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Appendices
EC.1. Matrix Blocks for Model M,

All blocks are square matrices of order m + 1.
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EC.2. Computing 7% and E(?g))
In this section, we discuss the computation of the 7% probabilities (EC.2.1), we discuss the

. =
computation of £ (Yﬁf)) (EC.2.2), and we analyze the computational complexity of computing R ®
(EC.2.3).

EC.2.1. Computing 7@)

7,h
The approach that we explained in Subsection 5.1.1 calculates the elements %, 7=0,....,h and
h=0,...,m—1, one at a time, but it is more efficient to calculate all entries in a column of 8(’3)

simultaneously. If we label the columns of matrix a(i) from 0 to m, then the non-zero elements

of Column A ( é’;%, ey ;LL),I), h=0,...,m—1, are the total probabilities of all acyclic paths from
state (i,7) to state (i +1,h), j=0,...,h, as illustrated in Fig. EC.1. The general equations to
compute Column h, h=0,...,m—1, are:
( EZ);L = guh,
I h>1: G0 = 6,000 =0, h—1,
I h> 10 6070 = Gy 00, b=0,....,h—1, (EC.1)
If h>1: 005" =, 0 a=i+2,....ith+1lb=ith+1—a,
L I6 > 20 005 = 0 4 0 a=i+ 2, i hib=0,... i+ h—a.
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Figure EC.1  Paths from states (¢,7) to state (¢ +1,h), j=0,...,h.
These equations can be solved recursively, starting with the initial condition (55:2 =1

We cannot use equation set (EC.1) for Column m of a(“, because there are infinitely many paths
from state (7,7), j=0,...,m, to state (i 4+ 1,m) due to the possible left and right transitions from

states in Phase m without changing the phase. To calculate ﬁm j=0,...,m—1, we subtract
the probability that a path enters L(i+ 1) but returns to L(i) before visiting state (i + 1,m) from

the probability of a move from L(i) to L(i+ 1), that is:
-]
J.m

EC.2.2. Computing E(?E?)

- m-177 W . _
gm'— = Vi dse §=0,...,m—1, (EC.2)

¢m,m7 .]:m

We follow van Leeuwaarden and Winands (2006) for the computation of E (?S)) with minor
modifications to account for level-dependency. If h < m, then a right excursion from state (i,7),
i >k, that visits state (i+ 1, h) does so only once. At Phase m, however, given that state (i+1,m) is
visited once in a right excursion, the total number of visits to that state is geometrically distributed
with parameter zﬂ_l,m (the probability that the next transition is a departure). Therefore,

) 1, h=0,...,m—1,
E(X)) = { Ui hem (EC.3)

= .
Substituting (EC.3) in (10) results in the following expressions for the non-zero entries of R(:

_>
o Pirin . . .
7;%?—, i=k,....s7=0,... m;h=34,....m—1,
i) i
) = iy (EC.4)
@  Pitim . .
7j7m;j7,Z—k,...,S,j—O,...,m,
@i Vitim

where 7;22” h=0,...,m—1, and 75’7)71 are obtained from (EC.1) and (EC.2).

=
EC.2.3. Computational Complexity of Computing R®

We first derive the complexity of computing matrix ﬁ(i), which is derived by solving equation

set (EC.1). Each equation in (EC.1) corresponds to a state in a right triangle in the state space
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(Fig. EC.1), with h + 1 states on the vertical leg, h 4+ 1 states on the hypotenuse, and a total of
(h+1)(h+2)/2 states. Solving the equation for each of the 2h 4 1 states on the vertical leg or on
the hypotenuse requires one arithmetic operation and solving the equation for each of the other
h(h —1)/2 states requires three operations, for a total of (3h? + h+2)/2 operations to compute
the entries in column h of @, for h=0,...,m — 1. Computing column m using (EC.2) requires
m(m—+ 1) operations. In total, the number of operations needed to compute all non-zero entries in

the matrix ¢ is

m—1
3h:+h 2 3 244m—1
(m+1)+ + +2 m7+m +4m '
2
h=1
Once we have computed a(i), we perform two operations for h=0,...,m — 1 and three operations

for h =m to compute each non-zero entry of the rate matrix RO using (EC.4). The total number
of operations needed to compute RO is, therefore, (m®+4m? + 11m +4)/2.

For comparison, Van Houdt and van Leeuwaarden (2011) developed an algorithm with com-
putational complexity 2m?® to compute super-diagonals of matrix G, which, in turn, is used to
compute matrix R=A,(I—-A; — AOG)fl, for M /G/1-type Markov chains with triangular A,
A, and A, matrices. Finding the main diagonal of G requires a version of Newton’s method that
converges quadratically. The Van Houdt and van Leeuwaarden (2011) algorithm appears to be the
most efficient published algorithm that could be used (with some modifications to accommodate
state-dependent rates) for our model, but our algorithm is more efficient and easier to implement.

Assumption 1 implies that the rate matrices for levels s, s’ +1,... are level-independent, that is,

= =40
RC) =RE+D 1> 1. It follows that one needs to compute a total of s’ — k 4 1 rate matrices R®.

. <—(2 )
EC.3. Computing q(.f})l and E(%,(;))
In this section, we discuss the computation of the <—() - probabilities (EC.3.1), we discuss the

computation of £ ?2) ) (EC.3.2), and we analyze the computatlonal complexity of computing ﬁ(i)
(EC.3.3).

EC.3.1. Computing ?%

Let the lower-triangular matrix ﬁ(i) i=1,...,k, contain elements <_§l,)z Similar to a(i) we develop
systems of linear equations to compute the entries of q( ). If we label the columns of matrix q
from h =0 to h = m, then the non-zero elements of Column h, (g ;L’)h ,?fn)h) are the total
probabilities of all paths from states states (i,h),...,(i,m) to state (i — 1, h).

As an example, Fig. EC.2 shows a directed graph that contains all possible paths from state
(3,3) to state (2,2), assuming k =3 and m = 3. Paths can include loops. For example, paths
(3,3) = (2,3) = (2,2) and (3,3) — (2,3) — (1,3) = (1,2) — (2,2) do not have loops but path



ecd e-companion to Delasay, Ingolfsson, and Kolfal: Modeling Load and Overwork in Queueing Systems

(3,3) = (2,3) = (1,3) — (2,3) — (2,2) loops between states (2,3) and (1,3) once. Denote the
probabilities of an arrival, a departure, and a transition that decreases the overwork by one unit
in state (6,7) € Quere by @ sy = MM+ (s — )y + biaey), 17” =bpij /(A + (s = )i, + bpi;), and
0i;j=(5—0)vi;/ (A4 (s —b)vi; + b, ;), respectively. Entry ¢ 3 2, the total probability of all paths

from (3,3) to (2,2), is obtained by solving the following linear equations with variables 5;}1’}1

) a=
0,1,2,b=2,3 that represent the total probability of all paths from (a,b) to (i+1,h) =(2,2). The

N e e (29
initial condition is 575 = 1:

Figure EC.2  Paths from state (3,3) to state (2,2), k> 3.

qé?’ <E33(5237 503—9003502+ <Z5035137

855 = z23513+80235227 5%5—1#125(2)34‘ ¢125227

073 = V10005 + 10073 + 61,0033, 03 = 9020l

The main diagonal entries of E(i) correspond to the probability of transitioning from (i,h) to
(i—1,h) through a service completion, so ?El)h = w in, h=0,...,m. To compute the entries below
the diagonal, for Column h,h =0,...,m — 1, we begin by solving the following system of linear

equations to obtain the first subdiagonal entry, ?Efil n, With the initial condition 6;:%,’; =1:

—G) §i—Lh
h+1,h — wih-i-l i— 1h+17

i—1,h i—1,h
If@>2 51 1,h+1 — wz 1h+151 2h+1+901 1h+151 1h7

i—1,h i— i—1,h i—1,h o .
If’5>3 6 41 wah+15 1h+1 +§0a h+15a,h + ¢a,h+15a+17h+1a CL—l,...,Z—Q,

1,h 1,h 1,h (EC.5)
Ifi>3:0,,"= ¢ah52_1’,h+ ¢07h5;+1:h7 a=1,...,1—2,
7 e i—1,
8o it = Pons160n " + G 0ne16y 11t
5(2),h1’h =9 O,h‘;;,hl’h-
.. . . i (D) <—(4)
After obtalnlng q h+1 n» the remaining off-diagonal entries of Column h, that is, g j\ 5 4y -5 @ yps

are computed by solving the system of linear equations (EC.6), separately for each entry. We

i—1,h i—1,h
0, y 0;

gy 05 1]

improve computational efficiency by storing the values of the variables found by
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solving for ?gz ( ’

;L and using those values when solving for ?ﬁrl’h. To obtain ?5 Z forj=h+2,....m

)

and h=0,...,m— 2, we solve:
—G) T cim1h
qd;nh= 7/1i,j51‘—1,j )
Ifi>9: §i—bh— R §i—Lh §i—Lh
L2400, 15 = Vi1 i—2j T $Pi=1,j0;_17_1,

. i—1,h i—1,h i—1,h i—1,h o .
£i>3:0,;" =va;jle 1,1 Pajla; 1+ @ajari a=1,...,1=-2,

i—1,h __ i—1,h i—1,h
50,;‘ = 900,1'50,]‘—1 + ¢ 07j51,j .

(EC.6)

EC.3.2. Computing E(ys))

The approach that we explained in EC.2.2 to compute F (?EZ )) does not apply for the computation
of £ (yg)) because of the structural differences between the transitions in Qg;gne and Qpeg. Instead,
we propose an efficient recursive equation for the computation of E (?ﬁf)) by exploiting the fact
that once a left excursion has moved down from a phase, it will not return to that phase. A left
excursion from state (7,7),i < k, might visit (i — 1, h) € Qpren, one or more times, given that it visits
(i —1,h). It does so only once if a downward transition occurs in Phase h before returning to Level
1 and it does so more than once if the excursion loops in Phase h without a downward transition
and then returns to Level 7. Theorem EC.1 provides an efficient recursive equation to compute
E (?Ef)) The efficiency of equation (EC.7) comes from the fact that the solutions for i = k includes
the solution for all Levels i < k. So, we need to solve (EC.7) only once, for i =k, in the whole

process of computing all ﬁ(i) matrices.
THEOREM EC.1. The following equations hold:

EXWy=1, h=o0,...,m,

. 1
EXWy= =1, k:h=0,....m. (EC.7)
1= i1 61 anB(XY)

Proof for Theorem EC.1. When i =1, a left recursion from state (1, j) visits state (0,h), h <7,
then it will do so only once before returning to Level 1 because the next transition after visiting
(0,h) will either be an arrival, which terminates the excursion, or an overwork reduction, with no
possibility of returning to Phase h before returning to Level 1.

For i =2,...,k, if the first transition after first visiting (¢ — 1,h) is an arrival or a downward
transition, then the number of visits to (i — 1, k) during the left excursion will be one, by the same
argument as for the i = 1 case. However, if a left transition (a service completion) occurs with
probability zi—l,m there is a chance that (i — 1,h) is visited again only if whenever (i — 2,h) is
visited, a right transition (an arrival), which occurs with probability Ei_zh, takes the excursion

back to (i — 1,h). The expected number of visits to (i — 2,h), given that it is visited once from



ech e-companion to Delasay, Ingolfsson, and Kolfal: Modeling Load and Overwork in Queueing Systems

(i —1,h), before returning back to (i —1,h), is equal to E y(l 1), which is the expected number
of visits to (¢ —2, h) in a left excursion starting from Level i — 1, given that (i — 2, h) is visited once.

So, we can write the expression for £ (?ﬁf)) as
i — i)\ — PRI 2
E(yg)) =1+ ¢z‘—1,hE(§§z 1)) Gi—2n+ (@Z}iq,hE(y; 1)) o) i72,h) .o (EC.8)

Let G = (Ei_l,hE(Yﬁjf”)?i_M. The right side of (EC.8) is a geometric series, which converges to
1/(1—g) if g <1 and diverges if g > 1. Instead of showing directly that g < 1, we show that the
left side of (EC.8) is finite, which implies that g < 1, and that the right side of (EC.8) reduces to
the right side of (EC.7).

Consider a version of Model M, call it M}, where the downward transitions with rate (s —b)~y;
are removed. Using the same line of reasoning as we used to compute E (Y ) for Phase m, the
total number of visits to state (i — 1, h) in a left excursion in Model M) is geometrically distributed
with expected value 1/ Z’i—l,h- The downward transitions reduce the expected number of visits to
state (i — 1,h) during a left excursion, because a downward transition to Phase h — 1 prevents
any further V1s1ts to state (i —1,h) during the left excursion. Therefore, E( ?(z ) <1/ qﬁ i1 The
quantity 1/(]52;1),1 is finite, because A > 0. Therefore, E ?2) )<o0,9g<1, E ?2) =1/(1—g) as
n (EC.7), and the proof is complete. O

EC.3.3. Computational Complexity of Computing RO

We first derive the computational complexity of computing matrix ﬁ(i) by solving the linear

equation systems (EC.5) and (EC.6). Each diagonal element ?é A Ffj}’m,

requires one operation
for a total of m + 1 operations.
Solving a system of n linear equations in n unknowns by Gaussian elimination requires approx-

imately (2/3)n® operations. The system of linear equations (EC.5) for ?,(fil , has 2¢ unknowns,

63}5’3,...,5:7}’&1,5673’}1, 00 }Z Each system of linear equations (EC.6) for %g ) j=h+
2,...,m, has only i unknowns, 5Z 1h, L0 }Jh, as the other 52;1’}1 values, a =0,...,4 — 1 and
b=h,...,7—1, required to calculate g ; hy J=h+2,...,m, were obtained when solving the equa-

<—(z

tions for Z1.n- Therefore, the total number of operations needed to compute all off-diagonal

entries of Column h, h=0,.. —1,0f q q@ is approximately:

; ((2¢)3 t(m—h— 1)¢3> .

Therefore, the total number of operations to compute all non-zero entries of ﬁ(i) is approximately:
1 1
(m+1)+ ( (m—h-—1 >:5i3m+7i3m2+m+1%7i3m2.
Z )i 3 3

The number of additional operations needed to compute ﬁ(i),i =1,...,k, using (11), are at most
proportional to m?, so the highest order term for the approximate total number of operations

remains °m? /3.
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EC.4. Proof of Theorem 2

As mentioned in Section 5, one can view Model M, as a level-independent QBD process with rate
matrix ﬁ(sl) by considering all states from (0,0) to (s' —1,m) to be boundary states. Assumption
3 guarantees that M is irreducible. Therefore, Model M, is stable if and only if the following
ergodicity condition for level-independent irreducible QBD processes is satisfied (Latouche and

Ramaswami 1999, Theorem 7.2.4):
vA,l <vAL 1, (EC.9)

where the row vector v = (v, ...,v,,) contains the steady-state probabilities of the Markov chain
that corresponds to the generator matrix AGD = Ay + Agsl) +A(25/). The Markov chain correspond-
ing to A6 s a pure birth process with birth rates spuy o,...,Ss m—1, all of which are positive
by Assumption 3. Therefore, the steady-state probability vector v equals (0,...,0,1). When we
substitute v in (EC.9), we obtain A < sps .00

EC.5. Wait Time Distribution When s’ = s

The stationary probability W (z) that a user waits more than  time units before entering service
in a queue that is modelled as a QBD process can be expressed as (Ramaswami and Lucantoni

1985, Theorem 4):

(62)"
!

e (EC.10)

Wi(x)= Z d,e "
n=0
where d,, is the probability that the user waits at least n + 1 epochs of a uniformizing Poisson

process with rate 6 in the stochastically equivalent construction of the QBD process. For Model

M27

0= max —{Ay+ Ags)}jyj =max{sus,},

j=0,...,m J
=0\ 1=
dy =T, (I—R(S)) ROH,e, n=0,1,...,

_)
H,=1, H,.,=H,P,+ R®“H,P,, n=0,1,...,
1

eAgsx

1 s
P1:§(A0+Ag))+la P, =

One can use two approaches to select an upper truncation limit UL for the infinite series (EC.10).

The simpler approach is to set the upper limit equal to (Grassmann 1977, eq. (10))

UL=0x+4V0x+5, (EC.11)

UL

neo € 7 (0z)" /n! is less than 107,

which guarantees that the truncation error 1 —
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The second approach requires more effort. Based on (EC.10), Ramaswami and Lucantoni (1985)

derive the expected wait time in queue as,
W, =67 d,. (EC.12)
n=0

One can gradually increase the upper limit the upper limit UL for both (EC.10) and (EC.12) until
the result of (EC.12) falls within an acceptable tolerance from the exact value for W, obtained

from the closed form solution in Table 1.

EC.6. Input Averaging and Output Averaging

Suppose we view the service rate p in the Erlang C model as a random variable, with a distribution
obtained from the steady-state probabilities for Model M, that is Pr{y = p; ;} = m;; with =
E(p). Then Jensen’s inequality implies that E[f(u)] > f(&) for the set of convex functions f, which
implies that an output-averaging approximation is greater than or equal to an input-averaging
approximation. We show that C(.) and D(.) are convex functions of p, for sufficiently large values
of u to make the system stable.

The delay probability C(.) is an increasing and convex function of p = A\/(su) when s is held
constant (Harel 2010, Proposition 4). The utilization p is convex in u. Therefore, C(.) as a function
of p is a composition of a convex increasing function and a convex function, which implies that
C(.) is convex in p. Grassmann (1983) shows that the average queue length in an Erlang C model
is a convex function of u. Combined with Little’s Law, this result implies that the average delay

D(.) is convex with respect to p.

EC.7. Additional Numerical Results

In the example of Section 6.3, we see that the net effect when the arrival rate increases is that
the weighted average service rate decreases, that is, a slowdown effect (Fig. 13b). In this section,
we perturb the example of Section 6.3 by varying i, to, 3, and us and the boundary lines that
separate Regions 1-4. In both examples, we elevated the horizontal boundary line that separates
Regions 1 and 2 from Regions 3 and 4 from j =1 to j = 35, corresponding to one service completion
per server. We show two experiments where the weighted average service rate increases with the
arrival rate (net speedup) and where the weighted average service rate first increases and then
decreases.

In the first experiment, we set pu; = 0.5, uo =1, pu3 =0.75, and py = 0.45. The state-dependent
model is stable if A < 35 x p3z = 26.25. The fixed-rate models have stability limits of A <
17.5,35,26.25, and 15.75. Figs. EC.3-EC.4 compare the delay probability and the average delay
(logarithmic scale) for Model M, and for the fixed-rate models. We fix the delay probabilities for
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fixed-rate models p; = 0.5 and py = 0.45 to 1 for A values beyond their stability limits in Fig.
EC.3. Fig. EC.4 does not include the fixed-rate models for p; = 0.5 and s = 0.45 as their stability
limits are lower than the stability limit of Model M,. As Fig. EC.6 shows the weighted average
service rate increases with A (net speedup). Figs. EC.7-EC.8 show input and output averaging
approximations for this experiment. Our discussion about input and output averaging in Section
EC.6 about delay probability does not hold for this experiment because when we extend the delay
probability function C(.) to equal 1 for < A/s, then C(.) is not a convex function of p, and g,

and p4 are smaller than A/s for the values of A shown in the figures for this example.

1.00
0.90
0.80

Fixed u=0.45 and 0.5
State-dependent model

y
e
9
=

0.60

State-dependent model_..-""

elay probabilit
Average delay
o

050"~ CHechendemm
Fied p=075 " &5 T
T - S [ X
= _ 0.01 4
20301 e Fixed p=1 T < T —
0204 YL X
---------- 0.001 A
010 ™™ e e ixed p=
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Figure EC.3 State-dependent vs. fixed-rate models: Figure EC.4 State-dependent vs. fixed-rate models:

Delay probability. Average delay.
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0.00 . . X + . 040 . . . . . .
20 21 2 23 24 25 26 20 21 22 23 24 25 26

A

Figure EC.5 Total probabilities of service rate Figure EC.6 Weighted average service rate.

regions.

In the second experiment, we set p; = 0.8, us =1, u3 =0.75, and ps = 0.8. The state-dependent
model is stable if A < 35 x uz = 26.25. Figs. EC.9 and EC.10 compare the delay probability and
the average delay (logarithmic scale) for Model M, and for the fixed-rate models. As Fig. EC.12
shows, the average service rate goes first up and then down with . Figs. EC.13-EC.14 show input

and output averaging approximations for this experiment.
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Figure EC.7 Delay prob. input and output averaging. Figure EC.8 Mean delay input averaging.
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Figure EC.11 Total probabilities of service rate Figure EC.12 Weighted average service rate.

regions.

EC.8. Formulating and Solving Model M;

Let b; =\/(min(i+1,s)p;11),i=0,1,.... Note that for i > s”, b; = byr = A/ (sps) < 1 because of the
stability assumption that A < su,~. The steady-state probabilities satisfy the following recursions:

- "
7ri+1:bi7Ti7 ’LZO,...,S —1,

7TSI/+i:b;//7TS//, 121,2,

The steady-state delay probability C' is:

oo

C:im—i— Z m:im—i—ﬂsuibiu :Zm—f—wsnm.
i=s i=1

i=s""+1 i=s
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Figure EC.13 Delay prob. input and output Figure EC.14 Mean delay input and output

averaging. averaging.

Output: C
Input: A, pig, ..., g, S
Initialization: ¢+ 0,q + 1,C < 0, converge < FALSE
While not converge
If i <s”—1,
1—1+1
b« \/(min(i, s)p;)
q<bq
If i>s then C+C+gq
Normalize: ¥« 1+4¢,q<+ q/%,C+ C/%
Else
Geometric upper tail: ¢<qb/(1—5),C <+ C+q
Normalize: ¥+~ 1+¢q,q<+¢/%,C+ C/%
converge <— TRUE
Return C.

Figure EC.15  Algorithm to compute the delay probability C'(X, u1,. .., s, S).

The steady-state expected queue length is:

//
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= Z i—s)m+ e (s Z bl + T 2 ib', = j_zs(z —s)m + (s —s) . ES/Z;S// + ﬂs”(l—bsl;;ny
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Using Little’s Law, the expected delay, D, is D = Lqg/\. Figs. EC.15 and EC.16 show pseudo code
for algorithms to compute C' and D, respectively.
We solved the nonlinear program for experiments 6.2 and 6.3 using Artelys Knitro (Byrd et al.

2015) on an iMac Retina 5K desktop computer with a 4 GHz Intel i7 processor, 16 GB 1600 MHz
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Output: D

Input: A, pig, ..., g, S
Initialization: ¢ < 0,q + 1, D < 0, converge +— FALSE
While not converge
If i <s”—1,
141+1
b« \/(min(i, s)p;)
q<bgq
If i>s then D+ D+ (i—s)q
Normalize: ¥« 1+4+¢q,q<+q/X, D+ D/%
Else
Geometric upper tail: ¢« ¢b/(1—b),D <+ D+q(s" —s+1/(1-0))
Normalize: ¥« 1+¢q,q<+ ¢/, D+ D/%
converge <— TRUE
D+« D/X
Return D.
Figure EC.16 Algorithm to compute the average delay D(\, 1, ..., g, S).

DDR3 ram, and Windows 7 x64. We set ¢; = e, = e = 107°. We called Knitro from Matlab and we
programmed the algorithms in Figs. EC.15-EC.16 in Matlab. We ran each experiment for different
values of s” (40, 80, 150, 200, 300, and 600). For each s”, we used a multistart strategy, setting the
initial service rates for all states in Model M3 to 0.1, 0.2, 0.3, 0.5, 0.7, 0.9, 1, 1.5, 2, 3, 5, and 6. We
also tried generating starting solutions with service rates randomly drawn from a uniform (e, 10)
distribution, but we found that starting solutions with fixed service rates consistently resulted in
better final solutions. For each experiment, we report the best solution found. The time needed
to solve the nonlinear program with Knitro’s default settings increased from about 1 minute for
s"” =40, to 20 minutes for s” =200, to 2 hours for s” = 600.

In Section 6.4, we presented the results of the nonlinear program for experiments 6.2 and 6.3.
For experiment 6.2, we found a set of optimized service rates that provides good fits for C' and
D by setting s” = 200. For experiment 6.3, the nonlinear program did not provide good fit for D
even when we increased s’ to 600. Fig. EC.17 shows the nonlinear program results for s’ = 40,
which is the smallest s” value that we tried and the worst fit. The results for s” = 600 are presented
in Section 6.4. Fig. EC.18 shows the improvement in the root-mean-square error (RMSE) of the
approximations to C' and D produced by Model Mj in experiment 6.3 for larger values of s”. At
s"” =600, the RMSE plots almost level off.

One issue that we noticed in our experiments is the wide fluctuations and sharp peaks in the
optimized service rates that makes physical interpretation of the service rates implausible. This can

be observed in Fig. EC.17c, for example. For experiment 6.3, we continued to see such fluctuations
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Figure EC.17 Exp. 6.3: Optimizing the one-dimensional Model M3, s” = 40.
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Figure EC.18  Exp. 6.3: RMSE improvement with s”.

(b) Average delay (logarithmic scale)

for s” =200. To investigate whether we could obtain smoother service rates, we added the following

constraints to the nonlinear program of the load and overwork scenario (experiment 6.3) with the

objective function of fitting for D (o =0) and s” = 200:

< —pi<n,  i=1,...,8" 1

These constraints prevent the service rates in two consecutive states from deviating by more than 7.

We experimented with different 7 values to investigate the sensitivity of the objective function and

the service rate fluctuations to n in Figs. EC.19-EC.20. As expected, Fig. EC.19 shows that the fit
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for D improves as 7 increase. It also shows that we can reduce 7 from 5 to 1 to get smoother service
rates without noticeably hurting the objective function. Fig. EC.20 compares service rates for three
n values. For n=1 and 5, we see large fluctuations in service rates ranging from almost 0 to 10,
which makes physical interpretation of the service rates as representing server speed implausible.
It is difficult to believe that servers speed up rapidly when the number of customers in the system
increases to 15 customers and then slow down sharply to the service rates of almost 0 with 25
customers in the system. The plot for 7 = 0.1 shaves off the highest service rate peaks but it comes

at the price of hurting the fit and the objective function.
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Figure EC.19  Exp. 6.3: Effect of » on RMSE. Figure EC.20  Exp. 6.3: Service rate fluctuations.
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