maximum width of the isotherm of

melting temperature. The melting efficiency can then be calculated
as

gm ¼ qcp Tm � T0ð ÞU p
2 y

2
max;m

q

which can be rewritten using Eqs. (8) and (5) as

gm ¼ 1
2
y�

2

max;m

Rym
ð49Þ

where Rym correspond to Tm. Replacing the asymptotic expressions
for byþ

max from [1] into Eq. (49) yields the following power laws

bgmI Ryð Þ ¼ 1
e

for Regime I fastð Þ ð50Þ

bgmII Ryð Þ ¼ Ry
2

for Regime II slowð Þ ð51Þ

The blending expressions for gm are based on those for y�max,
resulting in

f gmI;II
Ryð Þ ¼ 1þ eRy

2

� �n
" #1=n þn for Regime I fastð Þ

�n for Regime II slowð Þ
ð52Þ
The optimal value of n for Eq. (52) is n ¼ �0.8655, with an error
always less than 1.450%. The crossover point for the correction fac-
tors is Ryc ¼ 0.7359. Asymptotic expressions without correction
factors result in an error smaller than 10% for Ryc > 11.85 or
Ryc < 0.05388 in their corresponding regimes.

Eq. (50) indicates that for the model considered, the melting
efficiency reaches a maximum value of 36.79% for very fast heat
sources, but it never approaches 100%. This is a consequence of
the superheat inside the molten region and the gradients on the
substrate outside the molten region. Eq. (51) indicates that for slow
welds, the heat lost by conduction reduces the melting efficiency
significantly.

Eqs. (50) and (51) suggest that the melting efficiency is never
zero, regardless of the power of the heat source; however, experi-
ence indicates that for weak heat sources sometimes there is no
melting and the melting efficiency should be zero. This discrepancy
is a consequence of the model being based on a point heat source
reaching infinite temperature at the point of application, regardless
of the power of the heat source. More sophisticated models that
account for distributed heat sources such as [39] are needed to
capture this phenomenon correctly, and are the focus of current
research.

The corresponding engineering expressions with units can be
obtained by replacing Eq. (8) into Eqs. (50) and (51), obtaining

bgþ
m ¼ bgmI f gmI

Ryð Þ¼1
e
f gmI

Ryð Þ for Regime I fastð Þ ð53Þ

bgþ
m ¼ bgmII f gmII

Ryð Þ¼ qU
8pka Tm�T0ð Þ f gmII

Ryð Þ for Regime II slowð Þ ð54Þ
11. Cooling time t8=5

The characteristic value t8=5 is typically used as a metric of cool-
ing rate in the welding of steels, and it is defined as the time it
takes for the centerline to cool from 800 �C to 500 �C. For steels,
austenite decomposition occurs in this temperature range, result-
ing in a variety of microstructural constituents such as ferrite,
pearlite, bainite, and martensite, depending on the cooling rate
[40]. Similar to cooling rate _Tb, cooling time t8=5 is also insensitive
to the location in the vicinity of weld centerline [23,41].

For a fixed point on the centerline, the time to cool from 800 �C
to 500 �C, is the time it takes for the heat source to travel the dis-
tance between the trailing length xb of the 800 �C and 500 �C iso-
therms; thus

t8=5 ¼ 1
U
Dxb

				800
500

¼ q
2pkU

1
T500 � T0

� 1
T800 � T0

� 
ð55Þ

The time t8=5 can be approximated as

t8=5 � � 1
_Tb;i

DT

					
800

500

¼ q T800 � T500ð Þ
2pkU T i � T0ð Þ2

ð56Þ

where _Tb;i is the cooling rate evaluated at a temperature T i interme-
diate between 500 �C and 800 �C. This equation is equivalent to that
presented in [19]. Typically, the error is small for any T i, and it is
shown in the Appendix that Eq. (56) is exact when

T i � T0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T800 � T0ð Þ T500 � T0ð Þ

p
T i ¼ 632 �C for T0 ¼ 20 �Cð Þ

ð57Þ
The parameters q and U appear combined and never indepen-

dently in the calculation of t8=5 Eq. (55) (and also in the determina-
tion of cooling rate). For this reason, in practice only the ratio q=U
termed ‘‘linear heat input” is typically used, and embodied in codes
and standards such as [42–45].
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12. Solidification time at centerline tsl

The model used here can be extended to capture aspects of
phase transformations when their presence does not affect
significantly the solution. For the case of steels in typical welding
conditions, it was demonstrated in [46] that solidification and
solid-state phase transformations cause only small departures
from the exact solution shown in Eq. (1). To deal with phase trans-
formations, an enthalpy-based formulation is convenient. In the
original solution, the hypothesis of constant properties means that
the enthalpy formulation and the temperature formulation are
equivalent, and enthalpy variations can be calculated based on
temperature variations. This way, in the original formulation of
the problem, it is possible to state the following rate of enthalpy
loss at the trailing length of the weld based on Eq. (25)

Di
Dt

				
b
¼ �2pkcpU Tc � T0ð Þ2

q
Regime I fastð Þ and II slowð Þ

ð58Þ
where i is enthalpy per unit mass, and cp is the effective specific
heat considered constant in Rosenthal’s formulation, and for this
reason is not necessary to attribute it to solid or liquid. Because
phase transformations have a small effect on the solution, this rate
of enthalpy loss can be used to estimate the time associated with
the dissipation of enthalpy from a phase transformation. For the
case of solidification, the latent heat of solidification isl would take
a time tsl to be dissipated, which can be estimated as

tsl ¼ � isl
Di=Dtjb

¼ qisl
2pkcpU Tm � T0ð Þ2

Regime I fastð Þ and II slowð Þ

ð59Þ
where Tm (‘‘melting temperature”) is a temperature representative
of the solidification. Because of the approximate nature of the
calculation, it is not possible to give an exact number; however,
solidification typically happens over a relatively narrow range of
temperatures, and for practical calculations it can be considered
that Tm is an intermediate between the liquidus and solidus
temperature of the alloy in question. Eq. (59) has also been
presented in [47,48] and has been applied in [49,50] to study
nonequilibrium solidification conditions. The dimensionless coun-
terpart of Eq. (59) is

t�sl ¼
Ry
St

Regime I fastð Þ and II slowð Þ ð60Þ

where time is normalized according to Eq. (22), Ry is considered at
Tm, and St is the Stefan number

St ¼ cp Tm � T0ð Þ
isl

ð61Þ

For typical structural steel, the Stefan number is approximately
3 [51]. The analysis above can be extended to other phase transfor-
mations such as austenite decomposition, and Eq. (58) could be the
basis to extend the calorimetry analysis of phase transformations
of [52,53] to in situ analysis of transformations in welding and sur-
face heat treating.

13. Thickness of the heat affected zone yHAZ

The heat affected zone (HAZ) is an extremely important concept
in welding and thermal cutting of all metals, and it is defined as the
layer of material surrounding the fusion line that is affected by the
heat. In steels, it typically corresponds to the material that was
exposed to temperatures between slightly below the beginning
of austenitization (Ac;1) and melting (Tm) [40]. The microstructures
in the HAZ are typically undesirable, and a narrower HAZ can often
enable welds that would not have been performed acceptably
otherwise.

Mathematically, the thickness of the heat affected zone can be
defined as

DyHAZ ¼ yHAZ;m � ymax;m ð62Þ
where ymax;HAZ is the width of the isotherm THAZ that marks the edge
of the HAZ; for example Ac;1 in steels, and ymax;m is the width of the
melting isotherm (Tm, marking the width of the weld). Substituting
THAZ and Tm into Eqs. (11) and (12) results in the following predic-
tions for thickness of the HAZ

DyHAZ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
2aq
pekU

r f ymaxI
RyTHAZ

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
THAZ�T0

p �
f ymaxI

RyTm


 �ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Tm�T0

p
24 35 for Regime I fastð Þ ð63Þ

DyHAZ ¼
q

2pk

f ymaxII
RyTHAZ

� �
THAZ�T0

�
f ymaxII

RyTm


 �
Tm�T0

24 35 for Regime II slowð Þ ð64Þ

For a relatively thin HAZ, its thickness approximated also as

DyHAZ�� 1
dTmax=dyji

DT
				Tm
THAZ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qa

2epkU

r
Tm�THAZ

T i�T0ð Þ32
for Regime I fastð Þ ð65Þ

DyHAZ�� 1
dTmax=dyji

DT
				Tm
THAZ

¼ q Tm�THAZð Þ
2pk T i�T0ð Þ2 for Regime II slowð Þ ð66Þ

where dTmax=dyji is the gradient of maximum temperature in a cross
section evaluated at a temperature T i intermediate between THAZ

and Tm. Typically, the error is small for any T i, and using the expres-
sion derived in the Appendix, Eqs. (65) and (66) is exact when

T i � T0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
THAZ � T0ð Þ Tm � T0ð Þ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
THAZ � T0

p þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Tm � T0

p

2

� �2=3
for Regime I fastð Þ ð67Þ

T i � T0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
THAZ � T0ð Þ Tm � T0ð Þ

p
for Regime II slowð Þ ð68Þ

Typical values for plain carbon steel are THAZ �750 �C and
Tm �1500 �C, and for a starting temperature T0 ¼ 20 �C, this results
in T i ¼ 1070 �C for Regime I, and a very similar T i ¼ 1059 �C for
Regime II (11 �C apart). In comparison, the arithmetic mean of tem-
peratures results in T i ¼ THAZ þ Tmð Þ=2 ¼ 1125 �C (55 �C and 66 �C
above the exact intermediate temperatures). Given the simplicity
of calculation of intermediate temperature for Regime II, and
how it also represents the intermediate temperature in Regime I
much closer than the arithmetic mean, it is practical (and typically
accurate) to use Eq. (68) for all values of Ry when estimating an
intermediate temperature when using a temperature gradient to
estimate the width of the HAZ.

14. Effect of joint preparation geometry

Eq. (1) has symmetry of revolution around the x-axis. The impli-
cation of this symmetry is that the problem formulation is the
same for other configurations with symmetry of revolution such
as a full solid, or a wedge of angle / with its edge along the x-
axis (which is a good representation of a beveled weld joint prepa-
ration in a thick plate). All problems with the same ‘‘angular heat
intensity” defined as q=/ will have the same solution; for the case
of a semi-infinite solid, / ¼ 180�. The formulae presented above for
a semi-infinite solid can be applied without additional mathemat-
ical error to the other related problems replacing the heat intensity
q with an ‘‘effective heat intensity” qeff that accounts for the differ-
ent angle covered in the cylindrical symmetry.

qeff ¼
180�

/
q ð69Þ



Fig. 4. Schematic of V-groove joint preparation (a), and single bevel joint preparation (b).
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where / is in degrees. A particular practical application of this
extended analysis is weld joint preparations, for which the analysis
is valid as long as the isotherm of interest (Tc) is well inside the bev-
eled edges, and far from the edge where the bevel meets the top
surface of the plate. For example, for the 75� V-groove joint prepa-
ration shown in Fig. 4a, assuming that the heat is divided evenly
between the two halves of the joint preparation, all formulae
derived above are applicable when q is replaced by
qeff ¼ q=2ð Þ � 180�=52:5�ð Þ ¼ 1:714q. The division by 2 is because
only half of the heat goes to each plate, and the 52.5� correspond
to the angle covered by the solid for each plate (52.5� = 90�-
75�/2). Predicted cooling time from 800 �C to 500 �C, t8=5, and cool-

ing rate _Tb at 650 �C in root pass welding of steel plates with the
groove joint preparation are in agreement with general experience
[54].

For the case in which the two sides of a joint have different
preparation, such as the single bevel groove joint of Fig. 4b, the dis-
tribution of heat is typically not even between the two sides. If the
same characteristic values (e.g. cooling rate or width of melting
isotherm) are desirable for both sides of the joint, the effective heat
intensity should be the same on both sides, resulting in a distribu-
tion of heat proportional to the wedge angle of each side

qj

q
¼ /j

/1 þ /2
ð70Þ

where j ¼ 1;2 identifies each side of the joint, such that q1 and q2

are the amounts of heat on each side of the joint, and /1 and /2

are their corresponding wedge angles. For example, for the 30� sin-
gle bevel of Fig. 4b, /1 ¼ 90� for the square side, and /2 ¼ 60� for
the beveled side, resulting in q1 ¼ 0:6q and q2 ¼ 0:4q. In this case,
if similar properties are desired for both sides of the joint, the par-
tition of heat for welding should be 60% on the square side, and 40%
on the beveled side. This partition is typically accomplished in prac-
tice by making an asymmetric weave and/or having different dwell
times on each side during the weave. The width of the weave is
small, of the order of the width of the molten metal, and a weaved
weld is typically considered a straight line in practice. Eq. (70) can
be of much help in anticipating the different dwell times needed.
15. Discussion

The results presented here are novel, with the main difference
with previous attempts is the use of blending techniques to pro-
vide explicit solutions for the entire range of parameters; this
had never been accomplished before. Another important difference
is the identification of a single dimensionless group determines all
characteristic values (instead of two as in [55]). This dimensionless
group is typically the Rykalin number, which had been proposed
before [37] based on the analysis of experiments, but had not been
adopted by the community.

The expressions developed are based on fundamental princi-
ples, are simple and general, and are within 7% of the exact solu-
tion. Such combination is desirable, and uncommon. For values
of Ry larger than 20 or smaller than 1/20, the correction factors
account for less than 10% and can be omitted; in these cases, the
final expressions are even simpler. Many practical applications,
such as heat sources based on lasers and electron beams are con-
sistently at Ry much larger than 20. The mathematical analysis is
proven in detail in this work; however, the next obvious question
is whether the exact solution (Eq. (1)) is close enough to reality for
the expressions presented to be of practical use.

The accuracy of the exact solution has been validated through
intensive testing [56,55,57–61] and numerical analysis [46,62–
64]. The effect of variable materials properties and latent heat
was analyzed numerically in [46], where it was shown that these
effects resulted in variations below 10% in the trailing length.

Christensen’s work [55] was especially thorough, and validated
the exact solution for the case of welding using many characteristic
values in common with those presented here (experiments tested
ymax both as width and depth, xmax; xf � xb; xmax � xb; Tmax; _Tb). The
validation considered multiple welding processes and materials.
The reference temperature considered was the melting tempera-
ture, which is beyond the range of validity of the model, and the
results were still consistent with the model. The predictions for
width, trailing length, and cooling rate are typically useful for engi-
neering purposes, while the predictions for leading length for the
melting temperature tend to be underestimates, because the size
of the heat source is typically larger than the leading length.



Table 1
Summary of characteristic values and correction factors.

Variable Regime Asymptotic Correction factor n Error [%] Eq.

ymax I
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
pe

aq
kU Tc�T0ð Þ

q
1þ

ffiffiffiffiffiffi
eRy
2

q� n� �1
n �1.73 0.7 (11)

II 1
2p

q
k Tc�T0ð Þ

1þ
ffiffiffiffiffiffi
eRy
2

q� �n� �1
n (12)

xmax I � q
2pek Tc�T0ð Þ 1þ eRyð Þn� �1

n �1.00 1.9 (16)

II � 2U
a

q
4pk Tc�T0ð Þ
h i2

1þ eRyð Þ�n� �1
n (17)

xb I and II � q
2pk Tc�T0ð Þ (20)

_Tb I and II � 2pkU Tc�T0ð Þ2
q

(25)

xf I and II a
UW0

qU
2pka Tc�T0ð Þ
h i

(29)

_Tf I and II U2 Tc�T0ð Þ
a

1
W0 2Ryð Þ þ 1
h i

(31)

Tmax I T0 þ 2aq
epkUy2c 1þ eUyc

4a

� �nh i1
n �1.25 3.9 (35)

II T0 þ q
2pkyc 1þ eUyc

4a

� ��nh i1
n (36)

dTmax=dy I �
ffiffiffiffiffiffiffiffiffiffiffi
2epkU
qa

q
Tm � T0ð Þ32 1þ

ffiffiffiffiffiffiffiffi
1

2eRy

q� �n� �1
n 3.08 6.1 (41)

II � 2pk
q Tm � T0ð Þ2

1þ
ffiffiffiffiffiffiffiffi
1

2eRy

q� ��n
� �1

n (42)

AR I
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

eqU
32pka T�T0ð Þ

q
1þ

ffiffiffiffiffiffi
8

eRy

q� �n� �1
n 1.90 2.0 (47)

II 1
1þ

ffiffiffiffiffiffi
8

eRy

q� ��n
� �1

n (48)

gm I 1
e 1þ eRy

2

� �nh i1
n �0.87 1.4 (53)

II qU
8pka Tm�T0ð Þ 1þ eRy

2

� ��nh i1
n (54)

t8=5 N/A q
2pkU

1
T500�T0

� 1
T800�T0

� �
(55)

t8=5 N/A t8=5 � q T800�T500ð Þ
2pkU T i�T0ð Þ2

(56)

T i � T0 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T800 � T0ð Þ T500 � T0ð Þp ⁄ (57)

tsl N/A qisl
2pkcpU Tm�T0ð Þ2

(59)

DyHAZ I ffiffiffiffiffiffiffiffiffi
2aq
pekU

q f ymaxI
RyTHAZ


 �ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
THAZ�T0

p � f ymaxI
RyTmð Þffiffiffiffiffiffiffiffiffiffiffi

Tm�T0

p
" #

1þ
ffiffiffiffiffiffi
eRy
2

q� n� �1
n �1.73 0.7 (63)

II
q

2pk
f ymaxII

RyTHAZ


 �
THAZ�T0

� f ymaxII
RyTmð Þ

Tm�T0

" #
1þ

ffiffiffiffiffiffi
eRy
2

q� �n� �1
n (64)

DyHAZ I DyHAZ �
ffiffiffiffiffiffiffiffiffiffiffi
qa

2epkU

q
Tm�THAZ

T i�T0ð Þ32 1þ
ffiffiffiffiffiffiffiffi
1

2eRy

q� �n� ��1
n 3.08 6.1 (65)

T i � T0 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
THAZ � T0ð Þ Tm � T0ð Þp ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

THAZ�T0

p
þ
ffiffiffiffiffiffiffiffiffiffiffi
Tm�T0

p
2

� �2=3 ⁄ (67)

II DyHAZ � q Tm�THAZð Þ
2pk T i�T0ð Þ2 1þ

ffiffiffiffiffiffiffiffi
1

2eRy

q� ��n
� ��1

n 3.08 6.1 (66)

T i � T0 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
THAZ � T0ð Þ Tm � T0ð Þp ⁄ (68)

⁄ Using these intermediate temperatures the calculation using the derivative is exactly the same as that using differences.
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Estimate of weld penetration is also typically unreliable because
convection in the molten metal plays a significant role. It is
remarkable that Rosenthal’s idealized solution was proved to be
effective despite of its simplicity.

The accuracy of the expressions presented here is affected in
practice by the limitations of the exact solution. Some of this lim-
itations can be overcome in practical ways. The limitation of con-
stant thermophysical properties can be addressed in a practical
way by using effective values, such as those proposed in [5]. The
limitation of a point heat source can be addressed with the consid-
eration of distributed heat sources, which would add precision and
physical meaning with as little as a single extra parameter (dimen-
sionless size of the heat source). The limitation of considering only
conduction can be addressed by accounting for the effect of fluid
flow as in [65], which would add two dimensionless groups
(Prandtl number and Marangoni number). The consideration of
infinite thickness of the substrate can be addressed by blending
with the 2D solutions for moving heat sources (often called the
‘‘thin plate solution”). The challenge in this case is that blending
must be extended to asymptotic behaviors beyond power laws
and to two or more dimensionless groups. Blending under these
conditions is beyond the capabilities of [6,7]. These challenges
are the current focus of intense research. The 2D solutions are also
the common approach for the welding and cutting cases in which
there is a keyhole [66,67,11], and is also the focus of current work
outside the scope of this paper.

The ultimate goal of the estimates and correction factors pre-
sented here is to serve as accurate predictors of actual processes,
in a similar way that moving heat source equations from [17] are
used in [68]. In these references, the asymptotic solutions are mod-
ified with empirical correction factors. These empirical modifica-
tions are not based on fundamental analysis, resulting in two
important drawbacks: first, these modifications are valid only for
the materials and processes used in the calibrations, and second,
the range of parameters for which these calibrations are valid is
not clearly defined.
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16. Conclusions

Equations for characteristic values are listed in Table 1, includ-
ing maximum isotherm width and its location, leading and trailing
lengths of the isotherm, centerline heating and cooling rates, max-
imum temperature and its gradient, aspect ratio of isotherm, cool-
ing time t8=5, solidification time, thickness of the affected zone, and
modification coefficient for joint preparation geometry.

For Ry < 1/20 or Ry > 20, the asymptotic solutions alone (with-
out correction factor) yield an error below 10% when compared to
the exact solution for all listed characteristic values. As a general
rule of thumb, a moving heat source can be considered ‘‘slow”
when Ry < 1/20 and ‘‘fast” when Ry > 20.

Key characteristics of isotherms produced by a given set of
experimental parameters can be calculated with ubiquitous means
such as scientific calculators or spreadsheets. In addition to predic-
tive estimations, the engineering expressions also enhance intu-
ition and reflect quantitative effects of different process
parameters and their combination on resulting thermal conditions.
The methodology and engineering expressions obtained can be
applied into a number of processes and materials in different dis-
ciplines since they capture the inherent essence of complex phys-
ical phenomena based on fundamental physics.
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Appendix A. Relationship between the derivatives and
variations in power-law asymptotic regimes

Consider a problem in which the characteristic values depend
on a single dimensionless groupP (in this paper, the single dimen-
sionless group is typically Ry). Consider also two characteristic val-
ues with power-law dependence on P

uc Pð Þ ¼ APm ð:1Þ
vc Pð Þ ¼ BPn ð:2Þ

There is an intermediate value ofP for which the following cal-
culation is exact

duc

dvc

				
Pi

¼ uc P2ð Þ � uc P1ð Þ
vc P2ð Þ � vc P1ð Þ ð:3Þ

where P1 and P2 are two separate values and Pi is the intermedi-
ate value sought. To calculate the value ofPi where Eq. (.3) is exact,
we can analyze the derivative and the ratio of variations

duc

dvc

				
Pi

¼ duc=dP
dvc=dP

				
Pi

¼ A
B
m
n
Pm�n

i ð:4Þ

Duc

Dvc
¼ A

B
Pm

2 �Pm
1

Pn
2 �Pn

1
ð:5Þ

Combining Eqs. (.3), (.4) and (.5) results in the following value
for Pi, for which the derivative and the ratio of variations give
exactly the same result

Pi ¼ n
m

Pm
2 �Pm

1

Pn
2 �Pn

1

�  1
m�n

ð:6Þ
This expression is exact only for power-law asymptotic regimes,
but it is still a useful approximation for intermediate regimes. As
an example of application of Eq. (.6), consider the case of cooling
rate and t8=5, where P ¼ Ry;uc ¼ T�

b, and vc ¼ x�b. From Eq. (3),
we obtain m ¼ �1, from Eq. (19), n ¼ 1, resulting in

Ryi ¼ �Ry�1
2 � Ry�1

1

Ry2 � Ry1

 ! 1
�1�1

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ry1Ry2

p
ð:7Þ

which becomes Eq. (57) when the definition of Ry is used.
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