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Abstract—The dual neural extended Kalman filter is proposed
in this paper to compensate for model inaccuracies and violations
of noise assumption in the extended Kalman filter based multirate
sensor fusion. The dual neural extended Kalman filter employs
two neural networks to improve process state and output pre-
dictions through simultaneous state and parameter estimations
using state vector augmentation. Taking advantage of frequent
but less accurate measurements and infrequent but more accurate
measurements provides a multirate parameter update strategy
for neural networks training in the proposed appraoch. Two
numerical examples and one industrial application demonstrate
the effectiveness of the proposed method to compensate for
inadequate process knowledge to improve multirate sensor fusion
performance.

Index Terms—Sensor fusion, extended Kalman filter, neu-
ral network, multirate measurement, colored noise.

I. INTRODUCTION

The extended Kalman filter (EKF) has been widely applied
to solving multisensor data fusion problems to improve state
estimation accuracy from individual measurements. This algo-
rithm uses the newly received measurements to correct the last
predicted states while considering influence of process noises
during online estimation [1]. In the EKF based sensor fusion
process, fusion accuracy depends on the accuracy of state
and output models that are used to describe system dynamics.
The model inaccuracies need to be compensated during online
operation to prevent inaccurate fusion results [2]. Furthermore,
even though the EKF algorithm handles process randomness
effectively, it assumes that in its state space formulation,
process states and measurements are contaminated by white
noises, and violations of this assumption may cause the EKF
estimates to be inaccurate or even divergent [3], [4].

To address the above problems, much work has been con-
ducted. In [5], the Kalman filter based robust state estimation
was proposed to deal with deterministic errors caused by
measuring instrument failures and sensor accuracy limitations.
However, this method requires to derive error models in
advance, and optimal state estimates are obtained only after
an iterative process. Xu et al. put forward the idea of using
a first-order Gauss-Markov process to compensate for inaccu-
rately modeled accelerations in the Kalman filter based orbit
determination [6]. However, this method is limited to solving
specific orbit determination problems. In [3], the problem of
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colored noise instead of white noise was considered for sensor
fusion using the Kalman filter. The adaptive fuzzy logic system
(AFLS) is applied to prevent the Kalman filter estimates from
diverging. However, this method is not applicable to solving
model inaccuracy problems. Overall, these errors are difficult
to capture using simple linear time-invariant models.

An effective online compensation technique for model in-
accuracies and violations of noise assumption is desirable
to ensure the fusion results to be accurate and reliable. In
[7], a combination of the EKF algorithm and artificial neural
network was proposed as the neural EKF (NEKF) technique
for online model compensation and adjustment. In [8]–[12],
this approach was used for online target tracking, improving
state estimation accuracy, online sensor calibration, and online
modeling. However, the NEKF approach only has either state
or output measurement model compensated by an artificial
neural network but not both, and is divided into state model
compensation NEKF (SNEKF) and measurement model com-
pensation NEKF (MNEKF). The neural networks utilized by
them are named as state model compensation neural network
(SNN) and measurement model compensation neural network
(MNN) accordingly.

However, if both state and output measurement models
have model-plant mismatches, the NEKF approach will be
inadequate. Additionally, the above mentioned noise assump-
tion compensation and model calibration approaches assume
all sensors have the same sampling rate. In reality, online
measurements that are frequently sampled and inexpensive
to obtain, usually lack precision. Infrequent measurements,
such as lab analysis, are commonly employed to provide more
accurate measurements for quality variables.

Xie et al. put forward an adaptive soft sensor in the frame-
work of the Kalman filter to synthesize frequent-sampling
online data and high-accuracy infrequent lab data to provide
more reliable estimation of quality variables [13]. Fusion in
presence of slow-rate integrated measurement was analyzed
in [14] to fuse the lab analysis results of gradually collected
samples and fast-rate online measurements to improve state
estimation accuracy of the process. However, these multirate
sensor fusion approaches have not well investigated the model
inaccuracies during fusion process.

When applying multirate sensor fusion, compensations for
model deficiencies and violations of noise assumption are
desirable as they achieve more robust and reliable real-time
state estimation. To fulfill this objective, in this paper, the
dual NEKF (DNKEF) approach is proposed. The proposed
method uses multirate measurements to compensate for in-
adequate process knowledge through simultaneous state and
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parameter estimations. In the primary separation vessel (PSV)
system, different measurements are used to estimate the froth-
middlings interface level. However, each of them is subject to
estimation errors. Fusion of these measurements is desired to
take advantage of all these sources to provide more accurate
and robust interface level estimation.

The main contribution of this paper is to develop a multirate
sensor data fusion approach, which is tolerant to model
inaccuracies and violations of noise assumption. The weights
and biases of the two employed neural networks are trained
in a multirate strategy. By utilizing infrequent accurate mea-
surements, this proposed approach provides more reliable state
estimation and parameter training than the NEKF algorithm.
In addition to the PSV system, the DNEKF method can be
applied to general system that consists of multiple sensors
and has high-accuracy but possibly slow-rate measurements
to improve quality variable estimation performance.

The organization of this paper is as follows. Section II
introduces the EKF based parallel sensor fusion algorithm.
Section III explains problems caused by model inaccuracies
and violations of noise assumption when applying the EKF
based sensor fusion. Section IV provides a detail description
of the DNEKF approach. In Section V, the DNEKF fusion
technique is applied to two numerical examples as well as
one industrial PSV interface level estimation problem to
demonstrate its advantages over the traditional EKF based
fusion and the NEKF algorithm. Finally, Section VI concludes
this paper.

II. EKF BASED PARALLEL SENSOR FUSION

Measurements from different sensors can be fused in paral-
lel using the Kalman filter algorithm by augmenting the output
vector to provide fusion results for quality variables [15], [16].
Two steps are involved in the Kalman filter algorithm, namely,
prediction and correction. The EKF linearizes the nonlinear
models around the current state to make the linear Kalman
filter applicable [17]. Consider a nonlinear process:

xt = f(xt−1) + wt−1 (1)

yt = h(xt) + vt (2)

where f(·) and h(·) represent the nonlinear state and
output models, respectively, xt is the state, and yt
denotes measurements from different sensors. Process
and measurement noises are denoted as wt and vt, which
are assumed to be zero-mean, uncorrelated, Gaussian white
noises. Their corresponding covariance matrices are Q and R,
respectively. Then the EKF based parallel fusion algorithm is
performed as follows [18].

Prediction:

x̂−t = f(x̂t−1) (3)

P−
t = Ft−1Pt−1F

T
t−1 +Q (4)

where x̂t−1 and x̂−t are posterior and prior estimates of the
state, and Pt−1 and P−

t represent corrected and prior state

estimation error covariance matrices. The Jacobian matrix,
Ft−1, is obtained through linearization of the nonlinear state
model, f(·), at x̂t−1, namely, Ft−1 = ∂f

∂x x̂t−1 .

Correction:

In the correction steps, the Kalman gain is computed
as:

Kt = P−
t H

T
t (HtP

−
t H

T
t +R)−1 (5)

where Ht is the Jacobian matrix representing linearization of
nonlinear output model, h(·), at x̂−t , and it is calculated as
Ht = ∂h

∂x x̂
−
t

. Then the posterior state estimate, x̂t, is obtained
as:

x̂t = x̂−t +Kt(yt − ŷt) (6)

where yt represents actual measurements, and ŷt denotes
model predicted output values, which can be calculated as:

ŷt = h(x̂−t ) (7)

Then the corrected state estimation error covariance is:

Pt = (I −KtHt)P
−
t (8)

During multiple sensor fusion process, each sensor has its
own output measurement model. If m sensors are utilized, then
m output predictions can be obtained as:

ŷt =


ŷ1,t
ŷ2,t

...
ŷm,t

 =


h1(x̂−t )
h2(x̂−t )

...
hm(x̂−t )

 (9)

The corresponding Jacobian matrix, Ht, can be calculated as:

Ht =


∂h1

∂x x̂−
t

∂h2

∂x x̂−
t

...
∂hm

∂x x̂−
t

 (10)

Then the standard EKF procedure can be applied to perform
sensor fusion through matrix augmentation [18].

III. PROBLEM STATEMENT

The EKF algorithm has been widely applied to finding the
fusion criterion in solving multisensor data fusion problems.
The inaccurate process models and noise assumption can de-
grade the accuracy of the EKF estimates. Consider a nonlinear
system in (1) and (2), with slightly different model notations:

xt = ftrue(xt−1) + wt−1 (11)

yt = htrue(xt) + vt (12)

where ftrue(·) and htrue(·) indicate the true process state and
output models. Several reasons can lead to model mismatches.
First, model built based on inadequate process knowledge
may cause large deviations between the model and the actual
process. Besides, process condition changes such as seasonal
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shifts can result in deviation of the current system dynamics
from the previous. Moreover, the EKF algorithm is developed
based on the white noise assumptions in the state space model.
Colored state or measurement noise can lead to inaccurate state
estimation or even divergence [3], [4].

Typically, two types of measurements are utilized in in-
dustrial processes. Comparing with frequent measurements,
infrequent measurements normally have less availability but
have higher accuracy. In Fig. 1, small ticks represent frequent
sampling instants, t, and squares represent infrequent sampling
instants, s. The infrequent measurement, ys, is available at
multiple of frequent sampling intervals. The objective is to
design an online multirate sensor data fusion algorithm that
is tolerant to model inaccuracies and violations of noise
assumption.

Fig. 1. Sampling time strategy for frequent and infrequent measure-
ments.

IV. DNEKF APPROACH FOR MULTIRATE SENSOR DATA
FUSION

A. DNEKF Procedure

The proposed DNEKF approach is an extension of the
NEKF approach, solving multirate sensor fusion problems.
The DNEKF employs both SNN and MNN simultaneously to
improve state estimation and output predictions using multirate
measurements. The violations of noise assumption are also
handled by the proposed approach. As mentioned in Section
III, several reasons can lead to inaccuracies of system models.
The relations between inaccurate predictions and actual values
may be written as:

xt = f(x̂t−1) + dt−1 = x̂−d,t + dt−1 (13)

yt = h(x̂−t ) + lt = ŷd,t + lt (14)

where x̂t−1 and x̂−t are posterior and prior state estimates from
the EKF algorithm, f(·) and h(·) represent inaccurate state
and output models, which result in the inaccurate predictions,
x̂−d,t and ŷd,t, respectively. The deviations between inaccurate
predictions of states and outputs and their corresponding true
values, are denoted as dt and lt, respectively. These deviations
can also include errors caused by violations of noise assump-
tion. To compensate for the inaccuracies, neural networks,
which do not require the pre-defined model structure, are
utilized. After neural network compensations, the modified
predictions become:

x̂−t = f(x̂t−1) +NNx(x̂t−1, φ̂x,t−1) (15)

ŷt = h(x̂−t ) +NNy(x̂−t , φ̂
−
y,t) (16)

where x̂−t and ŷt are the modified state and output predictions;
NNx and NNy are the outputs from SNN and MNN, with

posterior state estimate, x̂t−1, and modified prior state esti-
mate, x̂−t , as their inputs, respectively; φ̂x and φ̂y are weights
and biases of SNN and MNN, respectively. The relations
between modified predictions and actual values are:

xt = x̂−t + εt−1 (17)

yt = ŷt + µt (18)

where εt and µt are the prediction errors between modified
predictions and true values after adding NNx and NNy
compensations. Comparing with x̂−d,t and ŷd,t, the modified
predictions, x̂−t and ŷt, are expected to have smaller differ-
ences from the actual states and measurements as they are
compensated by the neural network models. The structure of
SNN and MNN can be chosen as feed-forward neural networks
with user-defined activation functions.

The DNEKF first uses a SNN to compensate for state
prediction inaccuracy, then uses an MNN to improve frequent
output predictions. To obtain accurate compensated results,
proper weights and biases need to be trained for the two neural
networks. The proposed approach estimates process states and
neural network parameters simultaneously through state vector
augmentation, and updates the weights and biases for the two
neural networks through a multirate strategy.

In the NEKF method, single sampling rate measurement
residuals are used to provide neural network training refer-
ences. However, using the frequent measurement residuals to
train SNN will usually not be reliable and accurate. As afore-
mentioned, the frequent measurements are of lower accuracy
and output models can have significant mismatches. Reducing
the frequent measurement residuals cannot ensure smaller state
prediction errors. Without proper references, the parameters of
SNN cannot converge to correct values, and its predictions will
not be accurate.

In the proposed approach, a multirate parameter update
strategy is proposed to update φx and φy using respective
measurement residuals. Frequent measurement residuals are
used to train MNN parameters, while the training of SNN
is according to infrequent measurements. In the DNEKF, the
state vector is augmented as x̄ =

[
x φx φy

]T
. During on-

line implementation, φy is updated at a frequent sampling rate,
while φx is updated only when the infrequent measurements
arrive. The DNEKF procedure is illustrated in Fig. 2.

Fig. 2. Graphical illustration of the DNKEF approach.

The similar name convention as in [19], [20] is adopted in
this paper, that is, minor instants mean the time instants when
only frequent measurements are available, and major instants
are the time instants when both types of measurements become
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available. In the DNEKF, the neural network parameters, φx
and φy , are treated as states to be estimated, and remain
unchanged in the prediction step. Then the state and output
predictions are obtained as:

ˆ̄x−t =

f(x̂t−1) +NNx(x̂t−1, φ̂x,t−1)

φ̂x,t−1

φ̂y,t−1

 (19)

ŷt = h(x̂−t ) +NNy(x̂−t , φ̂
−
y,t) (20)

where ˆ̄x−t is augmented prior state estimate. As neural network
parameters are not updated in prediction step, φ̂−t = φ̂t−1.

The state estimation error covariance in (4) becomes:

P−
t = F̄t−1Pt−1F̄

T
t−1 +Q (21)

where F̄t−1 is the augmented Jacobian matrix [21]. At minor
instants, for an n-state system, F̄t−1 is calculated as:

F̄t−1 =

∂(f+NNx)
∂x x̂t−1

∂(f+NNx)
∂φx φ̂x,t−1

∂(f+NNx)
∂φy φ̂y,t−1

0 Iφx
0

0 0 Iφy


=

Ft−1 + ∂NNx

∂x x̂t−1

∂NNx

∂φx φ̂x,t−1

∂NNx

∂φy φ̂y,t−1

0 Iφx
0

0 0 Iφy


=

Ft−1 + ∂NNx

∂x x̂t−1
0 0

0 Iφx
0

0 0 Iφy


p×p

(22)

where p = φx + φy + n, and ∂NNx

∂φx φ̂x,t−1
= ∂NNx

∂φy φ̂y,t−1
=

0, since weights and biases of SNN are not updated when
infrequent accurate measurements are unavailable, and SNN
does not contain φy values. Posterior state estimate, x̂t−1, is
used as input to SNN to modify state predictions continuously.

The Kalman gain matrix in (5) is:

Kt = P−
t H̄

T
t (H̄tP

−
t H̄

T
t +R)−1 (23)

where H̄t is the augmented Jacobian matrix. For a system with
m frequent sensors, H̄t is derived as:

H̄t =
[
∂(h+NNy)

∂x x̂−
t

∂(h+NNy)
∂φx φ̂−

x,t

∂(h+NNy)
∂φy φ̂−

y,t

]
=
[
Ht +

∂NNy

∂x x̂−
t

∂NNy

∂φx φ̂−
x,t

∂NNy

∂φy φ̂−
y,t

]
=
[
Ht +

∂NNy

∂x x̂−
t

0
∂NNy

∂φy φ̂−
y,t

]
m×p

(24)

In (24), the derivative of NNy with respect to the weights and
biases of SNN can be computed as:

∂NNy
∂φx

=
∂NNy

∂x̂−t

∂x̂−t
∂φx

=
∂NNy

∂x̂−t

∂(f(x̂t−1) +NNx)

∂φx

=
∂NNy

∂x̂−t

∂NNx
∂φx

(25)

In the correction step, state estimation and estimation error
covariance are updated using following equations:

ˆ̄xt = ˆ̄x−t +Kt(yt − ŷt) (26)

Pt = (I −KtH̄t)P
−
t (27)

where measurement residual, yt − ŷt, is:

yt − ŷt =


y1,t −

(
h1(x̂−t ) +NNy,1(x̂−t , φ̂

−
y,t)
)

y2,t −
(
h2(x̂−t ) +NNy,2(x̂−t , φ̂

−
y,t)
)

...

ym,t −
(
hm(x̂−t ) +NNy,m(x̂−t , φ̂

−
y,t)
)

 (28)

At major instants, infrequent but accurate measurements are
available, and the DNEKF steps are the same as those at minor
instants. However, dimensions and elements for some matrices
are different. The state prediction equation is the same as (19).
While with availability of infrequent measurements, the output
predictions are further augmented as:

ŷt =



ŷ1,t
...

ŷm,t
ŷ1,s

...
ŷn,s


=



h1(x̂−t ) +NNy,1(x̂−t , φ̂
−
y,t)

...
hm(x̂−t ) +NNy,m(x̂−t , φ̂

−
y,t)

x̂−1,s
...

x̂−n,s


(29)

where ŷs is infrequent measurement, and since it is considered
as accurate measurement, ŷs = x̂−s . The Jacobian matrix,
F̄t−1, in (21) becomes:

F̄t−1 =

Ft−1 + ∂NNx

∂x x̂t−1

∂NNx

∂φx φ̂x,t−1
0

0 Iφx
0

0 0 Iφy


p×p

(30)

Furthermore, the Jacobian matrix, H̄t, in (23) is:

H̄t =

[
∂(h+NNy)

∂x x̂−
t

∂(h+NNy)
∂φx φ̂−

x,t

∂(h+NNy)
∂φy φ̂−

y,t

In 0 0

]

=

[
Ht +

∂NNy

∂x x̂−
t

∂NNy

∂φx φ̂−
x,t

∂NNy

∂φy φ̂−
y,t

In 0 0

]
(m+n)×p

(31)

In the correction step, the measurement residual is aug-
mented into:

yt − ŷt =



y1,t − ŷ1,t
...

ym,t − ŷm,t
y1,s − x̂−1,s

...
yn,s − x̂−n,s


(32)

where x̂−s = f(x̂s−1) +NNx(x̂s−1, φ̂x,s−1). The differences
between the infrequent accurate measurement, ys, and the
model predicted state, f(x̂s−1), provide the more accurate
references for NNx, and hence SNN can be trained effectively
using infrequent measurements in the DNEKF procedure.
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B. Model Compensation Neural Network Structure and Output
Computation

Compensation neural networks can be selected as single-
hidden-layer, feed-forward neural networks. Sample neural
network structures for SNN and MNN are illustrated in Fig.
3. Assign nx and ny neurons in the hidden layers of the two
neural networks. The inputs to SNN are the posterior state
estimates from the last time instant, and inputs to MNN are
the modified prior state estimates at current time instant.

Fig. 3. Sample model compensation neural network structures.

Choosing tanh as the activation function of each neuron,
then SNN output value, NNx, can be calculated as [22]:

NNx = tanh
(
W (3)
x · tanh

(
W (2)
x x̂t−1 + b(2)x

)
+ b(3)x

)
(33)

where:

W (2)
x =


w

(2)
1,1 . . . w

(2)
1,n

...
. . .

...
w

(2)
nx,1

. . . w
(2)
nx,n

 ,W (3)
x =


w

(3)
1,1 . . . w

(3)
1,nx

...
. . .

...
w

(3)
n,1 . . . w

(3)
n,nx

 ,

x̂t−1 =

x̂1,t−1

...
x̂n,t−1

 , b(2)x =


b
(2)
1
...
b
(2)
nx

 , b(3)x =


b
(3)
1
...
b
(3)
n


The superscript of weights, w, represents the destination layer
number. The first subscript represents the destination neuron
number, while the second subscript indicates the departure
neuron number [23]. As an example, w(3)

1,2 means this weight
is from the second neuron of the second layer towards the
first neuron of the third layer. The superscript of biases, b,
represents its location layer, and the subscript indicates the
number of neuron where this bias locates.

Similarly, NNy can be computed as:

NNy = tanh
(
W (3)
y · tanh

(
W (2)
y x̂−t + b(2)y

)
+ b(3)y

)
(34)

where:

W (2)
y =


w

(2)
1,1 . . . w

(2)
1,n

...
. . .

...
w

(2)
ny,1

. . . w
(2)
ny,n

 ,W (3)
y =


w

(3)
1,1 . . . w

(3)
1,ny

...
. . .

...
w

(3)
m,1 . . . w

(3)
m,ny

 ,

x̂−t =

x̂
−
1,t
...

x̂−n,t

 , b(2)y =


b
(2)
1
...
b
(2)
ny

 , b(3)y =


b
(3)
1
...
b
(3)
m



V. CASE STUDIES

In this section, the proposed DNEKF approach is evaluated
through two numerical examples and one industrial applica-
tion. In the first numerical example, both state and output
models are inaccurate and are compensated using the DNEKF
approach. In the second numerical example, colored process
and measurement noises are adopted to check compensation
capacity of the proposed method. In the industrial application,
linear time-invariant models are utilized to describe the pro-
cess, and the DNEKF approach is applied for online model
inaccuracy compensation.

A. Numerical Examples

1) Model Inaccuracies Compensation: The key objective of
the DNEKF approach is to compensate for model inaccuracies.
In this example, the true models are unknown, and inaccurate
models are utilized for predictions to test model inaccuracies
compensation ability of the DNEKF. The true state and output
models are given as follows:

xt = ftrue(xt−1) + wt−1

= 3sin2(xt−1) − 5cos(xt−1) + wt−1

(35)

and

yt =

[
h1,true(xt) + v1,t
h2,true(xt) + v2,t

]
=

[
x2t + v1,t

3cos(xt) + v2,t

]
(36)

where wt ∼ N
(
0, 4 × 10−4

)
, and vt ∼ N (0, R) with

R =

 diag
{

1.6 × 10−3, 1.6 × 10−3, 1 × 10−4
}
, major instants

diag
{

1.6 × 10−3, 1.6 × 10−3
}
, minor instants

The inaccurate state and output models are:

x̂−t = f(x̂t−1)

= 2sin2(x̂t−1) − 3cos(x̂t−1)
(37)

and

ŷt =

[
h1(x̂−t )
h2(x̂−t )

]
=

[
2x̂−t

5cos(x̂−t )

]
(38)

Applying DNEKF algorithm, the state predictions are:

ˆ̄x−t =

f(x̂t−1) +NNx(x̂t−1, φ̂x,t−1)

φ̂x,t−1

φ̂y,t−1

 (39)

The output predictions are:

ŷt =

[
h1(x̂−t ) +NNy,1(x̂−t , φ̂

−
y,t)

h2(x̂−t ) +NNy,2(x̂−t , φ̂
−
y,t)

]
(40)

In this case study, tanh is used as the activation function.
For this single-dimension quality variable system with two
frequent measurements, 1-3-1 and 1-3-2 are selected as neural
network structures. The numbers of elements of φx and φy
are 10 and 14, respectively. Then total number of elements
of augmented state vector, x̄, is 25. At major instants, the
Jacobian matrices, F̄t−1 and H̄t, are:

F̄t−1 =

∂f(x̂t−1)
∂x x̂t−1

+ ∂NNx

∂x x̂t−1

∂NNx

∂φx φ̂x,t−1
0

0 Iφx
0

0 0 Iφy


25×25

(41)
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where:

∂f(x̂t−1)

∂x
x̂t−1

= 4sin(x̂t−1)cos(x̂t−1) + 3sin(x̂t−1) (42)

and

H̄t =


∂h1(x̂

−
t )

∂x x̂−
t

+
∂NNy,1

∂x x̂−
t

∂NNy,1

∂φx φ̂−
x,t

∂NNy,1

∂φy φ̂−
y,t

∂h2(x̂
−
t )

∂x x̂−
t

+
∂NNy,2

∂x x̂−
t

∂NNy,2

∂φx φ̂−
x,t

∂NNy,2

∂φy φ̂−
y,t

1 0 0


3×25

(43)

where:
∂h1(x̂−t )

∂x x̂−
t

= 2 (44)

∂h2(x̂−t )

∂x x̂−
t

= −5sin(x̂−t ) (45)

At minor instants, only frequent measurements are avail-
able, and the corresponding Jacobian matrices are:

F̄t−1 =

∂f(x̂t−1)
∂x x̂t−1

+ ∂NNx

∂x x̂t−1
0 0

0 Iφx
0

0 0 Iφy


25×25

(46)

and

H̄t =

∂h1(x̂
−
t )

∂x x̂−
t

+
∂NNy,1

∂x x̂−
t

0
∂NNy,1

∂φy φ̂−
y,t

∂h2(x̂
−
t )

∂x x̂−
t

+
∂NNy,2

∂x x̂−
t

0
∂NNy,2

∂φy φ̂−
y,t


2×25

(47)

To compare performance of the DNEKF fusion and the stan-
dard EKF fusion, the Monte Carlo performance evaluations are
conducted using 10000 simulation runs over 200 frequent sam-
pling intervals, assuming infrequent accurate measurements
are available at every 40 frequent sampling intervals. Resulted
averaged root squared errors of 10000 simulation runs for both
methods are plotted in Fig. 4. At transient time, inaccurate
models and randomly assigned neural network parameters
lead to larger estimation errors for both the standard EKF
algorithm and the proposed DNEKF algorithm. With increase
of time, estimation errors from both methods decrease, and the
proposed approach demonstrates better performance, in terms
of averaged root squared estimation error, with compensation
of model inaccuracies.

Fig. 4. Averaged root squared estimation errors from the standard EKF
fusion and the DNEKF fusion in presence of model inaccuracies.

2) Colored Noises Compensation: In this example, the actual
models are available and colored noise are applied to both
process state and measurements, but white noises are assumed
in the nominal models. Red noise, which has zero mean,
constant variance, and is correlated along time is generated
for simulation using the following equations [24]:

p1 = w1

pt = rpt−1 + (1 − r2)1/2wt
(48)

where wt is Gaussian white noise, r is the correlation between
red noise, pt+1 and pt, and r = 0.6 in this simulation. The
state and output predictions are:

ˆ̄x−t =

ftrue(x̂t−1) +NNx(x̂t−1, φ̂x,t−1)

φ̂x,t−1

φ̂y,t−1

 (49)

and

ŷt =

[
h1,true(x̂

−
t ) +NNy,1(x̂−t , φ̂

−
y,t)

h2,true(x̂
−
t ) +NNy,2(x̂−t , φ̂

−
y,t)

]
(50)

In this example, infrequent accurate measurements are avail-
able at every 50 frequent sampling intervals, and 10000 Monte
Carlo experiments are performed to obtain the averaged root
squared estimation errors, with results illustrated in Fig. 5.
This figure shows that the DNEKF approach yields lower
estimation error than the standard EKF approach, and proves
that even if accurate models are available, violations of noise
assumption will also decrease the EKF fusion performance.
However, the DNEKF approach is able to compensate for
violations of noise assumption and provide more accurate state
estimation.

Fig. 5. Averaged root squared estimation errors from the standard
EKF fusion and the DNEKF fusion in presence of violations of noise
assumption.

B. Industrial Application: PSV Interface Level Estimation

The PSV is used to separate bitumen from oil sands slurry
through a water-based gravity separation process [25]. The
typical cross-section view of PSV is shown in Fig. 6. The oil
sands slurry in PSV is separated into three layers: the froth
layer, middlings layer, and tailings layer. The exact location of
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froth-middlings interface is critical to bitumen recovery rate
control [26]. Common measurement instruments of interface
level are nuclear density profiler, differential pressure (DP)
cell, and an integrated sensor, with same sampling rate as
others.

The profiler uses nuclear technique to detect distinct density
changes in the froth and middlings layers. This measurement
assumes that middlings densities are measured in a continuous
block. In this case, if one of the upper density segments reads
a density with error, the error will be accumulated, and lead
to biases in interface level estimation. DP cell detects the
interface level through pressure measurements in these two
layers. The integrated sensor combines fixed point density
measurements with DP cell pressure measurements to provide
interface level estimation. Both DP cell and integrated sensor
measurements assume fixed densities at top and bottom of the
two layers, which may not be consistent with real situations,
and will lead to estimation errors. In this analysis, these three
measurements are considered as frequent but less accurate
measurements at the same sampling rate.

The image processing based computer vision system, which
relies on a camera mounted on the PSV sight glasses to provide
vision frames to estimate the interface level, is considered to be
the most accurate [27], [28]. However, it suffers from problems
of occasional low-quality sight glasses visions. When sight
glasses visions are unclear or the interface crosses transition
regions between sight glasses, the computer vision system is
not able to provide interface level estimation and will freeze
itself by holding on to the last reliable estimate. As a result,
the computer vision results are considered as more accurate
but infrequent measurements in the PSV system.

Overall, the current measurements used to estimate PSV
froth-middlings interface level are all subject to inaccuracies
due to their intrinsic problems. Fusion of these measurements,
however, takes advantage of all these measurements to increase
the robustness and accuracy of froth-middlings interface level
estimation. In this case study, 500 frequent sampling intervals,
during which the sight glasses visions are clear and computer
vision results are of high accuracy, are used to test fusion
performance of different approaches. Over this period, high-
accuracy computer vision results are assumed to be available
at slower sampling rates. All the analyzed data are collected
from real site operation through open protocol communication
(OPC), and the industrial data have been normalized for
proprietary reason.

Fig. 6. Sample cross-section view of PSV.

In the DNEKF application, 1-3-1 and 1-4-3 structures are
utilized for SNN and MNN, respectively. Linear time-invariant
state and output models, F and H , are used to describe the
process. The number of elements of φx is 10 and that of φy
is 23. After adding one state, total elements of x̄ is 34. The
initial values of φx and φy are random numbers that are close
to zero. The output model is:

H =


[
HDP HIS HP HC

]T
, major instants[

HDP HIS HP

]T
, minor instants

where DP , IS, P , and C represent DP cell, integrated sensor,
profiler, and computer vision system, respectively, and HC =
1. The corresponding measurement noise covariance matrix is:

R =

 diag
{
RDP , RIS , RP , RC

}
, major instants

diag
{
RDP , RIS , RP

}
, minor instants

For comparison, mean squared error (MSE) values from
individual measurements and different fusion approaches are
calculated using high-accuracy computer vision results as
references. The MSE is computed as:

MSE =
1

n

n∑
t=1

(xt − x̂t)
2 (51)

where n is number of frequent sampling intervals. Perfor-
mance of individual measurements and different fusion ap-
praoches in terms of MSE values are presented in Table I. All
the analyzed fusion methods yield lower estimation errors than
individual measurements. For the SNEKF, as aforementioned,
without a reliable reference, its neural network training is not
reliable, hence outputs from the NNx are not able to improve
the fusion performance. The MSE from this fusion method
is higher than that from the EKF fusion. The neural network
training process in the MNEKF is more reliable, and its fusion
accuracy is improved from the EKF method. In terms of
the DNEKF approach, with reliable training process for both
neural networks, its performance outperforms that of the other
three methods, with respect to MSE values. In addition, with
increased availability of infrequent reference measurements,
the DNKEF fusion performance is further improved.

TABLE I
PERFORMANCE COMPARISON FOR INDIVIDUAL MEASUREMENTS AND

DIFFERENT FUSION METHODS WITH RESPECT TO MSE VALUES.

Individual measurements Infrequent sampling intervals MSE

Profiler 2.0007
DP cell N/A 1.9018

Integrated sensor 1.0862

Fusion methods

EKF 0.48129
SNEKF N/A 0.51000
MNEKF 0.46327

250 0.42302
DNEKF 125 0.37454

50 0.34494
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Fig. 8 shows results for the DNKEF fusion with infrequent
measurements available at every 20 frequent sampling inter-
vals, as well as the weights and biases for SNN and MNN. As
can be seen from the middle subplot, the weights and biases for
SNN change every 20 frequent sampling intervals, consistent
with accurate computer vision results availability. As shown in
the bottom subplot, the weights and biases for MNN change
at a frequent sampling rate.

Fig. 7. The DNEKF fusion with infrequent measurements available
at every 20 frequent sampling intervals, and the weights and biases
for SNN and MNN.

Additionally, the proposed DNEKF approach not only is
a standalone algorithm but also can be integrated with the
computer vision system to improve the existing measurement
technique. As shown in Fig. 8, when the interface level in-
creases from the bottom to the middle sight glass, the computer
vision result is stuck at the lower boundary of the middle
sight glass since the camera cannot capture a clear interface
level movement, and warnings are issued. The proposed sensor
fusion approach then shifts from major instants mode into
minor instants mode, and provides dynamic interface level
estimation continuously, resulting in the sensor fusion and
computer vision integrated system.

Fig. 8. Illustration of sensor fusion and computer vision integrated
system when interface level crosses transition region between sight
glasses.

VI. CONCLUSIONS

In this paper, the DNEKF approach for multirate sensor data
fusion is proposed. The DNEKF estimates process states and
neural network parameters simultaneously through state vector
augmentation. While compensating for inadequate process
knowledge, the DNEKF takes advantage of both frequent and
infrequent measurements to update the weights and biases for
MNN and SNN through a multirate strategy to improve the
fusion robustness and accuracy.

The effectiveness of the proposed approach is demonstrated
through two numerical examples and one industrial application
example. The simulation and industrial application results
demonstrate that the proposed DNEKF approach is robust
to model inaccuracies and violations of noise assumption. In
addition, the DNEKF not only is a standalone algorithm but
also is integrated with the existing measurement technique to
improve measurement performance. Besides the PSV system,
the proposed approach can be applied to more general pro-
cesses, in which infrequent but more accurate measurements,
such as lab analysis, are available.
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