
2 EQUATIONS OF STATE

GENERALLY, THE EQUATiON O STATE EXPRESSES THE RELATIONSHiP
BETWEEN PROPERTIES Of A SYSTEM (eq PRESSORE (P),
TEMPERATURE (T), VOLUmE (V) dE DOUSTY (e), SALNiTY (S) ,
MOISTURE CONTENT, etC). THE EQUATiON IS USUALLY
VERY COMPLICATED AND DETERMINED ONLY THROUGH EMPIRICAL
MEASUREMENTS. BUT IT IS STRAIGNTFORWARD FOR AN "IDEAL GAS".

1] THE IDEAL GAS
AS FIRST DETERMINED THROUGH EXPERIMENTS (BOYLE 1662:
P C P , T-CONSTANT; CHARLES 1780: P L F, P-CONSTANT)
THE PRESSORE, VOLUME AND TEMARATURE OF AN "IDEAL GAS"
CiE LOL DENSITY, NO INTERACTiONS WiTH BOLDARiES, etC)
ARE RELATED BY

PV = nRT.
HERE 'n' IS THE NUMBER OF MOLES OT GAS AND'R' IS THE "UNIVERSAL GAS CONSTANT

R = 8.315 J / (ma• K)/
For P I N Pa = N/m', V oN n3ANO TIN KEWON (Nã CELSiOS)
A L T E R N A T E L Y ， D E E N E   ' S P E C I F I C   V O U N E   V =   !   ( E N   M / m o L )
SO O BECOMES

Pr = RT

PHYSICISTS OfTEN CARE MORE ABOUT THE NUMBER OF MOLECULES
N=n*NA, WiTH NA= 6.02 x 10 , AVOGADROS NEMBER (1811)
SO O BECOMES

PV = NKT
I N W H I C H k = R/NA = 1.381 x 10-23J / K IS "BOrMAN'S CONSTANT"



1] (CONTa)
ATMOSPHERIC.SCHENTISTS ALLAYS WORK WITH AIR, COMICH
CONTAINS 78% N2 (MOLAR MASS MA 28g/maL) Aus 21% 02
(MOLAR MASS MoRE 32g/MoL). THE MOLAR MASS Of ATTR
エ S Ma = 0.78 MN + 0.21 Mat = 28.97 9/MoL.
So, DEFONONG THE GAS CONSTANT FOR A I R A S

Ra = MaR = (8.31 J/(ma-kJ/ (28.97 g/na) =287 T/k;K)
I IS RECURITTEN IN TERMS OF DENSITY:

C R T   （ a a m   P ：   n R T - U ） ： 0 A F / ④
I N PARTiCULAR AT LAIM ANO O'C STADIES TEMPERATURE AD PISSEURE: STP)
HAVE AIR DENSITY la = (1.251 kg/n)x 0.78 + 1.429 kg/m) 10.21

=   1 . 2 9 .   k g / m °
[CHEk: P = (1.29 kg/") (287 J/4, K) (273K) =1.01 × 10 Pa! ]

WE CAN RECURiTE D IN TERMS DE SAECiFIC VOLUME
(NOTE: VOLUME MASS, NOT LiKE V IN VOLUME/ MOL):

P 2 = RaT

EG's 0 - 6 INVOLVE 3 VARiABLES. CAN PLOT THÉ FORMULAE
KEEPING ONE OF THE VARIABIES FIXED (MAKINS A CONTOUR PLOT):

"ISOTHERMS" P . T

T - CONSTANT
v, 2, V
"ISOCHORES"

V - CONSTANT

Y

P - CONSTANT

⼯
"ISO BARS"

Ps> P2> P,
T



2] THE MICROSROPIC INTERPRETATION OF PRESSURE FOR A GAS
THE PRESSURE EXERTED BY A GAS ON A WALL IS A CONSEQUENCE
OF THE CHANGE I N MOMENTUM OF GAS MARCULES AS THEY BOUNCE
Off ThE wAlLS

FOR EXAMPLE, CONSIDER A CHABIBER CONTAINING A SINGLE MOLECULE.
AREA A ASSUMING NO ENERG LOSS, THE MOLECULE

WILL BOUNCE FORDER AT SPEED I = MAl WITH

NOU CONSIDER FORCE/AREA OF MOLECULE THAT REPEATROLY BONES OF
ThE RIOTIT WALL Of AREA A. A SINGLE BONCE PRODUCES A LARGE
IMPULSE. THE LONG TIME AVERAGE Of MANY BOUNCES GIVE THE
PRESSURE

IN CHICH WE TAKE At = 24/264 AS THE TIME FOR ONE BOUNCE
AND AUX = UK, FiNAL - UX, INiTIAL = (- Ux) - (+2) = - 2UX IS THE CHANGE
OF HORIZONTAL VELOCiTY I N THES MME.

V I A L IS VOLUME

HENCE PRESSURE IS RELATED TO THE KINETIC ENERGY DENSITY.
NOTE, P INCRASES AS UE: FASTER MOLECULES EXCHANGE
morE MomENTum AND DO SO MORE OFTEN.

ALSO NOTE, TRE RESULT DOS NOT DEPEND UPON THE ASPECT
RATiO, BUT ONLY ON TRE COMBINATION AL=V. SO THE
SAME REASONING APPLIES TO ALL WAUS, COiTH THE

ASSUMPTION THAT, ON AVERAGE, THE VELOCiTY ES ESOTROPIC:
Vx ~ Vy 2 V2.



D
2] (CONT'd)

NOW SUPPOSE WE MAVE N (eg 1023) MOLECULIS, BUT ASSEME
ThEY ARE SO SPARSE MAT MOLECULE-MOLICUL INTERACTiONS ARE

SO INFREQUENT AS TO BE NEGLIGIBLE.
/ AVERAGE OF SOCARE,

SQUARE OF AVERAGE.

1 3 8 1 x 1 2   S k
RECALL THAT THE IDEAL GAS LAL CAN BE CURiTTEN PV = NKT
HENCE
LINGUISE KT = mừy, KT - nuở.

THUS WE CAN RELATE A MOLECULES MEAN KINETIC ENERGY TO
ThE MACROSCOPICALLY OBSERUED TEMPERATURE I

K . ½ m w 2 : ½ 3 ( u a l )   =   ¾ k T
FOR EXAMPLE, AT ROOM TEMPERATURE (T~ 300K)

KT = (138×1023 J/K) (300K) = 4.14 x 10" J
= (4.14×10"5)(16*10-9 J ) = 0.026 eV

SO THE KINETiC ENERGY IS SMALL RELATIVE TO TYPICAL ELECTRIC FORCIS

NONETHELESS, THE MEAN SPEED Of GAS MOLECULES AT ROOm
TEMPERATURE I S QUiTE LARGE. A N ESTiMATE OF THES

SPEED I S G I V E N BY THE "ROOT- MEAN-SQUARE":
V e n s ＝ v = 13kT/m

LCOE WiLL FIND A BETTER ESTiMATE FROM STATiSTiCAL MECHANIES TO BE EKTIM

!!



31 VAN DER WAAL'S EQUATiON FOR A REAl GAS (1873)
THIS EXTENDS THE IDEAL GAS LAW TO ACCOUNT CRUDELY FOR

MOLECULE- MOLECULE INTERACTIONS I N GASES CLOSE TO CONDENSATiON:

(P + aT) (V- bN) = NKT

HERE a a b ARE EMPIRICAL CONSTANTS THAT DEPEND UPON THE GAS INCLETA)
IF dEb=O, CUE RETRiEVE THE IDEAL GAS LAW 3 ON p7.
• ON IS A LOWER BOND ON THE VAUME OF N MaLCULES. SO

b IS ME APPROXIMATE VOLUME OF ONE MOLECULE.
(eg b~ (4Ä) 3 = 6x 10-29,M FOR SMAL MOROS LIKE N2)

• a N'V' IS THE DECREASE IN PRESSURE DUE TO MOLECULES IN
CLOSE PROXIMITY. (THE DOTENTTAL ENERGY OF A MANULE INCREASES

AS THE MeMBER ORUSTY; TOTAL DIE OF NIV; 50 pa-BF) a T)
(eg a = 2:5 eV. A = 4x10"'Jim FoR Ne)

P , "CRiTiCAL POINT"

EXPLICiTLY, P= V-GNI - a T T R A S E N   T

PLOTTID USING ISOTHERMS ON A PV DiAGRAM:
[N - FiXED]

FOR LARGET, PUS V IS MONOTONIC DECREASING. FOR SMALL T,
THE CURVES HAVE A DISTiNCT MiNOMUM. THE TRANSITiON OCCURS

FOR T= TE, THE "CRITICAL TEMPERATURE". ALONG THIS ISOTHERM

dVic = (Ve-bN>3 - 6 aN

So Ve = 36N → KT = 2 7

Tc =27 6x 10-29 1.38x1023 = 143 K
4 × 10-49



12)

IN THE SUBCRiTICAL CASÍ, THERE APPEARS TO BE A PROBLEM: AT

FiXED TETI AND SUFFiCiENTLY SMALL PRESSURE, THE SYSTEM

LOOKS AS エ F ：IT CAN HAVE ONE OF 3 POSSIBLE VOLUMES:
P

→ V

LATER IN THE COURSE WE WILL SEE ALL POINTS ON THE CURDE

ARE "UNSTABLE" BETWEEN VI AND V3. THE SISTEM EVOLUES TOWARD
EQUiLiBRiUM IF VIVeVE SO THAT THE STSTAM AT TEMPERATURE
T AND PRESSORE PO HAS VOLUME VI OR V3. AND PO I S

CONSTRAINED SO THE AREA BETCOLEN VIAVE EGUALS MAT BETWEEN 17V3:

P EQUAL AREAS

P.
V

THE "PU" DIAGRAM DRAUN WiTH MANY ISOTHERMS
ACTUALLY LOOKS LiKE THIS.

T: 1.21.

V/Ve

I N EFFECT, THIS REMEALS THE PHASE CHANGE BETWEEN GAS AND

LIQUID IF THE TEMPERATURE IS SUBCRITICAL :

P GAS AT CRITICAL POINT, GAS A LIQUEA
CP (SOPLACRITICAL

FWID)
ARE INDISTINGUiSHABLE. THE GAS

/APOU IS CALLED A "VAPOUR"I F TITo
H A r D

EVAPORATION

•[SOLIDS)



4] PHASE TRANSFORMATIONS OF PURE SUBSTANCES
IF THE VOLUME OCCUPIED BY N MOLECULES IS SMALL
ENOUCH (ANIS PRESSURE HIGH/ TEMPERATURE LOL) THE
SUBSTANCE SOLIDIFIES: THIS PROCESS IS NOT CAPTURED
BY VAN DER WAALS EQUATION. BUT EXPERIMENTATION
O N MANY SUBSTANCES REVEALS TYPICAL PHASE - CHANGE

BEHAVIOUR O N A "PHASE DIAGRAM":
PVT DIAGRAM P CRiTICAL POINT

GAS
LIgUiD

→ v

AT CRiTICAL POINT,
LIQUID A GAS CO-EXiST.
A TRiPcK POINT,

SOLID, LIGUED A GAS CO- EXIST

T H I S MUCH EASTER
P

TRiPE POINT

TO SEE CUMEN PROJECTED ONTO A PT DiAGRAM
GAS

SOLID
GAS" S U P E C A T U A L   F u )

L T O U D   F U A P e N T e d   C n o E N s I T i a
VAPOUR

SOUD LEGUID

S U B L I M R T T O N VAPOOR

→ 丁
(es CO2,13, H2)DiAGRAM FOR SUBSTANCE ThAT CONTRACIS UPON FRESZENA

( c g   H e o )
SURSTANCE THAT EXPANDS UPON FRUSTRA

SOME NUmBERS:
420 TRIPLE POINT P=0.006 BAR, T= 0.01°C

CRiTiCAL P O I N T P= 221 BAR , T- 374°C
COL TRIPLE POINT P: 5.2 BAR, T= - 56.6°C

CRiTiCAL POINT P = 73.8 BAR, T= 31°C
IT IS BECAUSE THE TRIPLE POINT PRESSURE dE COL I S BREATER

TAN I BAR THAT WE SEE FROZEN COL SUBLIMATE AT ROOM TEMPERATURE TEL

THE LINE BETIDEN VAPOUR AND LIEUT/SOD IS THE "1VAPOR PRESSITA
eg. FOR WATER AT 25°C, THE VAPOR PRESSURE IS 0.03 BAR.

SO WATER WiLL BOIL IF IN A VAGUUM CHAMBER BALLO 0,03 BARR



14)
5 THE EQUATiON Of STATE O SEACUATER

BECAUSE Of THE ELBOW-SHADE Of AN HO MONCULE, ITS
MACROSCOPIC PROPERTiES EXPRESSED THROUG THE EQUATION
OF STATE

1000 0 3 )gIE, QUiTE UNSORT: IT IS MOST DANSE AT 4°C, ABOVE
999.84

F R E E Z I N X   T E M P E C A T U I C E
e= 998.23

TICS [NOT LINEAR SCALE]
0e 4°c 20°c

ACCORDINa TO THE 1980 UNESCO STANDARD, AT P= I AIM DENSITY
VARIES WITH TEMPERATURE ACCORDINA TO L w i n   T w ° ］

Ew = 999.842594 +6.793952x107 - 9.095290x103 T°+...
LSEE SUPPLEMENTARY MATERiAL ON COEB FOR FULL EXPANSION]

IN THE OCEAN, DENSITY CHANGES COiTH SALINITY AS WELL AS TEMPERATURA.
DEFiNE SALiNiTI S TO BE MASS SALT PER MASS SOLVENT. Eg IF

'ppt' MEANS
OF SEAWATER IS ((TS) = PU +S(0.824493-4.0899x107...) +5" -5.724600}.
IN THE ABYSS, ARISSURES GET UP TOO 500 ATM! THIS IS LARdE
ENOUGH TO AFFECT DENSITY:

( (T,S,p) - e(T,S) [ I - * 5e t s ) [ 1 - x T m   K =   ( 9 6 2 . 2 1 1 4 8 4 2 7 5 ( 5 4 0 ) 0 1 2 3 1 0
WHERE P = P-Po, Po= 1 ATM, P IN ATM

YUcK! AND I LETS MOE COMPLAit WHEN ADRON OTHER SALTS IN OCEAN
THE WHOLE THING WAS REVISES IN 2010 UNI "GIBAS FREE ENERGi.
FORTUNATELY, IN MANY CIRCUMSTANCES, A LINEAR APPROXIMATION

SUFFICES: l ~ loLI - X+(T-To) + X5(S-So) + 2p(P-Po) J
AT To = 293K, 56=0ppt, P. = 101.3 kla → lo - 998.23 kg/n3
AND XT = 2.1 x 10"K"' (THIERMAL EXPANSION COEFFICTAT),
26 = 7.4 x 10" p p t , 2p= 4.1 x 10" Pa' (COMPRESSiBIZiTY)



6 EXPANSIVITY AND COMPRESSiBiLiTY
THE EXPRESSIONS FOR THERMAL EXPANSION AND COMPRESSiBiLiTY
DUE TO PRESSURE) EXTEND TO ALL SUBSTANCS I N ANY

PHASE (SOLED - LIQUID - GAS). HERE, RATHER THAN
DANSITY, WE CAST THE PROBLEM IN IUMS Of SPECiFIC
VOLUME, V.

SUPPOSE VEV(T,P).
A LINEAR APPROXIMATION TO V ABOUT GIVEN TEMPERATURE TOAND PRESSURE PO CHANCE GIVEN VO-V(TO,Po) IS

V~ V. [ I + 3(T-To) - X(P-Po)]
→ V-V. = VoB(T-To) - VoX (P-P.)

TAKING THE LIMiT T→TO AUD P→ PO (HANCE V» V.), CoE
W R I T E THIS AS A DIFFERENTiAL

dv = vogdT - voxdP,
I N W H I C H WE NOW RECOGNiZE THE COEFFiCiENTS AS

PARTiAL DERIVATiVES SINCE, FROM O, dv = (7) dT + a v
(бр,) dP.

HENCE TEN EXPANSIVITY ¿ISOTHERMAL COMPRESSiBiLiTY

B= 4(5),
WHERE THE SUBSCRiPTS EMPHASiZE THAT PANDT ARE FIXED WHEN
FINDING B AND X , RESPECTIVELY. Noit, THE DEfiNiTiONS IN O
MEAN THAT V CAN BE MEASURED IN VOWME/MaL OR VauME/Ky (AS WIT2=€)GENREALLY, BAO X CAN THEMSELVES DE FUNCTIONS OF PANATAND MUST BE DETERMINO EMPIRICALLY, BUT THEY CAN BE

FOUND EXPLiCITLY FOR AN IDEAL GAS:
v = RT/P → B = +(3) = * ; x=-+(RT) = $

EXAMPLE: GIVEN 3 = 5.2XIO K' ANO X=7.6x10 " Pa FOR COPPER AROUND 130°C,
THÉ PRESSURE INCREASE REQUIRED TO KEEP THE VOLME FIXED AS THETEMPERATURE RAISES 5:10°C IS AP = EAT = 6.8410 Pa = 680 Am


