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Scaling Analysis of a Moving
Point Heat Source in Steady-
State on a Semi-Infinite Solid
This paper presents a systematic scaling analysis of the point heat source in steady-state
on a semi-infinite solid. It is shown that all characteristic values related to an isotherm
can be reduced to a dimensionless expression dependent only on the Rykalin number
(Ry). The maximum width of an isotherm and its location are determined for the first time
in explicit form for the whole range of Ry, with an error below 2% from the exact solu-
tion. The methodology employed involves normalization, dimensional analysis, asymp-
totic analysis, and blending techniques. The expressions developed can be calculated
using a handheld calculator or a basic spreadsheet to estimate, for example, the width of
a weld or the size of zone affected by the heat source in a number of processes. These
expressions are also useful to verify numerical models. [DOI: 10.1115/1.4039353]

1 Introduction

The problem of moving heat sources is central to a wide range
of fields including welding [1–3], heat treatment [4–6], tribology
[7,8], grinding [9,10], machining [11,12], wheel and track contact
[13,14], and many more. This problem has been approached ana-
lytically [1,2,3,15] and numerically by many researchers (e.g.,
Refs. [16] and [17]), and there is a vast wealth of known expres-
sions related to moving heat sources [18]; however, the current
knowledge of moving heat sources is often difficult to apply in
engineering practice.

Numerical solutions are often difficult to implement for practi-
tioners without specialized software or not versed in computa-
tional modeling. Also, numerical solutions published are valid for
the particular values of parameters considered in each publication,
but difficult to generalize to practical cases with different
parameters.

Empirical models typically have the advantage of simplicity,
but also a limited amount of generality. Their range of application
is typically limited to the particular material system and condi-
tions under which they were developed. The theoretical founda-
tion of empirical models is seldom strong enough to extrapolate
them beyond the tested conditions; often, their range of validity is
not stated explicitly, leaving practitioners at risk of unknowingly
using the models beyond their predictive abilities.

Analytical solutions have the advantage of relative simplicity
and strong theoretical foundation, but also have limitations in
practice. Sometimes they often involve series summations [15] or
improper integrals that require careful computational implementa-
tion, especially for the case of distributed heat sources [19–22].
Also, analytical solutions typically have inconvenient expressions
for addressing practical questions. Analytical solutions typically
have the form of temperature as a function of time and space coor-
dinates. When using Eulerian coordinates, typically a steady-state
is considered, obtaining T¼ T(x, y, z), with a typical coordinate
system represented in Fig. 1.

Practical questions are not easily answered by analytical
expressions; for example, the question of “what is the weld

width?” is difficult to answer, even as a rough approximation,
using the simplest of models. The answer to this question is given
by the maximum width of isotherm corresponding to the melting
temperature. In a steady-state process, this would correspond to
solving for y the implicit equation T(x, y, z)¼ Tm, and then finding
the maximum value of y for any x. This maximum is typically
obtained using numerical methods. Similar questions are: “what is
the cooling rate at a point after the heat source passed over it?”
(crucial for material properties after welding, heat treatment and
material removal), “what is the heating rate as the heat source
approaches?” (important to assess austenization temperature in
laser heat treating of steels), “what is the maximum temperature?”
(important in almost all applications and materials systems). In all
these cases, the answer involves solving an implicit equation. An
additional challenge for practitioners is that moving heat sources
involve a large number of parameters, making an intuitive grasp
of the problem difficult to obtain [23,24]. One promising approach
using the concept of thermal resistance is presented in Ref. [25].

Textbooks often omit a treatment of moving heat sources (e.g.,
Ref. [26]) or introduce the foundations for mathematical or
numerical analysis, often based on Green’s functions (e.g.,
Ref. [27]), but do not present expressions amenable to use by
practitioners. Similarly, handbooks do not present a general, well-
structured treatment of moving heat sources, describing the math-
ematical foundations and some particular expressions (often

Fig. 1 Point heat source moving with constant velocity on a
semi-infinite solid
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empirical, e.g., Refs. [18] and [28]). To the best of our knowledge,
neither textbooks nor handbooks present general practical expres-
sions for the maximum width of an isotherm and other related
quantities. One consequence of the challenges described previ-
ously is that practitioners typically learn heuristics that are
material-specific or process-specific and there is little transfer of
knowledge between specialists. Steel welding experts can seldom
extend their expertise to aluminum welding, and welding special-
ists seldom inform or are informed by grinding or machining
experts, despite that the problems each specialist tackles responds
to very similar heat transfer phenomena.

This paper is the first step of a broader research program aimed
at identifying moving heat source features of interest to practi-
tioners and presenting practical and accurate predictive expres-
sions useful to them. The overall research program is based on the
understanding that many important aspects of complex problems
such as welding can be treated using a minimal representation that
captures only the dominant physics, with the secondary physics
included as correction factors. This approach is often used in all
engineering disciplines at an intuitive level, and a formal imple-
mentation is described in Refs. [23], [24], and [29].

Sections 2 and 3 introduce selected characteristic values of
interest to practitioners, then dimensional analysis is applied to
determine that each dimensionless characteristic value depends
only on one dimensionless group that determines two asymptotic
regimes. A closed-form expression of the characteristic values in
each Regime is presented, and blending functions are used to esti-
mate the characteristic values at the intermediate regime with
high accuracy and practical simplicity. The blending functions are
also the basis of correction factors of the form typically used in
engineering applications.

2 Governing Equation

The model of heat source analyzed is the one typically attrib-
uted to Rosenthal [1,2] or Rykalin [3], but that has been solved
before in 1904 by Wilson [30] and in 1923 by Roberts [31] (for
the case of mass transfer). The model is illustrated in Fig. 1 and
consists of a point heat source of intensity q moving in steady-
state along a straight line (x-axis) with constant velocity U on the
flat surface of a semi-infinite solid with constant thermophysical
properties. This model must be used with an understanding of the
limitations. For the case in which there is fusion of the base mate-
rial, such as in welding, this model does not account for the effects
of convective heat transfer in the molten metal, the effect of latent
heat of melting, or the phase transformations. For the particular
case of welding applications, this model is reasonably accurate for
temperatures significantly below the melting temperature. Size
and shape of the weld bead are defined by the melting isotherm,
and only their order of magnitude is captured [32]. Despite its lim-
itations, the point heat source model is invaluable for rough esti-
mates and trends. The governing equation for this point heat
source problem is

@2T

@x2
þ @

2T

@y2
þ @

2T

@z2
þ U

a
@T

@x
¼ 0 (1)

where x, y, and z are the coordinates illustrated in the schematic of
Fig. 1 and constitute the independent variables. This mathematical
formulation involves an Eulerian coordinate frame, in which the
heat source is the stationary origin and the substrate moves in the
–x direction, instead of a heat source moving in the þx direction
on a stationary substrate. The temperature, T¼ T(x, y, z), is the
dependent variable and also depends on the problem parameters.
U is the magnitude of the velocity of the heat source relative to
the substrate, and a is the thermal diffusivity of the substrate.
Equation (1) is defined in the domain z � 0 and r � e, where e is
an arbitrary small number and the radial coordinate, r, is defined
in relation to the independent variables as

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2 þ z2

p
(2)

The boundary conditions for Eq. (1) are

@T

@z
¼ 0 for z ¼ 0; r � e (3)

@T

@r
¼ q

2pke2
for r ¼ e; z � 0 (4)

T ¼ T0 for r !1; z � 0 (5)

where q is the thermal power from the heat source absorbed by
the solid, k is the thermal conductivity of the substrate, and T0 is
the temperature of the substrate far from the heat source. For prob-
lems such as welding, the power q is estimated based on the nomi-
nal power of the heat source and a thermal efficiency. The
solution to Eq. (1) with boundary conditions from Eqs. (3)–(5) is

T x; y; zð Þ ¼ T0 þ
q

2pkr
exp � U

2a
r þ xð Þ

� �
(6)

Equation (6) provides the value of temperature for each point in
the domain, with a singularity at r¼ 0, which is the location of the
heat source. The singularity is not observed in practical systems,
and other models have been proposed for analyzing the tempera-
ture field near the heat source (e.g., Gaussian distribution heat
sources [19]). The solution also has symmetry of revolution
around the x-axis, and the cross section of all isotherms on a y-z
plane is semicircular.

In practical applications, questions typically focus on character-
istic values of the solution, for example maximum width of an iso-
therm or maximum temperature at a given point. The concept of
characteristic values is discussed in detail in Ref. [33]. In the
model studied here, for reasons of length, the asymptotic analysis
is limited to the maximum width of the isotherm, T(x, y, z)¼ Tc,
and its location (ymax and xmax corresponding to the plane z¼ 0)
illustrated in Fig. 2. The semicircular nature of isotherms on the y-
z plane implies that the penetration under the surface zmax is the
same as the width ymax and both maxima are located at the same
coordinate x¼ xmax. The asymptotic analysis of other characteris-
tic values is the subject of current research to be published
separately.

3 Scaling Analysis Methodology

The methodology of analysis is described in Ref. [29], and con-
sists in finding a minimal representation of the problem, which is
an asymptotic solution, and then developing a correction factor
that relates the asymptotic solution to intermediate cases. The use
of correction factors is common in engineering and allows for the

Fig. 2 Characteristic values ymax and xmax for a point heat
source moving with constant velocity on a semi-infinite solid
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simultaneous benefits of practical expressions and accurate pre-
dictions within the range of validity of the correction factors.

3.1 Normalization. The first step toward a minimal represen-
tation is normalization, in which the original equations are
reduced to their dimensionless counterparts. In this case, Eq. (6)
can be rewritten in normalized form as

T� ¼ 1

r�
exp �r� � x�ð Þ (7)

where

T� ¼ 4pka T � T0ð Þ
qU

(8)

x� ¼ Ux

2a
(9)

y� ¼ Uy

2a
(10)

z� ¼ Uz

2a
(11)

r� ¼ Ur

2a
(12)

In Eqs. (8)–(12), the * superscript indicates a dimensionless
quantity, consistent with Refs. [33] and [34] and other modern
literature. Equation (7) involves four dimensionless groups: the
three independent variables x*, y*, and z* (r* is not independent)
and the dependent variable T*(x*, y*, z*). There is no other
dimensionless group associated with the parameters.

The number of dimensionless groups is consistent with the
number expected from applying dimensional analysis theory [35].
Dimensional analysis theory states that the number of dimension-
less groups in a problem is given by the number of magnitudes
with dimension minus the number of independent units involved,
and minus one when the temperature is not measured in absolute
terms [36]. Equation (6) involves nine magnitudes with units: the
three independent variables x, y, and z, the dependent variable
T(x, y, z), and the five problem parameters T0, q, k, U, and a. There
are four independent units for the magnitude with dimension (m,
kg, s, �C) and the number of dimensionless groups is 9–4�1¼ 4.
Since there are four variables (three independent and one depend-
ent), the dimensionless expression of each variable can become a
dimensionless group, leaving no room for an additional dimen-
sionless group unrelated to any variable.

The dimensional analysis result is important as it confirms that
there is no variable-free dimensionless group. This is in contrast
to the normalization proposed by Christensen et al. [32], where
five dimensionless groups were proposed resulting in a noninde-
pendent set that unnecessarily complicates the analysis and is mis-
leading. The five dimensionless groups proposed in Ref. [32] are
k (x* here), w (y* here), f (z* here), h, and n. The ratio h/n is
equivalent to T* here. In Christensen’s analysis, h and n appear
separate through the consideration of an arbitrary “chosen refer-
ence level” (Tc in Ref. [32] but with a different meaning than the
symbol Tc used here) in addition of the temperature field T(x, y,
z). The “chosen reference level” is often associated with the melt-
ing temperature of the base material but has no physical meaning
in the context of the original governing equation, which does not
consider melting or any other phase transformation. The parame-
ter n appears to be a dimensionless group related only to problem
parameters despite that such a parameter does not exist under rig-
orous analysis. Christensen’s notation, despite the shortcoming of
having a redundant dimensionless group, has been used in impor-
tant follow-up work such as Refs. [19], [37], and [38].

The dimensionless form of the characteristic values associated
with the isotherm T¼Tc depend only on one dimensionless group.
It is important to keep in mind that Tc is a value that defines an iso-
therm by constraining the field T(x, y, z) to a constant value.
In contrast to Christensen’s analysis, Tc is a constraint of the tem-
perature field rather than an additional parameter; isotherms in
Christensen analysis would require an additional constraint. Con-
sidering the maximum width of an isotherm in dimensionless form
ðy�maxÞ, Eq. (7) involves four degrees-of-freedom (DOFs), related to
the four independent dimensionless groups (x*, y*, z*, T*). One
constraint is Eq. (7), leaving only three degrees-of-freedom
between dimensionless groups. The definition of y�max involves two
more constraints: z*¼ 0, and y�max ¼ maxðy�Þ, leaving only one
degree-of-freedom. This degree-of-freedom can be assigned to any
of an infinite array of suitable dimensionless groups. The Rykalin
number (Ry) proposed by Fuerschbach and Eisler [39] will be used
to capture the remaining degree-of-freedom

Ry ¼ qU

4pka Tc � T0ð Þ (13)

where the factor of 1/4p is included to simplify the final expres-
sions detailed below.

The Rykalin number can be interpreted as a Peclet number
ðPe ¼ UL=aÞ where the characteristic length L is related to the
gradient induced by the heat source: L ¼ q=½4pkðTc � T0Þ�. The
Peclet number relates the effect of advection relative to conduc-
tion, and therefore, a high Ry value can be interpreted as a “fast
heat source” where advection dominates over conduction, and a
low Ry value can be interpreted as a “slow heat source” with heat
transfer dominated by conduction.

Based on dimensional analysis and the choice of Ry to capture
the one degree-of-freedom of this problem, all dimensionless
characteristic values associated with an isotherm can be captured
with functions depending only on Ry, thus y�max ¼ y�maxðRyÞ and
x�max ¼ x�maxðRyÞ.

The value of Ry can range between zero and infinity, defining
two asymptotic regimes for the characteristic values: Regime I,
corresponding to large values of Ry (fast), and Regime II, corre-
sponding to small values of Ry (slow). These asymptotic regimes
yield simple expressions for the characteristic values, usually in
the form of power laws.

3.2 Blending of Asymptotic Solutions. The simple expres-
sions obtained for each asymptotic regime are less accurate for
intermediate values (Ry¼O(1)). For these intermediate values,
simple and accurate expressions can be obtained using the blend-
ing functions proposed by Churchill and Usagi [40].

For the dimensionless maximum isotherm width y�maxðRyÞ, the

associated asymptotic expression for Regime I is ŷ�maxI
ðRyÞ, and

for Regime II is ŷ�maxII
ðRyÞ. In this notation, the symbol^ indicates

that the magnitude is an asymptotic approximation. The blending
functions proposed for the isotherm width have the following
expression:

y�maxðRyÞ � ŷ�
þ

maxðRyÞ ¼ ½ŷ�maxI
ðRyÞn þ ŷ�maxII

ðRyÞn�1=n
(14)

where n is the blending parameter and the þ superscript indicates
improvement over the asymptotic approximations. A very impor-
tant aspect of Eq. (14) is that the expression gives the exact asymp-
totic behavior for both regimes for all finite values of n. The error
is not zero for intermediate values of Ry and is defined here as

error ¼ ln
ŷ�
þ

max

y�max

(15)

This definition of error is consistent with Refs. [33], [41], and
[42], and it offers the advantage of yielding comparable
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magnitudes for large errors in excess or defect, and being conven-
ient for power-law expressions. For small errors, this definition is
equivalent to the standard definition of relative error.

The value of n is determined with a numerical optimization pro-
cedure, and it can be positive or negative, with absolute values
typically of the order of magnitude of 1. The parameter n needs to
be determined only once for each blending function.

3.3 Development of Correction Factors. Equation (14) can
also be used to create correction factors that extend the usefulness
of the asymptotic expressions. In this work, the correction factors
are accurate for intermediate values and beyond, all the way to
the opposite asymptotic regimes. The correction factors fymaxI

ðRyÞ
and fymaxII

ðRyÞ, associated with the characteristic value ymax, are
based on the asymptotic expressions and have the following
expressions:

ymax � ŷmax

þ ¼ ŷmaxI
1þ

ŷ�maxII
Ryð Þ

ŷ�maxI
Ryð Þ

" #n
8<
:

9=
;

1=n

¼ ŷmaxI
fymaxI

Ryð Þ for Regime I fastð Þ (16)

ymax � ŷmax

þ ¼ ŷmaxII
1þ

ŷ�maxII
Ryð Þ

ŷ�maxI
Ryð Þ

" #�n
8<
:

9=
;

1=n

¼ ŷmaxII
fymaxII

Ryð Þ for Regime II slowð Þ (17)

Equations (16) and (17) are exactly equivalent and they are the
same approximation to the exact solution, but based on different
starting asymptotic expressions. As the Rykalin number
approaches infinity (Regime I), fymaxI

ðRyÞ tends to 1 and for Ry

approaching 0, fymaxII
ðRyÞ tends to 1. The value of n for Eqs. (16)

and (17) are the same as for Eq. (14).
Because ŷ�maxI

ðRyÞ and ŷ�maxII
ðRyÞ have simple expressions,

typically of the form of power laws, the correction factors also
have closed-form expressions that are simple to calculate in a
handheld calculator or a spreadsheet. The simplicity of the expres-
sions, their generality, and their accuracy make the correction fac-
tors powerful tools for practical calculations.

4 Scaling Analysis of Maximum Isotherm Width ymax

The magnitude ymax is the maximum width of the isotherm T(x,
y, z)¼ Tc corresponding to the plane z¼ 0, as illustrated in Fig. 2.
The dimensionless width y�maxðRyÞ requires a numerical optimiza-
tion to find the maximum for each Rykalin number considered,
and its dependence on Ry is illustrated in Fig. 3. The asymptotic

behavior at high and low Ry is straight lines in log–log scale, indi-
cating a power-law behavior.

Asymptotic analysis of Eq. (7), detailed in the Appendix, yields
the following power laws:

ŷ�maxI
Ryð Þ ¼

ffiffiffiffiffiffiffiffi
2Ry

e

r
for Regime I fastð Þ (18)

ŷ�maxII
ðRyÞ ¼ Ry for Regime II ðslowÞ (19)

The blending expression for ŷmax
þ ðRyÞ is given by Eq. (14).

Replacing the expressions for ŷ�maxI
ðRyÞ and ŷ�maxII

ðRyÞ into

Eqs. (16) and (17), the following expressions for the correction
factors are obtained:

fymaxI;II
Ryð Þ ¼ 1þ

ffiffiffiffiffiffiffiffi
eRy

2

r !6n
2
4

3
5

1=n

(20)

where the exponent þn corresponds to Regime I, and –n corre-
sponds to Regime II. The value of n was determined using a mini-
max approach with nested optimizations. In the first optimization,
a value of n was assumed, and the error was calculated using
Eq. (15) for a relevant range of values of Ry. Figure 4 illustrates
the error variation as a function of Ry for three values of n. This
figure also displays two important features: The error tends to
zero for both high and low Ry, as expected, and the maximum
absolute value of error (error ceiling for a given n) occurs simulta-
neously at Ry¼ 0.0632 and Ry¼ 1.5215 for the value of
n¼ –1.7312. The reason for this simultaneous maxima is illus-
trated in Fig. 4. For values of n above the optimal, the ceiling of
error is given by the peak on the right; for values of n below the
optimal, the ceiling of error is given by the valley on the left, and
at the optimal value, both peaks coincide with the same ceiling of
error.

In the second nested optimization, different values of n are
explored to find the value of n which yields the minimum maxi-
mum (minimax) absolute value of error, or minimum error ceil-
ing. Figure 5 represents the variation in maximum absolute value
of error as a function of n. It is seen that at the optimal value of n
(n¼ –1.7312), the minimax error is 0.7236%. The sharp minimum
at that point is the consequence of tracking different local
extremes above or below the optimum value of n.

The correction factors for both regimes (Eq. (20)) are illustrated
in Fig. 6. These correction factors based on blending have an error
smaller than 0.7236% compared with the exact solution for any

Fig. 3 Dimensionless isotherm width y�max as a function of Ry
Fig. 4 Blending error for isotherm width ymax as a function of
Ry for exponents n at or near the optimal value
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value of Ry. The correction factors tend to exactly a value of 1
(i.e., no correction needed) in their corresponding asymptotic
regimes, and they cross over at Ryc¼ 0.7359. Ryc can be consid-
ered as a divider between Regime I and Regime II, with the under-
standing that in the vicinity of Ryc the situation is actually
intermediate between both regimes.

Choosing the right asymptotic expression, but neglecting the
correction factors results in an error smaller than 10% for
Ry> 5.2611 or Ry< 0.1161 in their corresponding regimes. As a
heuristic easy to remember, omitting the correction factors results
in an error inferior to 10% for Ry> 20 or Ry< 0.05.

Engineering expressions (with units) for the width of an iso-
therm for a point heat source on a semi-infinite solid can be
obtained by replacing Eq. (13) into Eqs. (18) and (19), and com-
bining with Eq. (10), obtaining

ŷþmax ¼ ŷmaxI
fymaxI

Ryð Þ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

pe

aq

Uk Tc � T0ð Þ

s
fymaxI

Ryð Þ for Regime I fastð Þ (21)

ŷþmax ¼ ŷmaxII
fymaxII

Ryð Þ

¼ 1

2p
q

k Tc � T0ð Þ fymaxII
Ryð Þ for Regime II slowð Þ (22)

Equations (21) and (22) are novel. Precursors of Eq. (21) (with-
out the correction factor) were presented in Refs. [32] and [38].
Often, the combination q/U (with units of energy per unit length)
is used as a parameter. For example, in the field of welding this
combination is called “heat input” and is considered an essential
variable by most codes and standards; because most welding pro-
cedures are performed in Regime I, the choice of using heat input
makes practical sense, capturing the independent effects of heat
source and travel velocity in a single easy-to-measure parameter
without loss of information. Equation (22) shows that at low Ry, it
is the power absorbed from the heat source q that determines the
weld width not the ratio q/U. The low Ry Regime II is typically
overlooked in codes and standards [43], despite that many practi-
cal cases can correspond to the low Ry regime, for example, some
manual implementations of gas tungsten arc welding.

5 Scaling Analysis of Location xmax of Maximum

Isotherm Width

The magnitude xmax is the location of maximum width of the
isotherm T(x, y, z)¼ Tc corresponding to the plane z¼ 0, as illus-
trated in Fig. 2. The magnitude xmax also indicates the location of
the temperature peak along the line determined by y¼ ymax, z¼ 0.
The dependence of the dimensionless expression x�max on Ry is
illustrated in Fig. 7, which displays similar features to Fig. 3.

Asymptotic analysis of Eq. (7), detailed in the Appendix, yields
the following power laws:

x̂�maxI
Ryð Þ ¼ �Ry

e
for Regime I fastð Þ (23)

x̂�maxII
ðRyÞ ¼ �Ry2 for Regime II ðslowÞ (24)

The blending expression for x̂þmaxðRyÞ is obtained with the same

process used to obtain ŷþmaxðRyÞ, yielding the following correction
factors:

fxmaxI;II
ðRyÞ ¼ ½1þ ðeRyÞ6n�1=n

(25)

where the exponent þn corresponds to Regime I, and –n corre-
sponds to Regime II. The value of n for Eq. (25) was determined
using the nested optimizations as it was done for ymax. Figure 8
illustrates the blending error as a function of Ry for different val-
ues of n around the optimal, and Fig. 9 illustrates the variation of
maximum error with blending parameter n. The minimax error is
1.9051%, corresponding to n¼ –0.9990.

Fig. 5 Maximum blending error for isotherm width ymax as a
function of blending parameter n

Fig. 6 Correction factors for maximum isotherm width ymax

Fig. 7 Dimensionless location xmax of maximum isotherm
width as a function of Ry
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The correction factors of Eq. (25) for the optimum value of
n¼ –0.9990 are illustrated in Fig. 10 and have a similar power-
law behavior in asymptotic regimes as seen Fig. 6. The crossover
point for the correction factors in Fig. 10 is Ryc¼ 0.3680. Asymp-
totic expressions without correction factors result in an error
smaller than 10% for RyI> 2.9829 or RyII< 0.03543 in their cor-
responding regimes. The same rule of thumb stated before also
applies in this case: for Ry> 20 or Ry< 0.05, the asymptotic
expressions alone result in predictions with an accuracy within
10% of the exact solution.

Expressions with units for the location of maximum isotherm
width for a point heat source on a semi-infinite solid can be
obtained by replacing Eq. (13) into Eqs. (23) and (24), and com-
bining with Eq. (9) to obtain

x̂þmax ¼ x̂maxI
fxmaxI

Ryð Þ

¼ � q

2pek Tc � T0ð Þ fxmaxI
Ryð Þ for Regime I fastð Þ (26)

x̂þmax ¼ x̂maxII
fxmaxII

Ryð Þ

¼ � 2U

a
q

4pk Tc � T0ð Þ

� �2

fxmaxII
Ryð Þ for Regime II slowð Þ

(27)

For both asymptotic regimes, xmax and ymax have a parabolic
relationship as follows:

ŷmaxI
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 4ax̂maxI

U

r
for Regime I fastð Þ (28)

ŷmaxII
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 2ax̂maxII

U

r
for Regime II slowð Þ (29)

with the following dimensionless counterparts:

ŷ�maxI
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2x̂�maxI

q
for Regime I ðfastÞ (30)

ŷ�maxII
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�x̂�maxII

q
for Regime II ðslowÞ (31)

Equations (28) and (29) have the same functional dependence
and very close magnitude to the thickness of a thermal boundary
layer in low Prandtl number fluids, which is consistent with the
parabolic Eulerian form of the governing differential equations.

6 Example of Application

The accuracy of the point heat source model used here was
already assessed in Ref. [32] for the case of welding. In this sec-
tion, the emphasis is on the mechanics of the use of the expres-
sions developed in this paper.

Consider the welding of a 19-mm-thick plate of A36 steel using
submerged arc welding with the following parameters: welding
current of 600 A, voltage of 35 V, a travel speed of 12.7 mm/s,
and no preheat (T0¼ 20 �C). Representative properties for A36
steel are k¼ 50 W/mK and a¼ 1.4� 10�5 m2/s. A representative
process efficiency for submerged arc welding is g¼ 0.99 [38],
resulting in a heat source of 21 kW, of which 20.79 kW are
absorbed by the solid. The width of the weld bead is given by the
width of the isotherm corresponding to the melting temperature
(approximately 1460 �C for A36 steel)

weld width ¼ 2ymax � 2ŷþmaxI
¼ 2ŷmaxI

fymaxI
ðRyÞ (32)

For the conditions considered, the Rykalin number is
Ry¼ 20.84 (Eq. (13)), corresponding to Regime I (fast moving
heat source, Fig. 6). Equation (21) yields ŷmaxI

¼ 8:634 mm, and

Eq. (20) yields fymaxI
¼ 0:9694. Consistent with the practical

heuristic discussed earlier, for Ry> 20, the error in omitting the
correction factor is less than 10%. Replacing the calculated values

Fig. 8 Error of blending for location xmax of maximum isotherm
width as a function of Ry for blending parameter n at or near
the optimal value

Fig. 9 Maximum blending error for location xmax of maximum
isotherm width as a function of blending parameter n

Fig. 10 Correction factors for location xmax of maximum iso-
therm width
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into Eq. (32): ŷþmaxI
¼ 8:370 mm, resulting in an estimated weld

width of 16.74 mm.
A weld in the conditions considered was performed, and the

power was stopped before reaching the end of the plate. The sol-
idified weld bead is shown in Fig. 11 and displays the elongated
shape expected from a high Rykalin number, with a measured
width of 14.3 mm, indicating a relative error of the estimation of
17%. Considering that repeatability of width and depth measure-
ments in welding is of the order of 10% and that tabulated thermo-
physical properties also involve significant uncertainty, an error of
17% between measurement and prediction is remarkable.

If this problem was approached using the asymptotic expres-
sions of Regime II, the uncorrected estimation of Eq. (22) yields
the unrealistic value of ŷmaxII

¼ 45:96 mm. Because the target

parameters are far from the asymptotic regime considered, a
correction factor is necessary. In this case, the correction factor is
fymaxII

¼ 0:1821, yielding almost exactly the same estimate as

before: ŷþmaxII
¼ 8:369 mm, and an estimated weld width of

16.74 mm.

7 Discussion

The analysis presented here dispels old misconceptions and
brings new insights. The first misconception relates to normaliza-
tion of Rosenthal’s solution (Eq. (6)). The number of dimension-
less groups related to this equation is four, not five as stated in
Christensen’s analysis [32], and there is no variable-free inde-
pendent dimensionless group. Christensen’s h parameter required
the unnecessary introduction of melting temperature in the set of
parameters.

A second rectified misconception, embodied in most codes and
standards for welding, is that heat input (q/U) is an essential
parameter governing the behavior of the solution for a given mate-
rial. This statement is true for Regime I (fast welds), but it is not
true for slow welds, where the essential parameter is power of the
heat source (q). For the case of welding, a survey of typical weld-
ing parameters [44] shows that most arc welding procedures have
Ry> 1; however, some process and material combinations belong
to Regime II (Ry< 1), for example, gas tungsten arc welding in
steel and aluminum, gas metal arc welding in aluminum, and fric-
tion stir welding of aluminum. When Ry< 1, two welds with the
same heat input do not necessarily have similar width.

Among the new insights is a rigorous understanding of the ori-
gins of the Rykalin number and its use to obtain quantitative
results. In agreement with Ref. [45], this work suggests that the
Rykalin number can be singled out as a key magnitude to charac-
terize the behavior of a moving heat source in a thick substrate, in
a way analogous to how the Reynolds number (Re) is essential to
characterize fluid mechanics problems. There is an important con-
ceptual difference between Re and Ry. For many types of flow,
Re depends only on problem parameters: an externally imposed
velocity, a characteristic length, and the kinematic viscosity of the
fluid. On the other hand, Ry depends on the reference temperature
chosen, and the same system can have different Ry assigned
depending on the temperature of interest; for example, whether
the melting temperature or solid-state phase transformations are
the focus of interest.

Another insight presented for the first time is the application of
Churchill–Usagi blending to moving heat sources. Blending enabled
the construction of correction factors to account for deviations from
the asymptotic regime. Two aspects of these correction factors were
unexpected. First, that the correction factors result in accurate cor-
rections even very far from the asymptotic regime, i.e., the correc-
tion factors do not “break down” outside their intended regime.
Empirical correction factors, so common in heat transfer and many
other engineering disciplines, very often are invalid far from the
asymptotic regime. The second unexpected finding about the correc-
tion factors proposed is the very small error resulting from blending
approximations, always below 2%.

The ultimate goal of the estimates and correction factors pre-
sented here is to serve as accurate predictors of actual processes,
in a similar way that moving heat source equations from Ref. [46]
are used in Ref. [28]. In these references, the asymptotic solutions
are modified with empirical correction factors. These empirical
modifications are not based on fundamental analysis, resulting in
two important drawbacks: first, these modifications are valid only
for the materials and processes used in the calibrations, and sec-
ond, the range of parameters for which these calibrations are valid
is not clearly defined.

The formulae proposed here can still differ from reality signifi-
cantly, because the starting point is the Rosenthal model, which
does not consider secondary (but non-negligible) effects such as
finite thickness of substrate, finite size of heat source, variable
materials properties, latent heat of phase change, and the effect of
convection in the molten substrate material. The accuracy of pre-
dictions can be enhanced with additional correction factors, which
are the focus of current efforts. In addition to corrections based on
the balance between conduction and advection (captured by Ry),
practical expressions must also account for other important factors
not captured in Rosenthal’s analysis. A methodology for blending
through multiple dimensionless groups is currently inexistent and
is also the focus of current efforts.

8 Conclusions

This work presents new practical and rigorous expressions for
calculating the width of an isotherm (ymax, Eqs. (21) and (22)) and
its location xmax along the x-axis (Eqs. (26) and (27)). The dimen-
sionless form of these two magnitudes depends only on the Ryka-
lin number, Ry, which is a metric of how fast or slow a heat
source is. The Rykalin number divides all possible solutions in
two regimes: Regime I corresponding to high Ry (“fast” heat sour-
ces) and low Ry (“slow” heat sources). Because Ry depends on a
chosen temperature, moving heat sources cannot be deemed as
intrinsically fast or slow until a temperature of interest is selected.
The expressions proposed have the form of an asymptotic expres-
sion multiplied by a correction factor (Eq. (20) for ymax, and
Eq. (25) for xmax). These expressions coincide with the exact solu-
tion in the asymptotic extremes, and the maximum error anywhere
in the domain is 0.7326% for ymax and 1.9051% for xmax. For
Ry< 20 or Ry> 0.05, the asymptotic expressions alone, without
correction, have an error below 10%. The practical expressions
presented here require much smaller computational effort than
numerical methods, do not present convergence issues, and can be
calculated using a handheld calculator or a basic spreadsheet;
these expressions can also be used to estimate, for example, the
width of a weld, the size of zone affected by the heat source in a
number of processes, or to verify numerical models. The use of
blending techniques is applied for the first time to the study of
moving heat sources, and the results obtained support the applic-
ability of asymptotics and blending techniques to tackle moving
heat source problems.
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Appendix: Derivation of Asymptotic Behaviors

A surface isotherm is the curve y*¼ y*(x*) defined by the
implicit equation T�ðx�; y�; 0Þ ¼ T�c . The maximum width of this
isotherm y�max and its location x�max define the point x�max ¼
ðx�max; y

�
max; 0Þ on the surface. The location of x�max is given by the

condition dy�=dx�jT�¼T�c ;z
�¼0 ¼ 0, plus a negative second deriva-

tive condition which is fulfilled. This condition for the maximum
can also be stated as ð@T�=@x�Þ=ð@T�=@y�Þjx�max

¼ 0, which

implies @T�=@x�jx�max
when the denominator is not zero, which

is also fulfilled. Using Eq. (7), the expression of this last deriva-
tive is

@T�

@x�
¼ � exp �r� � x�ð Þ

r�
x�

r�2
þ x�

r�
þ 1

� �
(A1)

At point x�max, the condition @T�=@x� ¼ 0 implies

x�max

r�2max

þ x�max

r�max

þ 1 ¼ 0 (A2)

Also at point x�max, and keeping in mind that Ry ¼ 1=T�c , Eq. (7)
can be rewritten as

Ry ¼ r�max expðr�max þ x�maxÞ (A3)

Regime I: Ry fi ‘. Replacing the definition of r (Eq. (2)) into
Eq. (A3) yields

Ry! �x�maxI

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

y�2maxI

x�2maxI

s
exp x�maxI

� x�maxI

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

y�2maxI

x�2maxI

s0
@

1
A (A4)

In Regime I, point x�maxI
trails far behind the heat source, thus

r�maxI
!1. In this situation, Eq. (A2) indicates that r�maxI

!
�x�maxI

, and the definition of r indicates that

x�maxI
! � 1

2
y�2maxI

(A5)

Considering that when e! 0;
ffiffiffiffiffiffiffiffiffiffiffi
1þ e
p

! 1þ 1
2
e, Eq. (A4)

becomes

Ry! �x�maxI
1þ 1

x�maxI

 !
exp �x�maxI

� x�maxI
1þ 1

x�maxI

 !" #

(A6)

resulting in

Ry! �ex�maxI
(A7)

Equations (A5) and (A7) yield Eqs. (23) and (18).

Regime II: Ry fi 0. Equation (A3) indicates that when
Ry! 0; r�maxII

! 0. Also, Eq. (A2) indicates that in this condition

x�maxII
! �r�2maxII

. Replacing these trends in a dimensionless form

of Eq. (2), and keeping in mind that x�2maxII
tends to zero faster than

x�maxII
, we obtain

x�maxII
! �y�2maxII

(A8)

In Regime II, when r�maxII
! 0; x�maxII

! 0 and the exponential
in Eq. (A3) then tends to 1. Replacing Eq. (A8) in a dimensionless

form of Eq. (2), and keeping in mind that y�4maxII
tends to zero faster

than y�2maxII
, we obtain

Ry! y�maxII
(A9)

Equations (A8) and (A9) yield Eqs. (24) and (19).
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