
Bimbó: Proof Theory . . .

Solution to exercise 6.4.2.

We give proofs in HS5 for the three formulas.

(1) □(A ⊃ B) ⊃ (□A ⊃ □B)

A ⊢ A B ⊢ B
A ⊃ B,A ⊢ B

(⊃⊢)

□(A ⊃ B),A ⊢ B
(□⊢)

A,□(A ⊃ B) ⊢ B
(C ⊢)

□A,□(A ⊃ B) ⊢ B
(□⊢)

A ⊃ B,□A,□(A ⊃ B) ⊢ B
(K ⊢)

A,A ⊃ B,□A,□(A ⊃ B) ⊢ B
(K ⊢)

□A,□(A ⊃ B) ⊢ □B
□(A ⊃ B) ⊢ □A ⊃ □B

(⊢⊃)

⊢ □(A ⊃ B) ⊃ (□A ⊃ □B)
(⊢⊃)

(⊢□)

(2) □A ⊃ A

A ⊢ A
□A ⊢ A

(□⊢)

⊢ □A ⊃ A
(⊢⊃)

(3) A ⊃ □♢A

A ⊢ A
A ⊢ ♢A (⊢♢)

⊢ ♢A | A ⊢
(split)

⊢ □♢A | A ⊢
(⊢□)|

A ⊢ □♢A | A ⊢ □♢A (K ⊢)|(⊢K)

A ⊢ □♢A
⊢ A ⊃ □♢A (⊢⊃)

(M)


