
THE KINETiC THEORY Of GASES
!   R E V i E N

WE HAVE ALREADY SEEN THAT PRESSURE EXERTED BY AN
IDEAL GAS IS A CONSEQUENCE OF MULTIPLE COLLISiONS

BY THE MOLECULES AGAINST THE SIDES Of THE CONTAINER.

For I mascort, CONTRiBUTION TO PRESSURE I S

FoR N MOLECULES P = N mux/V (* )

ASSUMING MOTION IS ISOTRORIC → UX = U = U2 = $141?
CAN RECURITE (*) IN TERMS Of THE MEAN (TRANSTATIONAL)
KINETiC ENERGY

BuT PV = nRT = NKT (WITH K= RA = (381x10 5/K)

So THE TOTAL KONETIC VERGI o THE SYSTEM IS
KE = ⅖ NKT

THIS DERIVATION ONLY WORKED WiTH MEAN - SQUARE
VELOCiTIES, NOT ACCOUNTING FOR THE EXPECTATiON
THAT THE MOLECULES WiTH HAVE A DISTRIBUTiON of

VELOCiTIES, COiTH SOME SPEEDINS UP AND SOME
DOWN UPON COLLisiONS.

DESPiTE INDiViDUAL CHANGES, IN EQUILiBRiUM
THE DISTRiBUTION SHOULD BE THE SAME.



27 THE MARCUELL- BOLTZMAN VELOCiTI DESTREBUTION

DENOTE THE VELOCiTI DISTRiBUTION BY FILI (SO FIuIdu
IS THE #PRÉTICLES d HAVINA VELOCiTY BETULEN S ANS L+du)

ри.
CONSIDER COLISION BETUELN TWO PARTiCIES そ も → Иг
IN TIME At, "COLLISIONS BETEEN 2 PARTICLES WITH VELOCiTiES

IN REVERSE PROCESS HAVE COLLiSION BETIOLIN CIRClE OCCURRENA
o F(u;) F(Us) TiMES

FOR EQUILiBRiUM, MUST HAVE F(ur) Figa) = Frui) Frus)
BECAUSE COLISIONS ARE ELASTiC 1U1+ 1U21 = lUil + 14212

WHERE 2 (CONSTANT)
CONSiDER UIX DERiVATIVE :

đux Ln Fiu,) + 2 dux- u x = 0

→ F(u,) = C(air, Uiz) C-auãi
L I K E A I S E CONSIDERING ChIY-AS,I UZ DERIVATiVES, GET

F(u,) = 6 e , 1E, 7 CONSTANTS

Fas 6 4 7 USING MASS 4 ENERGY RELATiONS

1) TOTAL NUMBER OF PARTiCLES I SN =   I S F r y d e   =   F i a   ( d o l u s e d e ) d e
ASSUME FES ISOTROPIC IN (1. I.e. F(u) = Fiu)

N = So 4rrư Ful du = 4TElủe su du
2) TOTAL KINETiC ENERGY I s 를 N K T

= 2mM lo U"Fuldu = 2mm 6 l й e du



6 91 ］   （ c o r T ' g ）
А SIDE NOTE ON INTEGRATING GAUSSIAN FUNCTIONS.

1) LET I - 6
= I ' = (so e " d x / (e -Ydy)

= 5000% dedy

• 声 5• r e d = $56 e-"r"
*/4

d ( r )

⼯

2) Sxex dx = x (xe") dx
= S x d ( z e x * )

So So

3) ≤ x " e d x - Sx*(xe**)dx
•   （ ⽴ e ） ⼀

⼗ ，   受 「 x e
So So x*e-x dx = = (4 f ) = 3 VA cx

GETTING BACK TO OUR FORMULAE:
1) N = 4m 6 l ứ e r u du Хати ЧТЕ і

= 4+62-32 ( 4 7 ) =73287- 3/2

d u = 2mME

= =EM KT
H a c E 8 = N * : 13/2

So F(u) = N 2 KT EXP [- Inc/(KT) ] > CaiTH U = I U I
THIS IS THE MAXCUEL-BOLTIMAN VELOCiTY DISTIBUTION



3 ] BOLTIMANN STATiSTiCS

DECAUSE FIy) IS ISTROPIC IN LI WE FOUND
Fru) cdodo du = 5 4 u Fa) du

SO IT IS CONVENiENT TO DEFINE NIC) = 4 T FLu)
AS THE "SPEED" DISTRiBUTiON. 2 3 4
(BY CONSTRUCTION SNU) dU = N. So PROBABILiTI DISTRACTON IS I Naxa)

FROM MIS WE GET THE FOLLOONS MEASURES OF AVERAGE SPRED:
O MEAN SPEED : U

i = I So a Nas da - 47(2kT/m)
du

1.596 (KT/m) '2

ROOT- MEAN-SQUARE SPLED : Cens 3KT
→ U a n s = （ び ） に = （ 選 ） に こ 1 . 7 3 2 （ k T / m ） に

(SAME RESULT AS EG ON P. 10 or NOTES

3 MOST PROBABLE SPEED : U n

lusun = 0

+ un (- T ) e mum/24T
→ Un = (2KT/m)*2 = 1.414 (KT(m)½

N

1   1 4 2 8 1 . 2 2 5E cans/Um
2 c / u n

SOME VALUES
AT 273K:

H2 1690 mls
He 1210 m/s
H 0
N2

570 mls
450m/s
420m/S



I I
4 ] ENERGETICS

TO DERIVE Frụ) = N

C E REQUIRED N= SIS Fius Idul
AUS TOTAL KINETiC ENERGY ENKT = SI EMIui FIaI Idul
IN WMICH Idul = CiSNO dOdOdu EN SPRERICAL CO-CROÑATES

N O   C O N E D E E   B R E A K D O U N T   X - Y - R   C O O R D R A T E S .
EXPLOITiNG SIMMETRI, CURiTE

* Fiu) = { (27кг) е

SO, TO FEND MEN VALUE Of EX= InC?
SSS FIus Idul s s ( c e

= (5 Emu? (CeTT) dux) (S (CE yAT) duy V(ce taleT) dus)
(S (Ce FAKT) duex) (S (Ce Ey/KT) dur) (S(ce Eali) duz)

= St nui (Ce EAKT) dụx = Em São ui - мск/2кт dux
S (Ce-ExkT ) dux S-ao e-mux/zur dux

= え の （ ） テ ）
(227)-12 (VF)

LIKEWiSE IN Y 9Z F I N D E y ・ t k T , Ez • 2KT

BY EXTENSION, CE CAN CONSIDER ENERGI ASSOCiATED COITH ROTATION
O   M a L c u L s   E - I E ; W E ,   I ; I S   M O M N S   O E   I N U E T A
TheN MeAN ASSOCIATED ROTATiON ABOUT i=1 AXTS IS

Idulldal

=

M E A N ENERGY OF ROTATiON S A M E AS MEAN ENERGY A TRANTATiON
T i e s   C h   A r T R B T r   E N B G Y   （ - N 甲 当 ⼯ 是 L - S   O T E M E



5] MEAN FREE PATH
THIS IS THE AVERAGE DISTANCE TRANEED BI A MOLICULE BETWEEN CORiSiONS.

APPROXIMATE THE MOLECULES BY SPHERES OF RADIOS R. SO A
COLLISION OCCURS I F ONE MOLECULE APPROACHES ANOTHER
COiT CENTRE-TO-CENTRE DISTANCE < 2R

Oricomision
2R E   N O   C O L i S E O N

BETWEEN SUCCESSIVE COLLISIONS, MOLECULE i TRAVELS FREELY
THROUGH DiSTANCES lI, 12, 63,...l DE CADCON AS FREE PATHS)

THE MEAN FRE PATH IS l = ne t li
SUPPOSE ne COLISIONS OCCUR IN TIME t
THEN I l i = u t WHERE I IS MEAN SPEED
THE NUMBER Of COLLiSiONS CAN BE ESTIMATED BY THE NUMBER

OF MOLECULES WiTHIN THE VOLUME SWEPT O U T BY maLCOL

SWEPT OUT VOLUME

So l = a t / n o
= ut / [cut) 4TRI]又 ＝ ［ 4 T R   3 - 1

PV=NKT → l = KT/(4TRP) (k= 1.381 x 10235/K)

ExAmRES: @ AIR AT SEA LEVEL: P~ 1.0010 Pa, T=300K
TAKE R ~ 1,5x10 ' m → l = 1.5 x 10" WHEWR
C o m e R e   W i T   E T E R M E R   S P A C N C :   ( ม ) . ( 4 )   3 5 4 0 ก



5] (CONTd)
IMPROVED CALCULATiON OF MEAN FREE PATH

IN DERIVING FORMULA FOR "COLLISIONS, ME, LUE
ASSUME THAT MONCULE i MOVED INTO A FIELD OF
OTHERCISE STATIONARY MOLECULES. HERE CUE ACCOUNT
FOR MOTiON Of OMER MOLECULES.

LAB FRAME

Tus
FRAME IN CUMiCH MOLECULE

OT RELATIVE VELAS. AS STATIONARY

IN FRAME WITH "j' STATIONARI, 'È APPIDACHES AT RELATIVE VELOCiN
Ur = Vi - 4; . WE WiSH TO FIND THe MEAN Ur = lud.

FOR SIMPLiCITY, SUPPOSE ALL MOLECULES HAVE SAME SPEED, T .
BUT THE ORiENTATiON Ot THE VELOCITY VELTORS
CHANGE. FOR Li AT ANGLE O TO Ui

y s u d e

TrE FRACTiON Of MOLECULES WiTH U; AT ANGLE

= え   s t 8   d e

S a . . Ur (25N0 d0) = U l 5a%) SINO d o
=   a   6 5 1 %   ( 2 5 0 0 % 2   c 0 5 % )   1 8   =. .-= ⅓ й

So "COLLiSiONS IN TiMe t Is R e = ［ （ n t ） T （ 2 2 3 7 4 5》 《 ~ （ a t ） / i c a r t ） . 4 R 分 了 = 弄 ［ 4 i R ” 台 了 ， 部
AN EVEN BETTER CALCULATION ASSUMES U; HAS MAXURRI- BaTEMA DOST
INTEGRATiNG IN CL AS COELL AS O GIVES Ur = 52Ú

→ 8 ＝ 吉 ［ 4 T R S ］ ＝ 京



6] COLLiSiON FREQUENCY

RETURNENG TO OUR SIMPL MODEL Of COLLISiONS, QUE FOLD
ne = (ut) 4TRE NV Is "COLISiONS IN TiME t.

THE COLISION FREQUENCY IS COLLiSIONS PER UNiT TiME :
fc = nelt =

= и , / (SiMPE ESTiMANE

WiE CAN GO ON TO CALCULATE TME FREQUENCY Of
COLLiSIONS OF ALL MONCULES WITHEN A UNIT VOLUME :

IN WHICH ThE & KEEPS US FROM COUNTING EACH COLLiSION TOXiCE

EXAMPLE: FOR AÑR AT SEA LEVEL, FOLND E= 15x 10 M
As I = 0.80 Ur + 0.20 Uoz = 0.80 (450m/s) + 0.20 (420 M/S)

= 444mls
So fc = (444M/S)/(LSx10"n$ = 3.0x10 /COLLiSIONS/SECOND

H z
(BILLIONS OF COLISIONS OF ONE MOLECULE RACH SECONO)

T o n n k ⼥ 。Couisions /m'/SEC IS Fc,Tom = LÜfc • 2 (Er) fe
= 1.2 x 10

THES LAST RESULT CAN BE USED TO ESTIMATE CHEMICAL REACTiON RATES
BETWEEN 2 SPECiES IN A GAS. LET NA 4 NB BE MOLIOLES OF
SPEaRS ARB IN A VOUME V. THEN COLLSTONS BETWHEN ARB /TIMk

BUT REACTiON TAKES PLACE ONLY IF COLLIDINA SBOLECULE HAS ENDUM ENERGT
TO BRLAK BONDS, ETC Of TE OTMER SPICIES, FRACTION af MOLECOLES CUiTA BNARGT Z

AS TIPICALLY OBSERUED:



7] PROBABiLITY Of TRAVELINE A DISTANCE X WITHOUT COLLISION
EXPECT PROBABILITY Of COLLISION TO OCCUR EN DISTANCE X
IS LOX (220, PROPORTIONALTY COUSSNT) i.e. TRAULLONS
TRiCK ME DiSTANCE, DOUBLES TE PROBABiLiTY C COLLiSiON.

So p(x+ dx) = (1 - a dx) pox)
POROB. NO COLLiSiON BEFORR PRUB no corcision

X+ d x AFTER TRAILINTI → 28 No,c o u l l S o
X .

Bur P(x+dx) ~ Pex) + dxde dx
→ pa) → Ee dx • pres - a dx poss

→ px) = 6C-ax

SINCE X IS DISTANCE FROM LAST SULLiSION, EXPELT, PCO) = I<
> pcx) = e - a x

EXPECT a TO BE RELATED TO ThE MEAN FREE PATH l .
DINOR PROBABILITY DISTRiBUTiON BY FoLI: P(X) = Sefas da

→ Pas = a Cax (OFFEND TO SE POSTUR FOR MUL X)
So l = 10x fardx = So axe a dx = 2

SO PROBABiLITY OF TRAVELLENA A DESANCE X WITH NO COLLiSION
DECREASES EXPONENTALLY. TO TRAVEL A DiSTANCE X=l CUMOUT
COUISiON MAS PROBABILiTY l = 0.37.



81 COLLiSIONS WiTH A SON SURFACE

EARLiER CUE CONSIDERRA PARTICES COLLIANT COTH A SMALL AREA LITX
PER U N i T TIME IMAGINING THE PARTICLES HAVE UNiFORM SPEED

AND FOCUSING UPON X-COMPONENT OF VELOCITY.

LET'S DO THIS RIGOUROUSLY ASSUMING CUE KNO THE PROBABILITY
DISTRIBUTION Of DARTICE SALEDS P(U) = M NU) = 4T (2=KT) и

(SER p. 69 oF NOTES).

A) IGNORE INTERMOLECULAR COLLISIONS ("PRiSM" APPOCACH)
CONSiDER A PRISM WITH BASE BEING THE ARLA, A,

AND SIDES TILTED AT ANGES O T O FROM 1 TO A
AND LENGTH USt.
THE VOLUME Of THE PRISM IS A Uot COSO
SO ALL ATOMS MOVENA TOWARD A WITH SERED I ANO ANGUS O 4$
ThAt LiE WiTHEN ThE PRESM WiL STRiVE A IN T e dE.
THE NUMBER Of SOM ATOMS WiTHIN du, do, 4 do of c , 0,8 IS
GIVEN BY NUMBER DUSTY n= NN ANO PROBABILITY DISTREBUTTON

(Audt coso) * 47 Pral savo do do du
So #

⽟ = A a t
= 47

*do [Au dt coso. 4тт= PUISNO

2 T

= = 4 n ú



8J (coNTd)

B) IGNORE INTERMOLCULAR COLISIONS ("CHUNK" APPRCACH)
CONSIDER PARTiCLES WiTH SPEED E AT
A TIME I BEFORE THEY STRiKE TVE AREA.

ATAS

Theo
B r   =   a d t

R a t

ThE NUMBER Of PARTIClES I N ThE

CHUNK OF THE MEMiSPHERICAL SHELL SPANNING REut → u( t+dt)
I S n ( ad t ) (Rdo) (Ravo dp)

FROM THE CHONK'S PERSPECTiVE, THE FRACTION OF PARTiCLES
REACHING A DE THE RATiO Of THE AREA AS 'SEEN BY
The CHonK, Acoso, tO ThE CHUNK

SURFACE AREA Of THE SPHERE OF
RADIUS R : 4TR

FACISO

So THE COLLiSiONS / AREA/ TiME
⾞ = A d t

= a nu (1'" coso swo do)(So de)
조 nù/ , AS BEFORE



8 (CONT'd)
C) ACCONTING FOR INTERMOSCULAR COLLiSIOUS

BEGEN AS IN B), BY CONSiDERENA
A VOLUME ELEMENT A DISTANCE F
FROM THE ARLA : dV = r'siNe drdodo.
Now r IS AN ARBiTRARY DISTANCE (NOT FIXED AS d E )
THE #COLLISIONS/TIME TARINA PLACE WITHON MIS VOUME
Is fesTaAr dV = (inüVe) dV. (sE p. 73 o NOTES)
EACH COLLiSiON INVOLUES 2 PARTICIES. SO PARTICLS/TiME
COMINA FROM dU IMMEDiATELY AFTER A CALISION IS

2 fc,ran dV = ( n u / e ) dV
IME FRACTION dE THESE DIRECTED TOWARD AREA IS( A c o s o / 4 m r x ( n c i / e ) d v (AS IN B) )

Be TrESE ONLY REACH ARIA If THEY DON'T COLiDE AGAIN.
WE HAVE FOUNO THAT THE PROBABiTY OF TRAVELLINE A
DESTANCE M WiTH NO COLLISiON IS C A (EP.74 OFNGES)

So PARTiCES/TIME LEANN dU TONARO A WITHOT COLIDINE AGATU IS
e r i e (Acoso/45r) * (nu/ l) r'savo drooco

SO TOTAL "DARTICLES /AREA/TiME IS

coso savo do) (la do)
= = 4 n 4 , AS BEFCRE !

A T B WORKED 50 WELL BECAUSE AS ONE PARTICLE IS DEFLECTED BY
A COLLISION, ANOTHER MUST TAKE ITS PLACE



79
8] (coNTd)

EXAMPLE: "MISSION TO MARS"
IN THE MOViE MISSION TO MARS, THE SPACESHiP IS PUNCTURES BY
A MICROMETEORITE. THE CREW THEN PANIES TO FIND THE HOLE BEENE
THEY LOSE AlL THEIR AIR, SHOULD THEY PaNIC?
SUPPOSE THE PUNCTURED SPACE MEASURES 3M X 3m X IOM, CONTAININE
AIR AT 20°C. THE HOL HAS RADiUS 0,1MM. HOW LONG BEFORE
190 of ThE AIR Is LOST?

Sor:
THE *MOLECULES LEAVING THE HOLE/TIME IS

d A
d t

~ COUSTAT

SOwTioN: N(t) = No ethe WHERE NO = N(t=0)

WHa 1% of THe AIR IS LOST 0,99= I,=e-t/t
t = t L n （ 0 . 9 9 ）   2 0 . 0 1 7

IT REMAINS TO FIND T !
T= 4(3x3x 10)

П ( 10-4)2 (IT× 28.97× 1673x102,
8 2   1 1 3 8 x 1 0   x   2 9 3

~ 25 x 10' s

SO THE TiME TO LOSE 1% OF AIR IS
t= 0,012 = 25x105 = 2 . 9   D A Y S ）


