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Abstract

A framework for the assessment of nonlinearity in controlled processes is developed.
Assuming that the process can be represented by a twice differentiable process map, the extent
of nonlinearity is measured by evaluating the induced local curvature of the process response.
The magnitude of this curvature is assessed with respect to an appropriately chosen scaling
region. This approach provides an effective methodology for the development of dimensionless
curvature measures that can be used to characterize and quantify the nonlinear behaviour of
steady-state and dynamic controlled processes. The impact of steady-state curvature on controller
performance is studied using a bioreactor example. A potential application of the measure of
dynamic nonlinearity to chemical processes is demonstrated. First and second order sensitivity
equations of the output with respect to the inputs are used to evaluate the nonlinearity measures
for continuous and batch chemical processes.

Using classical differential geometrical tools, a set of second order identities related to the
invertibility of the nonlinear process are developed. Their geometrical interpretation provides a
fundamental definition and a new interpretation of the RGA. Application of the identities to the
assessment of higher order interaction is shown to be very similar to the analysis of the linear
RGA. Higher interaction tables are constructed to measure the contributions of the nonlinear
terms to interaction in a closed-loop process.

An analysis of exact linearization of control systems by state-feedback and coordinate
transformations is presented. The Gardner and Shadwick (GS) algorithm is used to uncover

obstructions to linearizability of classes of models. This provides a systematic way of choosing



appropriate model forms in process model formulation. Extension of this method to dynamic
feedback linearization of control-affine processes is also considered. A necessary and sufficient
condition for dynamic feedback linearizability of nonlinear control affine systems is developed.
The linearizability conditions are based on a filtering of the Pfaffian system associated with a

nonlinear system that take account of the presence of a specific precompensator.
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Chapter 1

I ntroduction

A weadlth of information currently exists describing nonlinear behaviour of processes such
as continuous stirred tank reactors (CSTRs), distillation columns, evaporators and biotechnol ogical
processes. Nonlinearity in a chemical process may arise from a variety of sources. It may be
due to characteristics of the process such as temperature dependence of reaction rates. It may
also result from process limitations such as valve limits, leading to input saturation (i.e., flowrate
manipulation) or from physical constraints on output variables (e.g., mole fractions of chemical
Species).

Although nonlinearity of chemica processes is widely recognized in mathematical
modelling, design and optimization, chemical process control remains primarily focused on the
use of linear controller design techniques. Linear controllers facilitate the development,
implementation and operation of control strategies. Even though the gains in controller
performance that result from nonlinear control design techniques (e.g. Kravaris and Chung, 1987,
Hoo and Kantor, 1986; Bequette, 1990; McLellan et al., 1990) are undisputed, nonlinear
controller design procedures may often be avoided in practice. The main impediment is the
requirement for mathematical settings that are not easily accessible. Consequently, the loss in
performance that results from the use of alinear control strategy is ignored and nonlinear plants
are usually controlled with some success using linear control strategies. Many applications have

been reported in the chemical engineering literature (see Morari and Zafiriou, 1989) supporting



this approach.

Therelative success of linear control strategies for nonlinear processesis surprising. Since
the development of a linear controller for a nonlinear process necessarily relies on linearization
of that process, its applicability is necessarily of a local nature. This means that reliable
performance of the resulting closed-loop system is assumed only within a potentially small
operating region. Consequently, serious performance loss, and even instability, may result for
processes that deviate beyond that limited range of operation. The reasons for the success of
linear controllers in the presence of significant process nonlinearity remain unclear. Although it
IS possible to design controllers that can provide robust performance in the presence of certain
specific classes of nonlinearities, the robustness of linear controllers to systematic process
nonlinearities is still poorly understood. One reason for this situation is the absence of a
methodology to evaluate nonlinearity in controlled processes. Metrics currently used to evaluate
process nonlinearity do not reflect the nonlinearity of processes subjected to linear controller
strategies.

There aretwo primary considerationsin designing control systemsfor nonlinear processes.
First, the nonlinearity must justify the need for a nonlinear controller. This requires assessment
of the nature and magnitude of the nonlinear behaviour. Secondly, the controller must be able
to compensate for the effects of nonlinearity. This is normally achieved in practice by using
model based approaches that can systematically remove these effects. Predictions of the process
response are used to determine appropriate control action. Alternatively, one can apply
appropriately chosen coordinate transformations to linearize the process exactly. Using this

approach, the linearized process is controlled by application of linear control strategies on the
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transformed inputs and outputs. It is also possible to achieve satisfactory controller performance
by using collections of linear controllers, each applicable to a specific portion of the operating
region. This thesis investigates both of these approaches.

The primary objective of this thesis is to develop a framework for the quantification of
process nonlinearity that is applicable to both steady-state and dynamic control of chemical
processes. A generic assessment of process nonlinearity is developed that can be used to
compare different control strategies for a given process and for different processes.

To achieve this result, it is important to identify the types of nonlinearities considered in
genera terms. Throughout thisthesis, processes are represented by differentiable maps of process
inputs to outputs. It is assumed that each of these process maps can be expressed as a Taylor
series expansion about nominal input values of interest. The nonlinearity of a process is
measured as the departure of actual behaviour from its first order Taylor series approximation,
and it is estimated by evaluating the contribution of the second order terms of the series relative
to the contribution of the first order approximation.

In order to measure the nonlinearity adequately, it is also important to consider the
intended range and direction of process operations. This is to ensure that the measure of
nonlinearity employed must reflect the anticipated variation in process variables on a meaningful
scale. For example, distillation columns typically exhibit moderate nonlinearity. However they
can be modeled and controlled using linear models when operated over small ranges. Since the
nonlinearity cannot be removed by the controller action, the region of operation and the controller
must be chosen such that the effects of the nonlinearity on the closed-loop operation are

attenuated.
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The proposed methodology is presented in Chapters 2, 3 and 4. In Chapter 2, the
framework is developed and applied to the measurement of nonlinearity in steady-state nonlinear
processes. Using ideas first introduced by Bates and Watts (1980) in nonlinear regression
analysis, the interpretation of the nonlinearity measures is enhanced by providing an orthogonal
decomposition that separates the contribution of the nonlinear terms into tangential and normal
effects. It is shown that the local effects of nonlinearity can be removed by developing
coordinate transformations for the tangential and normal parts.

In Chapter 3, a fundamental approach for assessing nonlinear interaction effects and
closed-loop nonlinearity in multivariable processes is presented. This approach is based on a
differential geometric interpretation of the relative gain array, which leads naturally to systematic
procedures for describing higher order interaction effects and for assessing closed-loop
nonlinearity effects in nonlinear processes. Two types of nonlinear effects associated with the
behaviour of a process are introduced. Between channel nonlinearity is associated with the
nonlinear dependence of an output channel on other input-output pairings. Within channel
nonlinearity is used to identify the nonlinear effects that result from the inherent nonlinearity of
an individual output channel. The framework developed in Chapter 2 is used to evaluate the
significance of local nonlinear effects. Nonlinear interaction measures are derived which provide
tools for assessing input-output pairings in a nonlinear process. This approach extends existing
standard techniques and provides an estimate of the effect of nonlinearity on closed-loop
interactions.

In Chapter 4, the methodology developed in Chapter 2 is extended to the measurement

of nonlinearity of dynamic processes using the theory of Fréchet differentiable nonlinear operators
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on linear normed spaces. The main result of this extension is a meaningful scale-independent
measure of dynamic nonlinearity. The size and orientation of process operations are taken into
account to provide an appropriate scaling. This framework is then applied to input-output
processes represented by Volterra series expansions. It is shown that the nonlinearity of such
systems can be measured using first and second order kernels of the functional expansion. In the
more general case, this approach is shown to be equivalent to the solution of a set of ordinary
differential equations that provide first and second order derivatives of the process outputs with
respect to the inputs. Asademonstration, the methodology is applied to measure the nonlinearity
of a chemostat bioreactor and a batch non-isothermal stirred tank reactor.

When a process has been shown to display significant nonlinearity, using methods such
as that presented in Chapters 2, 3 and 4, it is important to provide methodologies to remove its
effects. Although this can be achieved in a number of ways, most successful methods listed in
the literature are based on the use of process models. In this thesis, differential geometrical
control techniques are applied to the study of the problem of exact linearization of nonlinear
systems by state-feedback and state-space. The analysis is based on an exterior calculus method
introduced by Gardner and Shadwick (1992) that can be used to solve the problem of exact
linearization by static state-feedback. This method provides a set of necessary and sufficient
conditions for exact linearizability and an algorithm, called the GS algorithm, that can be used
to calculate linearizing feedback and state-space transformations. More importantly, it gives a
framework for studying the general problem of equivalence of nonlinear systems to linear forms.
Using this algorithm, Atkins and Shadwick (1993) proved the existence of invariant functions that

define, for a class of structurally similar systems, the subclass of linearizable systems. These
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functions are curvature-like entities that act as obstructions to linearizability. Because of their
invariance under feedback and state-space transformations, these functions can be used as purely
geometric outputs that are generic for given classes of system. In this thesis, the GS agorithm
is used to compute these invariant structures for a class of nonisothermal continuous stirred tank
reactors.

Conditionsfor linearizability by static state-feedback are often too restrictive and arerarely
applied in practice. To widen the scope of application of these methods, considerable work has
been done to provide relaxations of these conditions. Exact linearization by dynamic state-
feedback, first introduced by Charlet et al. (1989, 1991), and the associated concept of flatness
of nonlinear systems (Fliess et al., 1994b) have been considered to extend the class of linearizable
systems. Necessary conditions and sufficient conditions for dynamic feedback linearizibility have
been obtained by various researchers (Charlet et al., 1989, 1991; Shadwick, 1991; Sluis, 1993;
Aranda-Bricaire et al., 1995). Inthisthess, the geometric framework developed by Gardner and
Shadwick (1992) is used to develop a new necessary and sufficient condition for dynamic
feedback linearizibility. This exterior calculus setting is shown to provide an effective method
to prove dynamic feedback linearizibility and compute the required feedback and coordinate

transformations.
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CHAPTER 2

Measurement of Nonlinearity
In Chemical Process Control Systems.

The Steady State Map

1. Introduction

Most chemical processes are inherently nonlinear in nature. Nevertheless, they are often
treated using linear analysis and design techniques in order to ssimplify the development,
implementation and operation of a control strategy. However, the extent of nonlinearity in many
chemical processes is such that controller design and analysis methods based on linear process
models may no longer be satisfactory. Nonlinearities may arise from chemical process
characteristics (e.g., Arrhenius rate expressions), input saturation (e.g., valve limits), and output
saturation (physical limits on output variables - e.g., mole fractions). The impact of nonlinearities
on controller stability and performance depends on: (i) the degree of nonlinearity of the process,
(i) the intended range and direction of operation and (iii) the choice of controller. For example,
distillation columns exhibiting moderate nonlinearity, but operated over a small range, may be
adequately modeled and controlled using a linear model, whereas the nonlinear temperature
dependence of reaction kinetics may be of great significance in a reactor operated over a wide
range of conditions such as in batch operation.

Research in nonlinear process control has been very active in recent years (e.g., Bequette,
1991; Kravaris and Kantor, 1990a; McLellan et al., 1990; Nijmeijer and van der Schaft, 1989;
Isidori, 1988) and there is now a wide range of possible control laws using output and state

feedback for output tracking, input-state and input-output linearization, and decoupling control.



These nonlinear control laws frequently require substantial additional effort beyond that required
by linear methods. From a practitioner’s perspective, it is important to be able to assess when a
process is sufficiently nonlinear to justify using a nonlinear control law. The development of
useful measures of nonlinearity is the focus of this study.

Very few results for assessing the degree of process nonlinearity exist in the chemical
engineering literature. Recently, Nikolaou (1993) and Ogunnaike et al. (1993) have proposed
operator-based approaches where the process response to a set of input sequences is anayzed.
The degree of nonlinearity is viewed either as the departure of actual process performance from
an ideal linear approximation (Nikolaou, 1993) or as the change in local gain estimates over the
operating region (Ogunnaike et a., 1993). The operator approach offers limited insight into the
process structure, and specifically which components (e.g., vapour -liquid equilibria, reaction
Kinetics) are responsible for the nonlinearity. The local gain estimate approach suffers from
sensitivity to the choice of perturbation directions. Both these approaches, and the approach
proposed in this study as well, are vulnerable to the effects of process noise.

Koung and MacGregor (1991,1992) studied process nonlinearity by examining the impact
on the singular value decomposition (SVD) of loca steady-state gain matrices. The SVD is used
to obtain a structured description of the uncertainties due to gain mismatch. This mismatch,
which is due to the nonlinearity of the process, is measured by the extent of input and output
rotation observed in the steady-state gain with respect to the nominal plant. Although this method
isuseful for the analysis of bivariate processes, its application to multiple inputs- multiple outputs
(MIMO) systems of greater dimension is difficult.

In this Chapter, we propose an approach for quantifying process nonlinearity using first



and second derivative information. The approach is based on the methodology developed by
Bates and Watts (1980, 1988) in nonlinear least squares regression analysis. The main features
of this approach are decomposition of second order information into tangential and normal
components and calculation of scale independent measures of nonlinearity. This method
guantifies the nonlinearities and identifies their causes. It can also suggest transformations to
remove or reduce these effects.

The methods proposed in the following sections deal specifically with the process steady
state map, and as such, address the problem of gain nonlinearity in open-loop processes.
Extensions to closed-loop and dynamic processes will be described in next two chapters. The
current chapter proceeds as follows. A framework for curvature analysis is first proposed, and
curvature measures are developed. The problem of scaling is addressed by defining an operating
region for the process. The use of curvature arrays for identifying appropriate transformations is
described, and the issue of nonlinearity in prediction and control models is discussed. The
methodology is illustrated using biochemica and evaporator process examples which exhibit a
range of nonlinearities. In particular, we demonstrate how the approach can be used to quantify

geometrical properties of the steady-state map of a nonlinear system.

2. Steady-state Measures of Nonlinearity

The assessment of nonlinearity of a process must take into account the extent of
nonlinearity of both the process and its inverse in order to obtain an appreciation of the potential
effectiveness of predicting and controlling a process using linear techniques. The first aspect of

nonlinearity, called Open-Loop Nonlinearity, describes the nonlinearity of predictions of the



process variables given theinput variables. The second, called Control-Law Nonlinearity, directly
measures the ability to control a process using linear techniques.

In this study, these two aspects of nonlinearity are assessed by analyzing the extent of
nonlinearity of the steady-state process input-output map and its inverse. Although either map
can be used to assess both aspects of nonlinearity, it is clear that the extent of open-loop
nonlinearity is more directly related to the nonlinearity of the input-output map and that control-
law nonlinearity is more directly related to the nonlinearity of the inverse map. In what follows,
we present a framework used to measure the extent of nonlinearity of the process input-output
map. We first consider the input-state relationship, and then show how the framework can be
applied to the input-output map.

Consider an asymptotically stable nonlinear system of the form,

X =f(x,u)
1)
ulR,x OR

where u denotes the process inputs, and X the states. The linear approximation of the system at

a stationary point (x,, Uo) is given by

o o W) Ab) s Bl
X —&(xo,uo)(x X,) m(xo,uo)(u u) =A(x—x,) +B(u-u) 2

Let the pair (A,B) be controllable with A asymptotically stable and rank(B)=P. For the linearized
system, the reachable set from x, with constant controls is Range{B, AB, .., A™B}.
Furthermore, for each constant control there exists afinal state x such that (x-x,)[JRange{ B, AB,

..., A™B} which satisfies the steady-state relationship A(X-x,)+B(u-u,)=0 (note that, naturally,
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x,[JRange{ B, AB, ..., A™'B}). Asymptotic stability of the system implies that as u is changed
slowly in a neighbourhood of u, given by [u-u,[1<d, the states also change slowly and remain
in a small neighbourhood of x, given by [x-x,[l<e where € and & are small strictly positive
numbers. The consequence is that for each u in [u-u,[<d there exists a steady-state x in  [x-
X, Ke. This means that, locally, there exists a matrix D such that (x-x,)=D(u-u,) where (x, u) is
another stationary point of the nonlinear system described by Equation (1). Note that since A
is asymptotically stable and rank{ B} =P, the matrix D is given by -A"B and rank{ D} =P. Let N,
be a neighbourhood of x, for which each of these assumptions holds. It follows that the set of
states belonging to N, reached as t - o depends smoothly on the inputs. Locally, this defines a P-
dimensional submanifold of the state space defined by f(x,u)=0 which is parametrized by the
inputs u. Therefore, in a neighbourhood of a point u,JUORP, there exists a nonlinear map
=:U-N,, which locally defines a P-dimensional manifold in R" denoted by =(U). This surface
will be referred to as the steady-state locus. The measurement of nonlinearity is performed by
analyzing the local geometry of the steady-state locus. Application of the methodology to the
input-output relationship is discussed below.

In what follows, we describe a framework for the analysis of the geometry of the steady-
state locus of the states. The extent of curvature of this open neighbourhood gives a local
assessment of the gain nonlinearity of a process.

The geometry of the steady-state locus can be studied by defining locally a basis for its
tangent and normal spaces. In this study, the geometry is described by considering the first and
second order derivatives of the steady-state map with respect to the inputs. The first order

derivatives, given by

11



span the P-dimensional tangent space of =(u) at a point u,. These N-dimensional vectors, called
velocity vectors, define the steady-state gain matrix V=[v,,..., V,]. The extent of departure from
linearity of =(u) at any point u, is assessed by evaluating the magnitude of the second order
derivatives in this basis.  For this purpose, we define the acceleration vectors as the P> N-
dimensional vectors

P q

and assign them to an N by P(P+1)/2 matrix of non-redundant vectors given by

W= (V1 V15 V50 o Vip oo Vpp)-

Taking the QR decomposition (Bates and Waitts,1988) of the combined matrix [V, W], evaluated

at a prescribed vaue of u, gives

R, A!
[V.W] = QR = [Q/ Q/ Q] o A" )
0 0

where Q is an N by N orthonormal matrix and R is an N by P(P+3)/2 matrix. The first P
columns of Q, denoted by Q,', span the tangent space of the steady state locus at =(u,). The next
P" (€N-P) columns, denoted Q,", span a P" dimensional subspace of the space normal to Q,. The
remaining submatrix, written Q,, comprises an orthonormal basis of P, column vectors spanning
the remainder of the state space. The matrix R is partitioned into a P by P upper triangular

matrix R,, an (N-P) by P submatrix consisting of zeros, and an N by P(P+1)/2 matrix A of
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second order derivatives.

The QR decomposition yields an orthonormal basis of R™ used to decompose higher order
derivatives of the steady-state locus with respect to u into tangential and normal components.
Using the matrix Q we can express W in the new basis by projection onto the columns of Q,
yielding the N by P(P+1)/2 acceleration array A=Q“W. The first P rows of A, denoted by A',
are the projections of W onto the first P columns of Q which span the tangent space to the steady
state locus, and the next P" rows, denoted by A", are the projections of W onto the next P
columns of Q which span the normal space. The last P,(=N-P-P") rows yield, by virtue of the
QR decomposition, a matrix of zeros. This decomposition of the second order derivatives into
tangential and normal components creates a convenient basis for studying various aspects of

nonlinearity. These aspects can be illustrated in the following model of a chemostat bioreactor:

dx, M maxX1%2
= ~KgX TUXy
dt 1+x, +K
X TRiXp

dx Mo XX
c2 o P s,

dt 1+x,+Kx,
where X, and X, are the scaled biomass and substrate concentrations and u,, the input, is the
dilution rate. The model parameters 1S, k, and K, are the specific growth rate, inlet scaled
substrate concentration, death rate and substrate inhibition constant, respectively.
Figure 2.1 shows the steady-state relationship existing betwernand y. The points
indicate the parametrization of the steady-state locus resulting from the inputs. These points are

the image under the steady-state map of evenly spaced points in the input space.
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Figure 2.1 Steady-state locus for the chemostat bioreactor model. Biomass and substrate
concentration are denoted as x1 and x2 respectively.

As expected, the nonlinearity of the input-output relationship causes an uneven spacing
of these points on the steady-state locus. Since this aspect of nonlinearity is related to the change
in magnitude and direction of tangent vectors along the steady-state locus, it is called the
"tangential component” of nonlinearity. The curvature of the steady-state locusin the surrounding

space can also be seen in Figure 2.1. This is related to the change in direction and magnitude
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of normal vectors which lie in the space orthogonal to the tangent space along the steady-state
locus. This is the so-called "normal component” of nonlinearity.

Having decomposed the components of nonlinearity into normal and tangential parts, we
now proceed to define the corresponding measures of nonlinearity.

The curvature experienced along the steady-state locus along a direction e defined in the
input space (i.e.,, dong the line u=u +re) can be expressed as the ratio of the norm of the
associated acceleration vector to the tangential velocity vector (Bates and Watts, 1988). Although
these quantities can be expressed in terms of the original velocity and acceleration vectors, it is
more convenient to express them in terms of their orthogona basis obtained from the QR
decomposition. Multiplying the original quantities by Q” transforms the original velocity and
acceleration vectors into the new basis, preserving the metric on the steady-state locus. The
resulting curvature becomes:

T
le “A e|

2
IRqell

(4)

where A, is an N-dimensional array of P by P matrices obtained from the N by P(P+1)/2 matrix

A. The array A, takes the form

15



110 A0 0 Agpp 11 A e Ayp aip ANz e Anrp

Qo1 Ay o App A1 Ay o Axp hp1 Anpz e Anop
Al- = » s s

\3ip1 &1p2 -+ 3gpp)  \Tp1 Fppp o Fppp anp1 N2 v Anpp) )

where &, is partial derivatives with respect to u, and u, of the i"" coordinate of the rotated state
space. This array can be re-arranged, because of symmetry, into the N by P(P+1)/2 matrix A

written as

A1 Az By e Ap Appp e Appp

A1 p dyp e Ayp App e dopp
A

AN ANtz ANze o Anip Angp o+ Anpp

Pre-multiplication and post-multiplication by e, as expressed in Equation (4), is performed
on each P by P submatrix (also called face) of A,. In what follows, the rearrangement of an N
by P(P+1)/2 matrix, such as A, into an N-dimensional array of P by P matrices will be noted by
the subscript r.

We can separate the tangential and normal contributions to the overall curvature by
evaluating the curvature for the first P and the next P' faces of A,, respectively. Because the
magnitude of the acceleration array depends on the scaling of the problem, it is difficult to
evaluate uniquely the degree of nonlinearity implied by these measures of curvature. Clearly,

scale independent measures of curvature would be more advantageous, and would enable a
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"generic" quantification of nonlinearity to be made for any process.

In what follows, we propose a scale independent measure of nonlinearity similar to the
one proposed by Bates and Watts (1980, 1988), which takes into account the size of the region
of interest in the output space. Such a region of interest will typically be determined by the
desired operating region for the process. A combination of the curvature measures and a notion
of size in the state space yields a convenient and simple way to evaluate the nonlinearity of the

steady-state relationship in a chemical process.

3. Assessing Nonlinearity in Steady-state Relationships

In order to remove the dependence of the curvature on the state variables, we must specify
aregion in the state space where the assessment of nonlinearity is of particular interest. It may
often be possible to define such a region from the extent of variation observed in normal process
operations or from the specifications imposed on the process outputs. In what follows, we
assume that these regions can be appropriately described by €ellipsoidal regions in the state space

of the form

Ax/S'S)Ax = 1 ®)

where S is an invertible matrix and Ax=x-X,, where X, is an output value a the centre of the
region corresponding to u,. This region can be scaled to a sphere by considering a linear change

of coordinates of the form z=SAx and expressing the state region as
7'z =1. (6)

The nonlinearity of the steady-state map can then be assessed in the region of interest by
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evaluating the magnitudes of the second order derivatives expressed in the z-coordinates.

We define the velocity vectors and non-redundant set of acceleration vectors in the z-
coordinates by V=SV and W=SW, respectively, where the overbar ~ indicates that these arrays
have been calculated for the scaled variables. Performing a QR decomposition of the scaled
matrix D=[V,W]=QR yields the acceleration array for the scaled output variables, A=Q“W. Note
that Q and R are partitioned as before.

We then transform u to orthogonal inputs given by
¢ = R(u-uy) = RAu

such that the denominator of Equation (4) |R,aul*=1 for any 6 (an arbitrary direction in the ®-
space) of unit length. Although this transformation is not unique, it proves to be very
advantageous in this case. Such a transformation can be interpreted as removing first order
interaction effects, enabling a clear identification and interpretation of effects due to nonlinearity.

The velocity and acceleration vectors taken with respect to these new inputs are given by
v® - ¥'K = QRK = Q/
and
v® - K/Q¥YK - KAK - C,

respectively, where K=R,™. C, is the "rearranged" relative acceleration array defined for the
region prescribed by the elements of S. In what follows, the overbar ~ will be omitted and it will
be assumed that all arrays are scaled prior to the analysis.

The following example illustrates these calculations.
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Example 2.1
Consider again the two-state, one-input bioreactor model introduced in the preceding
section. Figure 2.2 shows the steady-state locus for this example, with points A, B and C as
steady-state conditions at which the nonlinearity is to be evaluated. Using the parameter values
shown in Table 2.1, the steady-state values for the states and inputs for each point appear in
Table 2.2.
Table 2.1

Parameter values for the bioreactor model in Example 2.1.

Model Parameter Vaue
Mo 0.5 (minY)
S 0.3 (g/L)
Ky 0.05 (minY)
K, 10.0 (L/g)

At each of the three locations we consider a region of interest defined by the scaling

matrix S given by

1 /(10—5)0.5 0
0 1/(5x1074°3]

The diagonal elements &reflect the expected range of operation pRrd %, 0.019+(1¢)*°

and 0.18+(10)°° respectively.
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Table 2.2

Steady-state conditions and tangential and normal components of the relative

curvature array for three points on the steady-state locus for Example 2.1.

Steady-State Uy X;(Uy) X5(Uy) C cC"
A 0.01 0.019821 0.18107 0.24693 0.86733
B 0.016 0.014841 0.23878 0.33423 -0.07604
C 0.005 0.013453 0.15224 0.17643 0.08855

Table 2.2 dso lists the tangential and normal components of the relative curvature array

calculated at each point. For point A, the velocity and acceleration vectors are given by

165.23 -1.0478x10°
303.01 2.3637x10*

[V, ¥] =

Taking a QR decomposition of this matrix yields

-345.13 2.94413x10*
00  1.0331x10°

-0.4788 -0.8880
-0.8880 0.4788

b

from which the acceleration array,

A - [ 2.9413%10*
r - 5
1.0331x10

and the relative acceleration array,
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Figure 2.2 Steady-state locus for the bioreactor model of Example 2.1. The nonlinearity measures
are obtained at points A, B and C on the steady-state locus.

By relating the results listed in Table 2.2 to the plot of the steady-state locusin Figure 2.2,

we can establish the implications of the tangential and normal components. From Figure 2.2 it
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can be seen that the steady-state locus exhibits significant curvature with respect to the
surrounding coordinates at point A, but not at points B and C. The normal components of the
relative acceleration array in Table 2.2 reflect this behaviour as the magnitude of the normal
component at point A is ten times larger than at points B and C. As noted in the preceding
section, equally spaced inputs used to generate the steady-state locus are unevenly spaced on the
locus. This effect tends to be more pronounced at point B. From the results listed in Table 2,
this effect is reflected by alarger value of the tangential component at point B relative the values
at points A and C.

In summary, measures of nonlinearity which are independent of the scaling of the system
can be obtained. For a specified direction in the input space at any point of interest, the
tangential and normal components of the relative curvature can be calculated. The magnitude
of the normal component measures the degree of curvature in the steady-state locus at that point,
while the magnitude of the tangential curvature measures the nonuniformity and nonlinearity of
constant input lines on the steady-state locus at that point.

Although this decomposition of second order effects can be used to characterize many
aspects of nonlinear behaviour of a process, it is desirable to have one unique measure which can
be used by a control engineer as an indicator of the nonlinearity of a process. One overal
measure of tangential and normal curvature can be derived by integrating the squared relative

curvature in a direction 6,

cq = l6°C.0P% (8)

over all possible directions. This yields a mean squared measure of curvature
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2~ 11 3 (o 0paa C)
o = /.2 0C.

where A is the area of the (P-1)-dimensional sphere described by all unit-norm vectors 0 (i.e.

vectors satisfying 6°6=1). Carrying out the integration yields the following result:

22 Y Cy (E cijj] ] (10

where ¢, is the k™ element of the jth row of the i"" face of the relative curvature array C..
Summing over the first P faces gives the tangential mean squared curvature. Correspondingly,
summing over the next P~ faces gives the norma mean squared curvature. Note that the choice
of integrating over a spherical region is arbitrary. It is also possible to obtain mean squared
curvature for arbitrarily shaped regions assuming that the integral can be evaluated.

Figure 2.3 shows how a convenient scale for the root mean squared (RMS) curvature
measures ¢ can be obtained. As discussed in Bates and Watts (1980), the steady-state locus can
be locally approximated by a sphere of radius 1/c. The magnitude of the RM S curvature can then
be related to the extent of deviation between this surface and its tangential approximation at a unit
distance from the point of linearization in the scaled input space z. That is, the deviation is
evaluated at the boundary of the region of interest. The magnitude of the deviation is given by
1/c-(1/c*-1)°°. Thisisreadily compared to the size of the region of interest which is simply unity
in the present setting. The percent deviation from the linear approximation expressed in terms
of the size of the region of interest is then equal to 100(1/c-(1/c*-1)*?). This provides a
convenient scale with which to evaluate the nonlinearity of a process. Table 2.3 gives the percent

deviation as a function of the RMS curvature measure.
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Figure 2.3 Scale for measuring the extent of nonlinearity. The steady-locus is approximated by
a surface of constant curvature 1/c where c is the RMS curvature.

Table 2.3

Scale for measuring nonlinearity based on the RMS curvature.

RMS Curvature %Deviation
0.1 5
0.2 10
0.3 15
04 21

Figure 2.4 shows a scaled diagram of surfaces with varying RM S curvatures ranging from

0to 1.0. Thisdiagram illustrates the degrees of nonlinearity associated with the RM S curvatures.
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Figure 2.4 Scaled diagram of surfaces with varying RMS curvatures.

Using the values in Table 2.3, the nonlinearity of a process can be evauated in the
neighbourhood of a point of interest as a function of the percent deviation from the linear
approximation. As aguideline, a deviation of less than 15%, corresponding to a threshold RMS
curvature value of approximately 0.3, may be considered negligible.

For the two-state, one-input bioreactor model, the tangential and normal RM S curvatures
at point A are 0.24693 and 0.86733, respectively. From the foregoing discussion, only the normal
component is significant in this case. Asobserved in Figure 2.2, the curvature of the steady-state
locus at that point is large with respect to the surrounding space and, as a result, the direction of

the open-loop steady-state gain vector quickly changes in this region. However, the negligible
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tangential curvature indicates that the magnitude of the steady-state gain vector is nearly constant
in thisregion. The implications for control are that linear controllers would perform adequately
in neighbourhoods of points B and C. Controlling about the steady-state point A can be
problematic since the direction of the controller action changes in the prescribed region.

The application of the methodology to a MIMO control problem is illustrated in the
following example.
Example 2.2

Consider the following two-state, two input bioreactor model:

dx, 0.5x,x,
— = ————-0.05x; ~u;x,
dt 1+x,+ 10x22
dx 0.5x.x
=12 5 + (U, —X)uy
dt 1+x,+10x,
Yi = Xp Y2 T %
where x,, X, and u, are as in Example 2.1 and u, is the inlet substrate concentration. The steady-
state conditions of interest for this case are x,=[0.019821, 0.18107] " and u,=[0.01, 0.3]". The

region of interest can be described by the scaling matrix

1
(1x1074%?
N I S
(5x1074)%

This matrix reflects the expected variations in x;, and x, under normal operating conditions.
Figure 2.5 shows the steady-state loci and the superimposed region of interest in the scaled output

space. The straight horizontal dashed lines are constant u, lines and the curved vertical lines are
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constant u, lines. The constant u, lines exhibit significant curvature but there is no apparent
curvature in the constant u, lines. This is supported by the relative curvature matrix which is

given by

[-0.18682 -0.01452]
-0.01452  0.01056 |

[ 0.38787 -0.33791
-0.33791  0.10501 |

The RMS curvature is 0.37492, indicating that, overall, the process exhibits significant
nonlinearity. Inspection of C, shows that the main contributions to nonlinearity are in the second
face which is related to variations in the direction of the steady-state gain vector corresponding
to the scaled orthogonal input @, i.e., in the direction of Q',, the second column vector of the
tangential component of the decomposition. The first diagonal term, 0.38787, demonstrates that
there is significant variation in the gain related to ¢, in the direction of Q',, as @, is varied. That
is, as one moves along Q',,, the magnitude of Q',; changes. Thisindicates that there is significant
arcing of the constant @, linesin the direction of Q',. The off-diagonal term (-0.33791) indicates
that there is significant variation in the gain related to ¢, in the direction of Q',, as @, is varied
(or, alternatively, variation in the gain related to ¢, as @, is varied). This indicates that there is
afanning effect in the Q',, direction of the lines of constant @, as ¢, is varied. Both the fanning
and the arcing are demonstrated in Figure 2.5. It is interesting to note that the Q',, direction is
essentially parallel to the z, axis. Thisindicates that it is more difficult to predict the gain using
a linear approximation when the process moves along the z, axis.

4. Accounting for Nonlinearity

27



Substrate Concentration (x2, g/L)

0.22

\ \ \ \ \ \Stea@x’itate\o&s \
NN N NN N\ N
' NN N N N N N N N N NN
DN N U U W N U U WY \
0.2 N N N NN AN \ \
N\ R VoL | I
AN . . | | | / /
019\ \ \ \ I'(EQ]IUIIUI Irtereyl / / /_ / / /
\ \ [ |/ [ [/
| [ ] / / /7SS /
| [ |/ /[ / /[ [/ [ L
0.18F/ [ ] 7 S S S S S R e
/ [/ /S S [ S L P
g 7 7 77 777 ~
J L L L ~
01777~ >z —
= ,/ —
-~ '/ //
0.16 = - N
0.15 J
0.015 0.02 0.025

Biomass Concentration (x1, g/L)

Figure 2.5 Steady-state |ocus and the region of interest for the model of Example 2.2. Solid lines
show the effect of u, at constant u,. Dashed lines show the effect of u, at constant u,.

Loca curvatures can be used to determine output or state transformations which reduce

the extent of nonlinearity. It is possible to account for the tangential and normal components of

nonlinearity by defining appropriate systems of coordinates in the state space. Tangential

coordinates of the steady-state locus are ssimply given by
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T = Q, z(u) (11)
where, as defined previously, Q,' isthe N by P matrix which contains the first P columns of the
Q matrix. These coordinates are nonlinear functions of the inputs. Note that Equation (11)
implies that the T coordinates are projections of the steady-state locus on the tangent basis defined
a z(uy). They can re-written as nonlinear functions of the orthogonal inputs @ as T =H(¢). The

map H can be approximated by

H(g) = cp%cdcxcp. (12)

where C|, is the tangential part of the relative acceleration array. Intuitively, T coordinates
eliminate tangential curvature since the nonuniformity with respect to the basis a u, is
accommodated.

Similarly, normal coordinates can be obtained. Let G(z) be a P' dimensiona vector
valued function which vanishes as z reaches the steady state locus, i.e. G(z,)=0. This vector
valued function can be used to describe the geometry of the steady-state locus with respect to the
surrounding space. Since G(z)=0 on the steady-state locus z(u), the rate of change of G with

respect to u is zero, i.e,,

[BG BZ]D 0

9z 9u ).,

In a neighbourhood of z,, the rows of the Jacobian of G(z) span the space normal to the tangent

space. As aresult, it can be represented locally by
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Q"
1

where Q," isthe N by P" normal component of Q. Differentiating a second time with respect to

u gives

0z’ 0°G o0z . 0G 0%z

- -ty Z= 7" | =0
du gzaz’ ou 0z duou’

where the notational dependence of G on z has been removed for convenience. Using Equation

(11) and the QR decomposition, this expression can be re-written as

I~ t! 0°G t 0’z

R/Q QR, +Q" =0
P 0zaz! Tt " 9udu’
or
I~t 0°G At no_
R,Q; aZGZ/QlRl +A."=0

in a neighbourhood of z, where A", is the normal part of the acceleration array. Pre-multiplying

by K* and post-multiplying by K yields

v 0°G
Y 97027

Q Q) +C," =0

where C" is the normal part of the relative acceleration array. This gives

0°G
0z0z'’

- -Q/C,"Q!" (13)

Equation (13) is important because it establishes that the normal component of the relative

30



curvature array of the steady-state locus can be obtained from the second order derivatives of
some function of z with respect to z. That is, the presence of normal curvature is attributable to
the need for a nonlinear transformation of the z-coordinates which can be obtained as G(z). The
vector valued function G(z) can be replaced by its second order approximation, thereby ensuring
that, at u,, the normal curvature of the steady-state locus is accounted for in the transformation.
The second order approximation can be expressed in terms of the normal curvature above, leading

to the following coordinates for the state space:
£=6(2) =~ Q"7 - %Z 'Q,/C,"Q,'z (14)

The tangential coordinates representation of the steady-state locus provided by Equation (11) can

be used to express z(u)=Q, " (t(u)). The normal coordinates of the steady locus become
1 I n
E = —51: C "t. (15)

To summarize, the steady-state locus in the (t, &) coordinate system given by Equations (11) and
(15) yields coordinates in which the steady-state locus has zero local tangential and normal
curvature at u,. Asin Hamilton et al. (1982), we separate, in a local fashion, the steady-state
Input-state map into two maps. First, the input space is mapped onto the tangent space to the
steady-state locus by the map ='(u)=Q,'"z(u) defined in Equation (11). We can then combine

Equations (11) and (15) to give an approximation of the steady-state locus in terms of T,

2(t) ~ Q,‘t +%(Q1n)(1:'Crn1:). (16)

It is clear that only the tangential coordinates given by Equation (11) depend explicitly
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on the form of the steady-state dependence on the inputs. As a result, it is the only component
of nonlinearity which can be affected by input transformations of the form u=®(v) wherev isa
transformed input which experiences no tangential curvature. The normal coordinates ¢ for the
steady-state locus given by Equation (15) reflect the intrinsic geometry of the process and can
only be taken into account by nonlinear coordinate transformations and feedback transformations.
To justify these observations let us consider a single input nonlinear system of the form of
Equation (1). Let the linear approximation of the nonlinear system be such that the required
assumptions are fulfilled. Since the (A,B) pair is controllable, there exists a linear change of
coordinates of theform z=[z,, z,, ..., zy]=P(x-X,) that transforms the single input linearized system

to Brunovsky normal form

z, =z,
Zy) = 1,
(17)
gy T Iy
zy = Fz + bu

At steady-state, we impose that, locally, z,=z,=...=z,=0. Consequently, we get
f;z, + blu—uy) =0

The steady-state gain vector of the process at X, is given by

This clearly identifies the output function z, as the tangential, or 1, coordinate of the steady-state
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—3,0,0,...,0]

locus at x, and demonstrates that the variables z,, z,, ..., z, act as norma coordinates. In the
presence of significant nonlinearity, the system may not be transformable to a Brunovsky normal
form. But since the pair {A, B} from the linear approximation is controllable, the Brunovsky
form of the linear system remains. The normal nonlinearity displayed by the system at steady-
state in a neighbourhood of X, can be expressed as controller mismatch terms for the linear
approximation. The transformation of the linear system into a Brunovsky form simplifies the
computation of these terms.

As described above, z, is taken as an appropriate choice of tangential coordinate (1) for
the steady-state locus. According to Equation (16), the norma nonlinearity displayed by the

nonlinear system at steady-state is given by

000 ..0

2, (1) 100...0an2

z, 0 010..0 1
. t ]. 1. /o~ ]_
= + — C = 1.0z + Z|-
Qir + @I = -1z, + 5

. . n 2

2y 0 IR NV

000 ..1

where ¢, are the elements of the normal component of the relative acceleration array. Note that
1=z, is ill due to the Brunovsky normal form of the linearized system.
In a neighbourhood of the steady-state locus, the underlying system must such that

Equation (16) holds. The following approximation of the original nonlinear system results in
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a neighbourhood of the steady-state locus with slowly changing inputs

1

7, = z,-—clz?
1~ f Stk
2

1

P _ n_2
Z2 = Z3 Ec2lzl

. _ _ n 2
In1 T Iy EC(N—1)121

Fz + Gu

N-
I

It is readily seen that the steady-state behaviour of this system yields the expressions derived
from Equation (16). The norma component of curvature enters the process as a mismatch term
that can only be taken into account by nonlinear changes of coordinates and nonlinear state-
feedback.

In addition, when significant tangential nonlinearity exists, the tangential component must

be approximated by
. - 1 ~t
T=2z =¢+—¢Co
2
where

¢ = —fﬂ(u ~Up)-

11

Substituting in the last differential equation of Equation (17) gives



. 1
7y = Fz - f,0 - 5f11<b’Cf¢.

This demonstrates that the tangential component can be removed by introducing a nonlinear input
transformation or a nonlinear state-feedback transformation.

In situations where there is incomplete knowledge of the state space, appreciation of
process behaviour is usualy restricted to the measured variables. Clearly, there is no specific
need to restrict the preceding analysis to the input-state map. All that is required for the
application of the framework in the present form is the existence of an injective map from the
space of the inputs to the space of the measured variables. Injectivity is required to avoid input
multiplicities in the region of interest, such that any steady-state point in this region leads to a
unique set of velocity and acceleration vectors. Because injectivity may constitute a serious
restriction in a number of situations, the framework must be adapted to account for this problem.

In what follows, we will consider the application of this methodology to the study of the
input-output steady-state relationship. In particular, we highlight a simple modification of the

framework that alleviates the injectivity restriction.

5. Application to the Input-output Relationship

Note that specific output functions can be incorporated into this framework. To see this,

y = h(x) (18)

denote an output function, where yORY.  Let the Jacobian matrix dh(x)/dx have rank M in a

neighbourhood X OR" of x,. Assume that the state velocity matrix =/du evaluated at u, has rank
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P everywhere on XnN, and is such that the input-output gain matrix
K(Xo,Ug)=[(0h(x)/0x)(0=/0u)],, ., has constant rank P on XN, then the steady-state input-output
map U-h(XnN,) islocally injective. Under these assumptions, we can view thelocal steady-state
input-output relationship as a smooth injective map from an open neighbourhood of u, in the
input space to an open neighbourhood of h(=(u,)) in the output space. This ensures that the
variation of the input leads to a unique measure of nonlinearity on a given neighbourhood of X, .
As a result, the framework can be directly applied by considering only the dependence of the
inputs on the outputs.

If k(x,,u) does not have constant rank as u is varied in a neighbourhood of x,, application
of the methodology in neighbourhoods of the singular points yields infinite curvature measures.
In order to account for this problem, we apply the methodology to the process steady-state graph
rather than the steady-state locus in the output space.

The process graph in a neighbourhood U of a point pOR" is viewed as a map

r:UOR"- YxUO R"xR" of the form

I () - (g(u))

u

whereg(u) denotes the gain matrix in a small neighbourhoo#,ofThis alleviates difficulties
encountered in rank deficient cases by unfolding the input-output steady-state locus. The
methodology can be applied in a straightforward manner to analyze the local geometry of the
process graph and measure the nonlinearity of thefmapa neighbourhood of a steady-state

valueu,. We note that this requires scaling in the input and output space simultaneously.
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6. Assessment of Control-law Nonlinearity

The analysis performed above was primarily concerned with direct assessment of open-
loop nonlinearity by analysis of the process input-state map. However, it is also possible to get
a sense of the extent of control-law nonlinearity from this analysis by considering the following.
For a linear system, the steady-state gain is constant everywhere and the region of interest

described by z“z=1 is mapped to an ellipsoidal hypersurface in the input space given by

AuivAu = 1 (19)

which can be written in the ¢@-space as

oo =1.
For a nonlinear system, similar regions can be constructed by solving z(u)“z(u)=1 for the inputs
u. Because of the nonlinearity of the process, this gives rise to distorted elipsoids in the input
space. The extent of distortion is directly related to the degree of nonlinearity of the inverse map
or, aternatively, to the extent of control-law nonlinearity. We can therefore get an appreciation
of control-law nonlinearity using this approach.

Equations (11) and (15) can be used to derive an approximation of the model inverse to
predict the change in input required to achieve a given point in the output space belonging to
a neighbourhood of the point of linearization. Such inverses have been derived by Bates and
Watts (1981) and Hamilton et al. (1982) to construct improved parameter inference regions for
nonlinear regression models. Their analysis is similar in construction to the case where M=P.

If N>P, then =(U) is an immersion of U to R". One possibility would be to consider the

inverse function, u=H(t,&), where T and & are the tangential and normal coordinates defined by
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Equations (11) and (15), respectively. If we assume that the norma component displays
negligible nonlinearity, we can let =0 and consider the map u=H(t). The first order derivatives
of u with respect to T are given by

t’az\+

' on) R' =K (20)

du _duge
Jt ale kQ

where Q' and R, are the tangential components from the QR decomposition of the matrix 8z/du,
and the superscript * denotes the generalized matrix inverse. Assuming that the matrix Q,' does
not vary as z is varied (which is true locally), the second order derivatives are given by

Fu
dtot’

= -K)K'AK) = -(K)C, (21)

where A' and C' are the tangential components of the acceleration array and the relative
acceleration array, respectively, for the steady-state input-state map. The problem with this
approach is that the assumption that Q,' does not vary as z is varied may often be a very poor
one. As aresult, the inverse calculated from Equations (20) and (21) may be unreliable. Only
approximate second-order information about the inverse process map can be obtained from the
analysis of the input-state map. Therefore, the extent of control-law nonlinearity cannot be
directly assessed by studying the input-state map only. The processinverse map, N:YORY - UCR?,
must be analyzed directly.

To do this, we can repeat the analysis by using derivatives of the inputs with respect to
the state space,or output space, to obtain an assessment of the nonlinearity of the inverse map.
We first define a region of interest in the input space and use the size of this region to define a

scaling matrix to give scaled inputs
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The required derivatives are then given by

. ow@)
oz
for the velocity vectors and
. w(z)
ozoz'

for the acceleration vectors. We can then proceed to perform the QR decomposition of the

velocity and non-redundant acceleration vectors as

I{li lsit
[E, Figs Frpp Fro oo Fypo s Tp] = [QuilQuilQu) 0 AP (22)
0 0
which gives the acceleration array
t nT.. . . " .
A; = {Qli |Q1i] [Fr1o Fras Fags s Py +oes Ty (23)
and the relative acceleration array
C, - K/A K, (24)

where K,=R,;*. The subscript i indicates that these values have been calculated from the inverse
map. The RMS curvatures can then be defined as in Equations (8), (9) and (10). This analysis
gives a direct assessment of control-law nonlinearity but it also yields an appreciation of open-

loop nonlinearity. The nonlinearity of the input-output map creates distortion in regions in the
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output space given by

w(z)'w(z) = 1
which are élipsoidal in the input space. When the extent of nonlinearity is negligible, these
regions can be approximated by
Az'(@)/(@)m - 1. (25)
oz )\ dz
Compensation of nonlinear effects can also be performed as described in the previous

section. We can define tangential coordinates as

T, = Qhw (26)
and normal coordinates as
E, = -t Cpr, (27)
and compute the derivatives of y with respect to T as
Aok, T - RIAK) - ) @)

or; l ariati’

to obtain an approximate inverse relationship.
As discussed in the previous section, it is possible to consider the input-output behaviour
of a process. Since the inverse process gain is frequently rank-deficient, we can also consider

the application of the methodology to the inverse process graph. This graph would take the form
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T - (glzy))'

As mentioned above, this would require the simultaneous scaling of the inputs and the outputs.

7. Effect of Scaling

An important feature of the methodology presented here is the definition of a region of
interest in the output space or in the input space. When considering the nonlinearity of the
steady-state locus, we defined a scaling matrix which was used to develop a scale-independent
measure of nonlinearity. The main effect of pre-multiplying coordinates by this matrix is the
imposition of an orientation which may or may not be inherent to the process. As a result, the
nonlinear effects may be enhanced or diminished for directions in the input or output space which
do not reflect the actual effects of the process. An appropriate choice of scaling matrix is of
great importance in this methodology and should be performed with care to ensure that the true
nonlinearity of the processis accurately assessed. In general, this choice will be determined from
prior investigations which dictate typical variations and orientation.

It is not necessary, however, to dictate regions of interest in both the input and output
spaces, as the choice of aregion of interest for one space will dictate an appropriate region for
the other through the input-output map. For the case where a region in the input space is
specified, the scaling matrix describes an ellipsoidal region in the input space which can be
mapped to the output space, where it becomes distorted and rotated. A linear approximation for

a specified region in the input space is given by
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or,

AyR/R Ay = 1.
Therefore we can take R;; as an appropriate output scaling matrix with which to analyze the
nonlinearity of the input-output map. This simple procedure, termed Input Prescribed Scaling,
ensures that the choice of a region of interest is made with regard to the inherent process
orientation. The term "input prescribed scaling” is used to emphasize the fact the scaling is
performed with respect to the choice of a region of interest in the input space.

As anillustration, consider the following example due to Newell and Lee (1989). In this
example nonlinearity measures are obtained for both input prescribed and output prescribed
scalings.

Example 2.3

A diagram of an evaporator system as well as the model equations for the system are
given in Figure 2.6. The model consists of three states, three inputs and five disturbances. The
states are the liquid level in the separator (L2, m), the product composition (X2, mass %) and the
operating pressure (P2, kPa). The inputs are the product flowrate (F2, kg/min), the steam
pressure (P100, kPa) and the cooling water flowrate (F200, kg/min). The disturbances are the
circulating flowrate (F3, kg/min), the feed flowrate (F1, kg/min), the feed composition (X1,
mass%), the feed temperature (T1, °C) and the cooling water temperature (T200, °C). A

summary of evaporator variables along with the values used in the simulation is also given in
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Tables 2.4 and 2.5, respectively.

Cooling
T201 o Water
( )j F200, T200
Vapor & F4,T3
Condenser
L2 F5
P100 Separator Condensate
F100
Evaporator
Condensate F3
Feed D \ﬂ » Product
F1,X1,T1 F2, X2, T2

Figure 2.6 Process diagram for the evaporator model of Newell and Lee (1989).



Table 2.4

Description of variables for the evaporator model of Newell and Lee (1989).

Variable Description Values Units
F1 Feed flowrate 10.0 kg/min
F2 Product flowrate 2.0 kg/min
F3 Circulating flowrate 50.0 kg/min
F4 Vapor flowrate 8.0 kg/min
F5 Condensate flowrate 8.0 kg/min
X1 Feed composition 5.0 mass%o
X2 Product composition 25.0 mass%o
T1 Feed temperature 40.0 °C
T2 Product temperature 84.6 °C
T3 Vapor temperature 80.6 °C
L2 Separator level 1.0 meters
P2 Operating pressure 50.5 kPa

F100 Steam flowrate 9.3 kg/min
T100 Steam temperature 119.9 °C
P100 Steam pressure 194.7 kPa
Q100 Heat duty 339.0 kW
F200 Cooling water flowrate 208.0 kg/min
T200 Cooling water inlet temperature 25.0 °C
T201 Cooling water outlet temperature 46.1 °C
Q200 Condenser duty 307.9 kwW
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Table 2.5

List of equations of the Newell and Lee evaporator model (1989).

Process Liquid Mass Balance:

20dL2/dt = F1-F4-F2

Process Liquid Solute Mass Balance:
20dX2/dt = F1X1-F2X2

Process Vapor Mass Balance:
4dP2/dt = F4-F5

Process Liquid Energy Balance:
T2 = 0.5616P2 +0.3216X2 +48.43
T3 = 0.507P2+55.0

_ Q100-F1(T2 -T1)0.07
38.5

F4

Heater Steam Jacket:
T100 = 0.1538P100 +90.0

Q100 = 0.16(F1 +F3)(T100-T2)

F100 = Q100/36.6

Condenser:
6.84 (T3 -T200)

Q200 =
1+6.84/(2C,F200)

T201 = T200 +Q200/(F200C,)

F5 = Q200/38.5
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Prior to assessing steady-state nonlinearity, the liquid level control loop L2-F2, which is
not self-regulatory, was closed using the Pl controller settings given by Newell and Lee (1989).
The analysis was then performed on the input-output map of the remaining 2 by 2 system.

We are interested in evaluating the nonlinearity of this process in a neighbourhood of the

steady-state conditions

_[P100] _ [194.7] _ _[X2] _[25.0
u- ono] - {208.0] 24 [PZ] - [50.5]‘

We first consider assessing nonlinearity using output prescribed scaling. The scaling matrix

which describes the region of interest in the output space is given by

1y25°% 0
0 1/(49)%3

From the QR decomposition of the scaled matrix of first order and second order derivatives, we
obtain

[-0.11498 -0.09881]

~0.029668 -0.0028219 . -0.09881 0.12735 |
0 0011278 |2 %

1

[-0.15293 -0.15906]
-0.15906 0.69710 |

If we use input prescribed scaling with a scaling matrix in the input space given by

0.016667 0

0 0.014286
we obtain a scaling matrix in the output space given by

-0.17164 0.10260

0 -0.11844
Performing the QR decomposition on the scaled derivatives yields
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0.13656 0.062590
0.062590 0.028688

t _
s My T

r - 0.016667 0
1 0 0014286

0.61383 0.35125
0.35125 -0.47996

Since the matrix R, is diagonal, we see that the relative curvature array obtained using input
prescribed scaling is directly related to the original inputs. This yields an easier interpretation
of the results. The relative curvature array obtained using output prescribed scaling is expressed
in terms of the orthogonal inputs obtained with the matrix R,. It is important to note that a
diagonal matrix is obtained whenever the gain matrix has mutually orthogona columns.

For this example, both approaches suggest that the system displays significant open-loop
nonlinearity. From the result obtained using input prescribed scaling, we see that most of the
nonlinear behaviour is attributable to large variations in the process gain associated with F200,
the cooling water flowrate. This is because only the elements of the second face of the relative
curvature array are large. The most prominent element, 0.61383, indicates an increase in the
process gain associated with F200 as P100 is increased.

Figure 2.7 shows a portion of the steady-state |ocus for the process along with the regions
of interest obtained with input prescribed scaling and output prescribed scaling. The solid lines
are constant P100 lines. The dashed lines are constant F200 lines. As observed above, most of
the nonlinearity is attributable to the change in the process gain associated with F200.

The input prescribed scaling region captures the overall orientation of the steady-state
process well and this has a significant effect on the extent of nonlinearity observed. Even though
the prescribed region covers a larger neighbourhood about the point of linearization in the output

space, we observe the same degree of nonlinearity for both choices of scaling region. Output
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prescribed scaling does not take into account the orientation of the process. Asaresult, nonlinear

effects and interaction effects are confused.

75 ) ) ) ) ) I
Steady-State Locus

Tank Pressure (kPa)
I L
o (6] o

W
o1
T
]
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Figure 2.7 Steady-state locus for the evaporator model of Newell and Lee (1989). Solid lines
show the effect of variation of F200. Dashed lines give the effect of the variation of P100.
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8. Nonlinearity and Performance

In this section we consider the single-input bioreactor introduced in Example 2.1 to study
the effect of nonlinearity on controller performance. More precisely, we demonstrate the
applicability of the nonlinearity measures in controller design.

The problem considered here isto control the substrate concentration, X,, by manipulating
the dilution rate, u,, for a constant inlet substrate concentration, S;=0.3. Substrate is a suitable
choice of control variable in this case because of its relative ease of measurement. This allows
small measurement times and quick control action. The process is to be operated under the

following constraints

A

0.001 < u, < 0.03
0.15871 < x, < 0.20343.

For this range of substrate levels, the RMS steady-state curvature experienced in x, at 0.18107
1S 0.26. This can be calculated from the velocity and acceleration vectors given in Example 2.1.

Three controllers are considered: a nonlinear input-output linearizing controller with
proportional action only, a linear state-feedback controller with proportional-integral action and
a proportional-integral controller on the substrate. The linear state-feedback controller was
obtained by linearizing the model equations at the nominal operating point. Optimal ITAE
tunings were obtained for the three controllers for substrate set-point values of 0.15871 and
0.20343. ITAE was chosen in order to penalize sustained deviation from the set-points.

Optimal tuning parameters and optimal ITAE values for the three controllers are shown
in Table 2.6. The impact of nonlinearity on controller performance is assessed by examining the

increase in ITAE as set-point changes of larger magnitudes are made. Differences in the rate of
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increase between nonlinear and linear controllers are areflection of the nonlinearity of the process
in a neighbourhood of the nominal operating point. Investigations of these trends enables one
to attach an interpretation to the nonlinearity measures. Furthermore, for a truly linear process
without mismatch, ITAE increases linearly as the size of the set-point change increases. This can
be seen by considering the transfer function relating error to set-point. Thus, the impact of
nonlinearity can be seen by examining both the relative trends of the controllers and the degree
of nonlinearity in the ITAE trends.
Table 2.6
Optimal ITAE tunings for a nonlinear input-output linearizing controller,
a linear state-feedback controller, a Pl controller and a nonlinear gain Pl controller

and optimal ITAE

Nonlinear Linear Pl Controller Nonlinear Gain
Controller Controller Pl Controller
K. -0.047867 -0.047866 -0.40250 -0.62132
L VR IR g>49% g31080 3.1019
7 [ e -19.660
ITAE 19.517 67.262 68.504 41.908

Figure 2.8 compares the performance of the controllers at various fractions of the range
of substrate set-points. First, note that the presence of normal curvature requires the use of

integral action in the linear controller laws to compensate for mismatch arising from the
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Figure 2.8 Optimal ITAE performance for a nonlinear input-output linearizing controller, alinear
state-feedback controller and a PID controller for substrate.

nonlinearity. The trends of Figure 2.8 confirm the presence of moderate nonlinearity. The ITAE
of the linear controllers increases at a faster rate than that of the nonlinear controller for

increasing changes in set-point. The nonlinear control-law provides a better representation of the
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nonlinear process behaviour and can provide a compensation which moves the process to a new
set-point faster. This is particularly true when the operation shifts significantly away from the
nominal operating point, which is the point of linearization. Note that the ITAE profile for the
input-output linearizing controller is exactly linear, confirming the linearity of the input-output
relationship imposed by the controller. The ITAE profile for the linear controllers both exhibit
some nonlinearity, although the nonlinearity isnot large. This confirms the moderate nonlinearity
implied by the measures. Figure 2.9 gives the resulting responses for the three controllers for set-
point changes in substrate from 0.18107 to 0.15871 and 0.20343. The time responses for the
biomass concentration (X,), substrate concentration (x,) and dilution rate (u,) are shown. On the
left, a set-point decrease in substrate from 0.18107 to 0.15871 is shown and, on the right, a set-
point increase from 0.18107 to 0.20343.

The nonlinear controller yields amore favourable performance. In contrast to the response
of the linear controllers, there is no oscillatory behaviour. Thisis due to the absence of integral
action in the nonlinear controller. Although there is a noticeable difference between linear and
nonlinear controller performance in the trends of Figure 2.8, both linear controllers yield a
relatively good performance which reflects the fact that the curvature is relatively low in this

case.
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Set-point x2: 0.15871 Set-point x2: 0.20343
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Figure 2.9 Time response for the optimal ITAE tunings of a nonlinear input-output linearizing
controller (solid line), a linear state-feedback (dashed line) and a Pl controller (dotted line).

We can aso design a controller based on the inversion of an expression of Equation (12).

A local estimate of the inverse of this expression is given by

r

-HY) - 1 - %r'c . 29)

A SISO Pl controller design based on this expression would be of the form
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t
B = K 3) * (3 Cl )+ [0 ) * 1/ Clrp )
where K, and 1, are the usual controller gain and integral time constant and C. is the controller
curvature. The resulting controller is termed a nonlinear gain Pl controller. Using the same
tuning procedure as described above, optimal ITAE tuning parameters were calculated for this
controller. The values arelisted in Table 2.6. The nonlinear gain controller performs better than
the two linear controllers but not as well as the nonlinear I-O linearizing controller. If we
consider the resulting controller gain and controller curvature and cal culate the resulting controller

RMS curvature for the region u,=0.01+0.005, we obtain a value of 0.26. For this case, the

resulting nonlinear gain controller reflects the local nonlinearity observed for the process.

9. Conclusions

A framework for the assessment of steady-state process nonlinearity has been developed.
It involves evaluating the tangential and normal components of second order information within
a prescribed region of interest. The magnitudes of second order derivatives are used to develop
a measure of the deviation from linearity of a process in a prescribed region. The tangential
component of the second order derivatives is related to variations in the magnitude of the process
gain. The normal component is related to variations in the direction of the process gain. The
main advantage of this framework is that it allows a generic treatment of nonlinear systems.
Although only two-dimensional examples have been presented, the framework is readily extended
to higher dimensional systems. Since this analysis deals with steady-state nonlinearity, it can be

performed for given input-state or input-output relationships.
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Two aspects of nonlinearity have been identified: control-law and open-loop nonlinearity.
Open-loop nonlinearity is related to the ability to predict the output of a process given the inputs.
It is closely related to the concept of the left inverse of a control system (Hirschorn, 1979).
Control-law nonlinearity measures the ability to predict the inputs required to achieve a given
output, a notion which is related to the concept of the right inverse of a process.

To assess these aspects of nonlinearity, it has been shown that either the input-output map
or itsinverse may be considered. However, the extent of open-loop nonlinearity is more directly
measured through anaysis of the input-output map. The inverse map provides a better
assessment of control-law nonlinearity.

The importance of scaling has been highlighted, since the extent of nonlinearity is
measured with respect to some prescribed region. The choice of this region, and consequently
the choice of scaling, is crucial to successful application of this method. A simple scaling
procedure has been proposed which takes into account the inherent orientation of the process.

In this Chapter, a framework was established for the analysis of nonlinearity of steady-
state process behaviour. In the following chapters, the framework is applied to the assessment

of closed-loop nonlinearity and to dynamic nonlinearity.
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Nomenclature

Ak

o 0O O ©

(¢

F1

partial derivatives with respect to u; and u, of the i"™ coordinate of the rotated state
space

N by P(P+1)/2 matrix of nonredundant acceleration vectors in orthonormal
frame

N by N Jacobian matrix with respect to the states of a nonlinear system at a
particular point

Area of a (P-1) dimensional sphere described by P dimensiona unit-norm
vectors

Real number

N by P Jacobian matrix with respect to the inputs of a nonlinear system at a
particular point

Root mean sguared curvature measure

N by P(P+1)/2 matrix of nonredundant relative acceleration vectors

Controller derivative action tuning parameter

N by P matrix

Arbitrary direction in the input space

Vector field describing dynamics on the state space

Real number

1 by N matrix resulting from transforming a linear system to alinear controllable
form

Feed flowrate (kg/min)
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F2

F3

F4

F5

F100

F200

Product flowrate (kg/min)

Circulating flowrate (kg/min)

Vapor flowrate (kg/min)

Condensate flowrate (kg/min)

Steam flowrate (kg/min)

Cooling water flowrate (kg/min)

Nonlinear transformation describing normal coordinates on steady-state locus

State-output map

Nonlinear vector valued function from input space to output space expressed in
tangential and normal coordinates

Specific death rate (min™)

Matrix inverse of upper left P by P partition of the matrix R obtained from the QR
decomposition

Controller proportional action tuning parameter

Substrate inhibition constant (L/g)

Separator level (meters)

Number of output variables

Number of state variables

Set of stationary points of the vector field f(x,u)

Number of input variables

N by N matrix transforming a linear system to a linear controllable form

Operating pressure (kPa)

57



P100 Steam pressure (kPa)

Q Orthogona matrix obtained from the QR decomposition of a matrix
Q100 Heat duty (kW)

Q200 Condenser duty (kW)

r Rea number [J [0,1]

F, T Velocity and acceleration vectors in the space of inputs

R Upper triangular factor obtained from the QR decomposition of a matrix
S Output scaling matrix

S Inlet feed substrate concentration (g/L)

t Time

T Input scaling matrix

T1 Feed temperature (°C)

T2 Product temperature (°C)

T3 Vapor temperature (°C)

T100 Steam temperature (°C)

T200 Cooling water inlet temperature (°C)

T201 Cooling water outlet temperature (°C)

u Vector of input variables

U, Dilution Rate (mir)

U Open neighbourhood of a poing in the input space

v, V Velocity and acceleration vectors in the state (or output) space
Vv N by P matrix of velocity vectors
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w Vector of scaled input variables

W N by P(P+1)/2 matrix of nonredundant acceleration vectors
X Vector of state variables

X, Biomass Concentration (g/L)

X, Substrate Concentration (g/L)

X Vector of time derivatives of state variables

X Open neighbourhood of a point x, in the state space

X1 Feed composition (mass%o)

X2 Product composition (mass%o)

y Vector of output variables

z Vector of scaled state or output variables

z Vector of states for a linear controllable form

Greek letters

M Process graph

My Inverse process graph

0 Small positive real number

€ Small positive real number

0 Arbitrary direction in the space of orthogonal inputs

Minax Maximum specific growth rate (mi

&, & Vector of normal coordinates from the input-state (or input-output) map and its

inverse, respectively

Nonlinear map from an open neighbourhood in the input space to an open
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neighbourhood in the state (or output) space

n Nonlinear map from an open neighbourhood in the state (or output) space to an
open neighbourhood in the input space

T, T, Vector of tangential coordinates from the input-state (or input-output) map and its

inverse, respectively

T, Controller integral action tuning parameter

(0} Vector of orthogona inputs

Subscripts

0 Specifies steady-state conditions

1, 1 Specifies the component of the Q matrix from the QR decomposition which

spans the tangential and normal space of the steady-state locus from the
input-state (or input-output) map and its inverse, respectively

1,1 Specifies the upper left P by P component of the R matrix from the QR
decomposition for the analysis of the input-state (or input-output) map and

its inverse, respectively

2 Specifies the component of the matrix Q which gives the orthogonal complement
of Q,
2 Specifies the second column of the tangential component §f thatrix from the

QR decomposition
[ Specifies that the quantity (i.eL, &, K) is evaluated for the inverse relationship
r, ir Specifies the rearrangement of an n by m(m+1)/2 matrix to its corresponding n

by m by m three-dimensional array for the analysis of the input-state (or
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Superscripts
+

n

t

N,M,P

Overstrikes

~

Input-output) map and its inverse, respectively

Transpose of a matrix or vector

Generalized inverse of a matrix

Specifies the norma component of the quantity (i.e., A, Q,, C)
Specifies the tangential component of the quantity (i.e., A, Q,, C)

Indicates the dimension of the space

Indicates that the quantity has been scaled

Indicates first and second order differentiation of the quantity
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Chapter 3

On a Measure of Closed-Loop Nonlinearity
and Interaction for Nonlinear Chemical Processes

1. Introduction

The performance of closed-loop multivariable processes can be highly influenced by
interactions between individual control loops. For many applications involving linear dynamics,
the relative gain array (RGA) (Bristol, 1966) provides an effective tool for the evaluation of
potential control loop pairings for multi-loop controller design. Quantitative measures of
interaction such as the RGA have been used successfully in the control of linear chemical
processes and continue to be of considerable importance, especially with respect to the study of
robust stability (Grosdidier and Morari, 1987; Skogestad and Morari, 1987; Morari and Campo,
1994) and performance of ill-conditioned plants (Nett and Manousiouthakis, 1987; Skogestad and
Morari, 1987; Skogestad et al., 1988).

Since the RGA is basically a first order measure of interaction, its interpretation for
nonlinear processes relies heavily on the direction of the input (or output) perturbations used to
estimate gains (Koung and MacGregor, 1991). Problems can be encountered in the study of gain-
asymmetric processes where interpretation of the RGA may often yield misleading results.
Interaction measures which take the gain nonlinearity of the process into account can prove
beneficial in overcoming these problems in a number of cases.

Very few measures of interactions for nonlinear processes have been proposed. Daoutidis
and Kravaris (1992) used a differential geometric approach to develop a methodology for the

evaluation of control configurations in nonlinear control-affine processes. With this approach
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various control configurations are evaluated in terms of their corresponding relative order. Input-
output pairings are selected by virtue of the most immediately related (or less sluggish) pairs.
Assuming the availability of a detailed state space description of the process, this control pairing
selection methodology constitutes a very useful strategy for providing insight into the structure
of nonlinear systems. However, no information is provided regarding the magnitudes of output
changes in response to input changes.

Manousiouthakis and Nikolaou (1989) developed a nonlinear block relative gain array
measure using an operator-based approach which elegantly demonstrated the need to consider
nonlinear effects in the assessment of interaction in nonlinear plants. This approach, athough
very general and appealing, can congtitute a considerable challenge when applied to complex
plants. Other approaches to this problem include that of Mijares et al. (1985) who developed a
methodology for assessing nonlinear interaction from evaluation of first order gains.

Piette et al. (1995) have presented a graphical interpretation of the relative gain array in
terms of intersections of constant output contours and the degree of rotation of constant output
norm contours. A graphical assessment for nonlinear problems is aso proposed which consists
of relative gain surfaces and constant output norm contours. Nonlinear effects are identified by
deformations in the contours, and by changesin the relative gains over the operating region. This
latter approach is consistent with the approaches identified above in which changes in linear
approximations are used to identify nonlinearity and nonlinear interactions. The main drawback
of graphical methods is their inherent subjectivity and the dependence on the particular graphical
representation employed.

The purpose of this chapter is to present an alternative geometric interpretation of the
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RGA which extends directly to the treatment of higher (in particular, second) order interactions
in nonlinear processes. Furthermore, the problem of interaction isidentified fundamentally as the
result of input and output coordinate choices. Standard linear techniques such asthe relative gain
array identify interactions in coordinate choices arising at the first order level. The approach
presented is based on the framework proposed in Chapter 2 for the assessment of process
nonlinearity of steady-state nonlinear processes. This framework leads to scale-independent
measures for the average deviation of the actual behaviour of a nonlinear process from its linear
approximation in a neighbourhood of a steady-state, and highlights two perspectives of process
nonlinearity: Open-Loop nonlinearity and Control-Law nonlinearity. Open-loop nonlinearity is
related to the ability to predict process states and outputs given values of the manipulated
variables. It reflects the inherent process nonlinearity. Control-law nonlinearity is the ability to
determine the inputs from a particular output or state vector. In the development presented in the
current Chapter, methods are proposed for assessing nonlinearity within and between input-output
channels. This leads to the definition of a measure of higher order interaction, and also leads to
the concept of closed-loop nonlinearity.

For anonlinear closed-loop process operating at steady-state without offset, it follows that
the extent of open-loop nonlinearity, that is, nonlinearity due to input variation, is exactly
counterbalanced by the control-law nonlinearity. From a differential geometric perspective, this
IS because either the inputs or the outputs can be used to parametrize the same space at steady-
state. By viewing the inputs and outputs as two coordinate systems on a differentiable manifold,
we can establish, through differential geometry, a number of interesting identities which provide

local measures of interaction. A direct consequence of this construction is the recognition of a
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certain arbitrariness in the choice of coordinates. We do not distinguish, a priori, between input
and output variables. Interchangeability of input and output coordinates has been widely
discussed by system theorists, particularly with respect to the development of behavioral
approaches in the study of dynamical systems (Willems, 1991) and closely related differential
algebraic methods (Fliess et al., 1994). In this approach, it becomes more natural to let the
underlying structure of the system dictate appropriate choices for the inputs and outputs.

The advantages of interchangeability of coordinate systems is demonstrated here in the
development of interaction measures for nonlinear steady-state processes. It is shown that this
approach provides a natural rigorous framework for studying interaction effects for both linear
and nonlinear systems which provides a fundamental basis for the development of measures of
closed-loop nonlinearity and new measures of nonlinear interaction. The result is a set of
nonlinear interaction tables that provide easy interpretation of the contribution of nonlinear effects
to interaction effects. A CSTR model is used to demonstrate the application of the method.

The format of this Chapter is as follows. In Section 2 the differential geometric basis for
this analytical procedure is presented and a number of identities are derived. The application of
these identities to the assessment of closed-loop nonlinearity for nonlinear processes is presented
in Section 3. In Section 4 a simple chemical reactor example is used to illustrate the application
of the measures of nonlinearity. It is shown, in Section 5, how the identities can be used to
assess the extent of nonlinearity of closed-loop processes. Nonlinear interaction measures are
presented in Section 6. This is followed by two chemical process examples in Section 7 and

conclusions in Section 8.
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2. Relationship Between Open-Loop and Control-Law Nonlinearity

In this section, classical differential geometric tools (see Boothby, 1975) are used to
establish a relationship between open-loop and control-law nonlinearity. Some details pertaining
to differential geometrical approaches for process control are provided in Kravaris and Kantor
(1991). As will be demonstrated, the resulting relationship yields a nonlinear analogue of the
relative gain array (RGA) (Bristol, 1966), an empirical measure of interaction in square linear
multi-input multi-output systems.

Formally, the dynamic input-output relationship for a nonlinear process can be described

by an implicit relationship of the form
G(xo,y,y(l),y(z),...,y(N),u,u(l),u(z),...,u(N)) =0 (1)
which, at steady-state, gives a relationship of the form
G(x,,y,u) = 0. 2

The state variables, X, evolve on an N-dimensional manifold. The outputs, y, and the inputs, u,
are P-dimensional vectors. The subscript , denotes initial conditions which specify an initial
position in the state space.

Assuming that the state space behaviour of a nonlinear system described by
x = f(x,u)

is such that the Jacobian matrix (9f(x,u)/dx) evaluated at (X,, U,) is stable and invertible and the
sensitivity matrix (9f(x,u)/0x) has rank P in a neighbourhood of x,, then equation (2) describes
a P-dimensional submanifold of R"xRP, called the steady-state process graph of the input-output

relationship in the following way. For a givegit is assumed that the steady-state input-output
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relationship, can be described by an expression of the form
G(y,u) = G(G,(u),u) = 0 ©)

where yJY O R” and uOUO R” and G, is the process steady-state map in the output coordinates.

The graph (e.g. Georgiou, 1993) of a steady-state process can be written as a map

G, (w)
T, (u) = ( P ) )

or, dternatively, as a map

T,() = (ch(y)) )

where the superscript ' is used to denote the inverse steady-state process graph.

Equation (3) defines a P-dimensional manifold, M, modeled on R. It follows from
Equations (3), (4) and (5) that M can be localy expressed in either u or y coordinates. By
definition, this implies the existence, for every point p of M, of an open neighbourhood
diffeomorphic to some open set of R” such that M is completely covered by the union of such
open neighbourhoods. Let uy, ..., U, and y,, ..., Yp represent local coordinate representations in
open neighbourhoods U and Y, respectively, of apoint p of M. Let W=UnY#e be an open set
in M. By the definition of coordinate neighbourhoods for differentiable manifolds, it follows that
there exists a diffeomorphism between the input and output coordinates for every point p of W.
This diffeomorphism represents the usual process steady-state map in the u and y coordinates.

This is shown schematically in Figure 3.1.
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Figure 3.1 Inputs and outputs as coordinate systems on a differentiable manifold.

For every point p00W, let 0/du;, 1<i<P, and d/dy;, 1<j<P, represent local bases of T,M, the
tangent space to M at p expressed in the u; and y; coordinates, respectively. The exchange of

bases on TM at p, expressed in Einstein summation notation, is given by

0 _ &' (6)
du,  du ,

in the y coordinates, and by
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9 _muta ™

in the u coordinates. Note that the Einstein summation notation is used to express summations
in the following wayBY this construction, variatigns in one coordinate system are immediately
k3 M9
ayi auk k=1 ayi auk
expressed in the other through the action of a diffeomorphism on W. Thus, if one considers a
tangent vector in one coordinate system, it is possible to express it in terms of the other
coordinate system. Clearly, for consistency, the tangent vector must be recoverable by the inverse

mapping to the original coordinate system. To illustrate this, substitute Equation (7) into

Equation (6). This gives

dyiduk 9

9
du;  du; dy; I,

1

which yields the identities

S

i du, {0 , 7k @®

du; Jy; 1 ,j=k

The usual RGA formula appears within this expression

- % ©

The RGA identities of Equation (8) simply reflect the fact that the sum of the RGA elements
from the same column is equal to 1. In this setting, the relative gain array adopts a very nice and

natural interpretation. The RGA reflects the ability to exchange baseson TM. It gives ameasure
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of how individua components are mapped through the process map and its inverse.

Note that Equation (8) can be written in the standard form

A=K®KT
where K is the steady-state gain of the process and O denotes the Hadamard product of two
matrices (see Morari and Zafiriou, 1989). Letting K*'=du/dy and K=0y/ou in (9) automatically
yields the standard definition of the RGA.

Summarizing, the RGA condition has been obtained by changing coordinates and then
mapping back to the origina coordinate system. Consistency of coordinates imposes the RGA
condition. This approach forms a basis for deriving additional conditions.

In order to handle nonlinear situations, higher order effects must be considered. First
define a metric in either the y coordinates

8 = <%,%> , 1<i,j<P,

or the u coordinates

The metric is a quantity which allows one to define and measure the distance between two points
on an abstract manifold. It follows that the metric associated with one system of coordinates can

be related to the other coordinate metric by considering

ooyl
aua aub !

gab =

and



du? du®

8 = . &a
T oy, oy,
from the exchange of bases. The consistency requirement is imposed by substituting again,
yielding
g = _ody'dylau® aud
ab au au ay ay

This gives a second type of RGA identity of the form

dy'dyldu.cuy {1, c=a, d=b
du, du, dy,; Jy, 0, c#aV d+b

for b=a. The identities

can be written in terms of the elements of the RGA matrix, A, as

P P

_E E AlaA_]b =

i=1 j=

Having endowed M with a metric, it is natural to consider similar identities based on the

coefficients of the metric connection. Recall that the connection coefficients give rise to the
covariant derivative given by [0,B of a vector field B in the direction of the vector field A. By
definition, the connection coefficients are uniquely determined by the covariant derivatives

expressed in the basis vector fields. In the current situation, they are given by
Fie = <Viou 0/00,,0/du >
in the input coordinates and by
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Pi' = <V6/6y a/a}I9a/ayk>

in the output coordinates. The connection coefficients adopted for a coordinate system reflect the
fact that the coordinate system is a nonlinear coordinate system. Intuitively, the coefficients I' ..

express the effect of the nonlinear dependence of the b™ input component on the a"

Input
component when one moves an infinitesimal distance in the direction of the ¢ input component

of the coordinate basis.

Connection coefficients in the output coordinates can be obtained from the coefficients

in the input coordinates from the identity

a b c a b
Lk = Pabcau Qubdu’ , u Ju (10)
ay; oy; ayk oYy ayay
and, similarly,
_p Oyioyloy* oy
r = 11
abc 1_]kau du all all allall g1 ( )

The consistency condition is imposed by substituting the expression for I, from Equation (10)

into Equation (11)

gij

. be/,aua/aub/auc aua a2ub/g/b ayiayjayk . ayi 82yj
e ayi an ayk ayk ayay ’ aub auc auc auaaub

where a”, b” and ¢” are additional indices. This yields
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u? Pub
+

T yioylayk | ayi &y’
abc abc
3, ¥,

aua al'lb auc auc a"]‘aa"]‘b

Eat/ &

Substituting for g,

L o7 . aua/ aZub’ ayiayjayk . ayi a2yj aua’aub/
abc abc Eah/ 8ah/
ayk ayiayj aua aub auc auc a"]‘aau‘b ayi ayj

or, upon simplification, using identities (8),

r

1, +@i62ub,ayj o u® Pyl
e du, ayiayj o, ayj du,duy,

abc

The following identity is then obtained:

du, Pyl . dy! azuc dy I (12)
ayj du,du,  du, ayiayj ou,

which holds for all 1<ab,c<P. Thisisasecond order "relative gain type" identity for a nonlinear
process.

Under the assumption of perfect control (i.e. integral action), the composition of the
process map and itsinverse is required to yield the identity map on W. Clearly, thisimplies that
Equation (12) must aso hold on W. Consider the diagram shown in Figure 3.2 in which the

process and controller are considered as the sum of a linear part and a nonlinear part.
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P

Mis:atch yN:NP(u)

A
A

C

A

A

N -
C yL:|_ u

Compensation

Figure 3.2 Schematic illustration of second order identities for a closed-loop nonlinear process.

This diagram illustrates the implication of the cancellation implied by Equation (12). As
we see, the controller is decomposed into a linear gain part (L) and a nonlinear gain part (N,).

These components can be represented locally by

_ du
dydy’

respectively. Similarly, the output response is decomposed into a linear gain part (L) and a

and N,

nonlinear gain part (N,) represented by

respectively.
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From Figure 3.2, it is seen that, in the absence of a nonlinear gain controller (N-.=0),
Equation (12) cannot hold unless the process is linear (N,=0). When the process is nonlinear,
The extent of mismatch experienced by the closed-loop system as a result of the nonlinearity of
a process is measured by the first term of Equation (12)

du, Py
ayi auaaub .

This term is caled a mismatch term. It is a measure of the input mismatch experienced by a
nonlinear process controlled by a linear gain controller.
Consequently, the second term of Equation (12)

ay' P, ayi
du, ayiayj du,,

can be interpreted as a measure of the extent of controller gain nonlinearity required to
compensate for that mismatch. It is called the mismatch compensation term.

Note that Equation (12) summarizes the closed-loop nonlinearity of a nonlinear process
expressed in terms of the input coordinates. A similar identity can be obtained in the output

coordinates:

u I | Oy Fur (13)
dy; du,0u, Jdy;  du, Oy;dy;

The first term of this expression is a measure of the output mismatch experienced by a nonlinear
process controlled by a linear gain controller. The second term gives the extent of nonlinearity

of a controller which removes the output error.
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Following a differential geometric argument, a more precise interpretation can be
developed for each of these identities. When considering the geometry of a manifold, the
curvature associated with a particular choice of connection indicates the extent of local
nonlinearity of the manifold. A connection is said to possess zero curvature if there exists alocal
coordinate representation for which the corresponding connection coefficients vanish.

To understand the implication of the exchange of bases, suppose that the manifold M
admits a connection with zero curvature and that the output coordinates provide a representation
in which the connection coefficients vanish (I, =0), that is aflat coordinate system of M. From

Equation (11), the connection coefficients expressed in the input coordinates are given by

ia2j
]'-‘abc:ay yg1_]

Substitution into Equation (10) gives

ayi’g/ Pyl u*dubou® | au® Put g
auc H auaaub ayi ayj aYk GYk GYiayJ' »

which yields, upon substitution of the expression of g,, in the output coordinates, the identity
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ayi/g./. a2yj/ auaaubauc . ou? alub ayi/ayj/
ou, ! du,ou, Jy; dy; Ay, Oy, Oy;9y; Ou, Ou,
Pyl u®au® Fub oy’
gkj/ + _gkj/
du,duy, Jy; ayj ayiayj o,

gi/j/

=0

similar to Equation (13). Satisfying this identity is therefore equivaent to requiring that the
manifold M admit a connection with zero curvature whose coefficients vanish in the output
coordinates. Furthermore, satisfying this identity is independent of the metric employed.
Under the assumption that rank{ dy/du} =P at every point p of M, it can be seen that the
geometry of M is essentially the geometry of aflat metric space with metric g;. By letting g,=9;

(where §; is the Kronecker delta), M can be identified with a subset of R” along with coordinates
Yir e Yoo

These simple identities establish the relationship between the nonlinearity of the input-
output map and the nonlinearity of itsinverse,that is, between open-loop nonlinearity and control-
law nonlinearity. More importantly, they highlight the interaction between linear and nonlinear
components of a closed-loop process. As a result, they are very useful in the assessment of
nonlinearity of closed-loop nonlinear processes. In the following sections, these identities are

used to study nonlinear interaction effects and closed-loop nonlinearity in nonlinear processes.

3. Nonlinearity of Closed-Loop Processes
In this section, the identities (12) and (13) are used to develop a method to assess the
nonlinearity of closed-loop processes. This measure of nonlinearity is based on the

decompositions of the mismatch term and the compensation term of Equation (12) into their
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individual components. This gives an assessment of the contribution of each individual term to
the overall mismatch and compensation effects and provides information about the nature of the
nonlinear relationship existing between given input-output pairs.

As above, the mismatch from Equation (12) is denoted by

o= Py
abe ayi aubauc

where the individual components of the sum are given by

The term V... is used to denote the P by P matrix associated with the a" input channel and the

i™ output channel. These terms can be summarized in a table of the following form
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Y1 Y, Ye

1 1 1 2 2 2 P P 1

w112 - - -+ 1up m 12 - - - 1P m 12 - - - 1P
1 1 1 2 2 2 P P P
21 122 - -+ 12P 21 122 - - - 1P 21 122 - ¢ - 1P
u
1 1 1 2 2 2 P P P
1 12 - - - 1P 1 12 - - - 1P Pl 12 + - - 1P
1 1 1
21 212 - - - 21P
1 1 1
21 22 - - - 2P
u,

which is called a "mismatch nonlinearity” table.

For each input channel, u, the table gives the contribution of each output channel, y;,
1<j<P, to the second order effects displayed by the process subject to variations of u,. For each
input-output pair, the PxP submatgl. measures the impact of second order effects due to the
inputs. For the input-output pair, u,-y;, the corresponding (a,i)™ submatrix of the mismatch table

is ameasure of the nonlinearity due to fluctuations of the inputs on this pairing. By construction,
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it is related to the nonlinearity experienced by a nonlinear process subject to a linear gain
controller. Thus for a given input-output pair, u,y,, each PxP submatrix gives the extent of
mismatch of the "input channel due to the nonlinear effects of the inputs on™tlmaitput
channel. This is calledithin channel nonlinearity since it gives the extent of nonlinearity of the
inputs on the input mismatch. This type of nonlinearity can be removed without affecting the
output channels by introducing nonlinear transformations of the inputs.

If a particular input-output pairing is selected, one must also consider the effect of the
other output channels on that pairing. This can be detected by the presence of nonzero
submatrices in the entries of the mismatch table corresponding to that input and the remaining
output channels. Accordingly, it is call&dtween channel nonlinearity. This type of effect is
related to the existence of a nonlinear relationship between two output channels. It can only be
removed by pairings of the input channels with nonlinear combinations of the output channels.
These nonlinearity effects are scale dependent and so their interpretation is subject to the scaling
of the system variables. The problem of scaling can be handled as described in Chapter 2. Since
the identities expressed in the input coordinates in Equation (12) (or alternatively in the output
coordinates in Equation (13)) are invariant under output (or alternatively input) scaling, we need
only define a region of interest in the input (or alternatively output) space and re-write the
identities (12) (or alternatively (13)) in terms of the scaled coordinates. That is, scaled inputs can

be defined as
v = S(u-u,y)

whereS is a P by P matrix whose elements define the scaling region in the input space. From

Equation (12), it is seen that the scalingvoeads to the scaling of each submatrix by post-
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multiplying by S*. In what follows, each scaled submatrix is written as ¢,,.=Y.,.S*. To avoid
bias in the measures, each channel is scaled independently by using a diagonal scaling matrix.

A mean squared measure, c,%, can be associated with each submatrix ¢..., where

and A is the area of the unit sphere |v|*=1 in the scaled input space. The resulting value is

2

Ca
P(P +2)

Zii( o) +(i?idd)2

b=1 c= d=1

The root mean squared (RMS) measure, c,, is then used as a measure of significance of the
nonlinear effects. A RMS measure of 0.3 is usually considered to be significant as it leads to a
15% deviation from linearity for every unit step in the scaled input.

When a nonlinear processis controlled using alinear controller, the nonlinearity measures
and the table obtained using the procedures described above provide a precise description of the
nature of the nonlinear effects in the closed-loop process. If a nonlinear controller is used, it
should be designed so that the identities (12) and (13) are satisfied and nonlinear effects are
removed. Information about the overall extent of closed-loop nonlinearity can be obtained from
the table given above; however, it does not yield information about the local nature of the
nonlinear transformations required to remove the between channel nonlinear effects. To provide
this information, the above table can be complemented by a second table obtained from mismatch
and compensation terms in the identities (12) and (13).

Consider the compensation terms of Equation (12), denoted by
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_ o' Fut gyl
abc aub aylayj auc

The measure of the nonlinearity arising from the control action u, required to compensate for

output changesiny; and y, can be locally represented by the individual components of d,,., given

by

S 9y; azua %
abe allb ayiayj allc

In analogy with the table given above, these components are arranged in a table of the following

form which is called a compensation table:

i Y1 Y2 Yi Ye Ye Yp
1 e 1 12 12 12 PGP 1P PP PP PP
Sip B2« . Bypp| [0 S12 . . . dqpp 80 Bz . - - Bypp 811 Oz + . By
1 a1 1 2 .12 12 1P g 1P 1P PP (PP PP
821 8122+ - . dpp| |03y O . . . Oimp 821 8122 - - . 821 %122 -+«
W
11 .1 1 12 (12 12 P 1P 1P PP (PP PP
8ip1 O1pp . O1pp) \Oipr By . . . Bipp Spp1 O1pp . . Oppp Sipr Oipp + .+ . Bipp
1 e 1 2 12 12 P G 1P 1P PP PP PP
Sy S22 o o - | |02y O3 - . . Oy 81 212 - - o B 81 %212 -+ - O
1 a1 1 2 .12 12 1P g 1P 1P PP (PP PP
Sy Oam . o dyp| [0y Opp . . . Oppp O 8 - - . p 83 Oy - . . Odp
u,
11 .1 1 12 412 12 P 1P 1P PP PP PP
dp1 Op2 - - Oopp) \O2p O3 . . . O dp1 O - - . Oopp Sp1 O2p2 - - . O
11 g1 1 12 .12 12 P 1P 1P PP PP PP
dp11 Opiz - - - Opip| |Opi1 Opr2 - - . Bppp Spi1 Opr2 - - - Opp Spi1 Oprz - - - Oppp
11 .1 1 12 12 12 P 1P 1P PP o PP PP
8p21 Op2 - - - Opp| |Op1 O - - . Ope Spy1 Op2 - - - Opp Opp1 Op2 - - - Opp
Up
1 .1 1 2 12 12 P G 1P 1P PP (PP PP
Spp; Bppy + + « Bppp) \Oppy Oppr . - . Oppp 8ppr Oppy -+ . . Bppp 8pp1 Opp2 + - - Oppp

This table describes in detail the nature of the nonlinear dependencies between the inputs
and the various output channels. Interpretation of this table is closely related to that of the
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corresponding table for the mismatch terms, y,.. It is clear that, by construction, addition of

each submatrix 8", of the compensation table with the corresponding entry in the table for the

mismatch terms v, for the a" input channel yields a null matrix.

Note, however, that only non-

redundant terms have been included. As aresult, submatrices corresponding to the off-diagonal

terms of the form y;, y; (i#) must be counted twice for the identity (12) to hold.

In considering a given pairing, u.-Y,, the presence of withi

n channel nonlinear effects can

be removed by using a nonlinear input transformation, v_=@(u), which locally eliminates within

channel nonlinearity. The corresponding terms of the matrix y...| given by

i _ aq)a aua a"]‘b azyl auc
Yo ™ |, dy, | 9@, du,du, 90,
vanish localy where
v,=u, , i*a
. =

1

{ v.=0@,,...,u;) , i=a

The corresponding compensation terms are given by

|

abc
a

5ij _ (aq)a]( aub ayi 62u’a % auc]
du, || 9@, du, dy,dy; du, 92, |

Since this construction implies that the pairing of the new inputs v, with y; yields alocally linear

response,
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for al b and c. This suggests that the resulting table, re-expressed in terms of v,, contains a null
submatrix in the (y;, y;) entry. The remaining non-zero submatrices corresponding to the u, input
channel indicate the nature of the between channel nonlinearity effects. The extent of between
channel effects implied by any given pairing, u.-y,, is explicitly indicated by the presence of a
nonzero submatrix among the (y,, y,) entries in the compensation table where 1<k, (<P with #i.
This second table can be seen to complement the mismatch table by indicating, through the
existence of nonzero submatrices, the relationship between a particular input and higher order
output terms such as 'y, and vy, y,.

In the next section, a simple CSTR model is used to illustrate the application of the

second order identities in the evaluation of local nonlinear effects in a nonlinear process.

4. An Example

Consider the following model of a CSTR due to Nikolaou (1993),

. 2 2 _ 2 112
= -x,-Dax;+1+u,, e Da x; -x, -Dayx,” +u,

1
dt

with output functions, y,=x, and y,=X,. At steady-state

2
u, =y, +Dajy; -1

2 1/2
u, = -Day; +y, +Da,y,’

The values of the first and second order inverse gain matrices can be isolated by differentiating



each expression with respect to y; and y,:

(2Da1 0]
1+2Da,y, 0 0 0
du Fu
— = 2./y,+Da, |, =<{-2D b,
ay —2Da1 1 %M 6yayT al 0

Y2 o _1D=

4.3
Y2

Differentiating with respect to u;, and u, and solving for the required derivatives gives

1 0
oy | 1+2Day,
du |u=¢"(y) B 4,/y,Day, 2y,
2y, +Da)(1+2Dayy,) 2,fy,+Da,
—2Da,
(1+2Da,y,)?
0 0
Py | - 2 23 3P 2
uonT sy || 4P2:(2Dayy, Da, +4Day, Da, +4y,” +4y,Da, +/3,Da) 4Da,y,Da,
(2fy, +Day’(1+2Da,y,)® 2,/y, +Da,)*(1 +2Da,y))
4Da,y,Da, 2Da,

(2\/}72 +Da,)*(1+2Da,y,) (2\/}72 +Da,)?

For the steady-state conditions, y={ 0.61803399, 0.03085002} ", u={ 0,0} ", with Da,=1 and Da,=2,

by

du 2236 O Fu 00

5=(—1.236 6.696]’ wyt (2 o
0 —92.388]

and
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-0.179 0
ﬂ:[o.m 0] Fy 0 0
u 100826 0.149)° ouou™  [0.121 0.170]'
0.170 0.308
This gives
T
qu Fyi  ](-040 0)(1.0297 1.1391 (14)
dy; dudu T 0 0){1.1391 2.0607) °
and
T
dyi u gyl (04 0)(-1.0297 -1.1391 (15)
du dyy; du 0 0)\-1.1391 -2.0607/]

Each termin (14) is obtained by adding over all output channels. The contribution of each output

channel can be obtained by isolating the corresponding term of the sum which gives, for example,

du
M gq, 22N oo
oy, 8u12 oy, 8u12
and so forth. Tabulating these values as described above,
Y1 Y2
-04 0 0 0
u,
0 0 0 0
02211 O 0.8086 1.1391
210 0 11301 2.0607

The latter table demonstrates that the nonlinear behaviour of the process causes both
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between and within channel nonlinear effects. The between channel effect arises from the
nonlinear effect of y, on the u,-y, pairing. The related submatrix contains a non-zero off-diagonal
term, 0.2211. The nature of this submatrix with one nonzero entry in the (1,1) position indicates
only dependence on y, as confirmed from the steady-state relationships. This type of interaction
can only be removed by pairing u, with a nonlinear function of y, and y,. The null upper right
submatrix indicates that there is no nonlinear effect of y, on the u,-y, pairing. This is clearly
supported by the steady-state expressions for u, and u, given above. Furthermore, the null sub-
matrix also suggests that the linear RGA resulting from input variations in a neighbourhood of
the steady-state point will remain an identity matrix. The u, steady-state response depends
nonlinearly on y, and y,, while u;, depends only on vy,.

Using the following input scaling,

the resulting second order scaled interaction table is given by

Y: b
02 0 0 0
v
0 0 0 0
0.1106 0 04043  0.5696
V2 o 0 05696 1.0304

This table can be expressed in terms of RMS measures as
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Y. Y>
u, 0.12247 0

u, 0.067728 0.85195

For this example, there is no significant between channel nonlinearity effect. The small off-
diagonal term 0.067728 indicates a weak nonlinear dependency of the u,-y, pairing on y,. The
larger value 0.85195 shows that there is evidence of strong within channel interaction for the u,-
y, paring. This could be removed by considering pairing the y, channel with a nonlinear
combination of the inputs.

As discussed above, information about the nature of the nonlinearity is obtained by
analysis of the mismatch compensation terms listed in the following table. Consider first the

unscaled compensation table given by
YisY1 Y152 Y252
040 0.0 0.0 0.0 0.0 0.0
E ( 00 00 J ( 00 00 )( 00 00 J
-0.40 0.0 0.0 0.0 -0.6297 -1.1391
K ( 00 00 J 00 00 J (—1.1391 —2.0607)

Thistable provides considerabl e information about the structure of anonlinear controller required
to decouple this system. It can be seen from the u, channel that a simple quadratic
transformation involving only y, would provide an appropriate controller. The quadratic nature
of the relationship is deduced from the presence of the nonzero term 0.4 in the submatrix relating
the u, channel to the term (y,,y;). Since thisterm isin the upper left corner of this submatrix,
it involves only a second order effect related to u,. Thisindicates that the second order term of

the steady-state relationship expressing the dependence of u, on (y,,y,) can be written in terms
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of a second order term involving u, only. This can only happen when u, becomes a quadratic
function of y, a steady-state.

For the interpretation of the u, channel, the previous table describing the mismatch can
be used. Recall that only the terms in the upper left corner of each submatrix are associated with
the between channel interaction. As a result, all other non-zero entries are related to the within
channel interactions of the u,-y, pairing, and can be removed by a nonlinear input transformation
v,=@(u,, U,). From the compensation table, it can be seen that steady-state decoupling can be
achieved locally by considering a nonlinear expression iny, and y,. There are no terms of the

form y,y,, indicating that the expression form required is

z, = ﬁl(yl) + ﬁz(Y2)

where 3,(y,) is a quadratic function of y; and B,(y,) is a nonlinear function of y,. This is
supported by the model equations given above.

From this example, we see that inspection of the interaction table provides a good
description of the nonlinear effects existing in closed-loop nonlinear processes. By using both
the mismatch and compensation interaction tables, a good description of the required pairings is
obtained. Furthermore, by using the tables along with the RM S curvature measures, we can aso
provide an accurate description of the steady-state nonlinearity of a process.

In order the assess the importance of these nonlinear effects in the region using the

prescribed scaling matrix, we can obtain the following table of RMS measures:
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YioY1 Yi:Y2 YasY2
u, 0.12247 O 0

u, 0.12247 0 0.85195

This table indicates that there are no significant nonlinear effects due to u,. The u;-y; pairing
provides an approximately linear steady-state behaviour. Only the y,,y, term has a significantly

nonlinear effect on the u, channel. A nonlinear transformation of the form

z, = B,(y,)
would provide an approximately linear steady-state behaviour between u, and z,.

This example illustrates the application of the method presented and the usefulness of the
second order identities derived in Section 2. As has been seen, considerable information about
the extent and the nature of the nonlinear steady-state behaviour of a closed-loop process can be
obtained.

This analysis provides an effective tool for the assessment of nonlinearity in control
problems and the extent of nonlinearity that must be addressed by a controller. The necessary
second order information about the process can be obtained from a mechanistic process model,
numerical simulation experiments in the case of a complex process model (e.g., using a design
simulator) or from plant data. A number of possible strategies exist for the assessment of second
order properties in steady-state processes. For this purpose, we can consider simple empirical
model building approaches, such as response surface methodology, or approximation methods,
such as the secant approximation method (Goldberg et al. (1983)).

The next two sections discuss the application of Equation (12) for assessment of second

order interaction effects.
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5. Measurement of Closed-Loop Nonlinearity

In this section, the identities derived in Section 2 are used to measure the extent of the
nonlinearity of a process operating under closed-loop.

In the analysis of a nonlinear steady-state process, Equations (4) and (5) can be used to
describe the local geometry of the steady-state locus. Clearly, if a process operating under
closed-loop has no offset over agiven set of output set-point values then we can re-write equation

(5) as

5o - (o) (16)

where r is a reference output signal, or more specifically in this case, an output set-point.

The process dependence on reference signals, as given in equation (16), assumes the
existence of a controller which gives zero off-set. For the general case, we assume that both the
inputs and the outputs of the closed-loop process are parametrized by the reference signal. That
is, we assume that the input-output behaviour of the closed-loop process yields a P-dimensional

submanifold of R°xR", parametrized by, given by

C
) - (%) (17)
G o)

whereG_ andG* are the nonlinear closed-loop relationships between the inputs and the outputs,
respectively and the reference signaind where the superscripindicates closed-loop process.

We now consider the application of the identities obtained in Section 2. First, we derive
expressions for the first and second order derivatives of the inputs and the outputs with respect

to the reference signal in the closed-loop process. Figure 3.3 shows a standard flow diagram of
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a closed-loop process subjected to set-point changes.

Figure 3.3 Standard flow diagram of a closed-loop process under set-point changes.

For a linear steady-state process, the closed-loop expressions are given by

u=CI+ PC)'r (18

y = PCI + PC)’'r

where P and C are P by P matrices corresponding to the process and the controller. For a
nonlinear steady-state process, we consider a nonlinear process map and a nonlinear controller

map given by

y = G,
u = G(y)
Assume that G, and G, are twice differentiable. Second order approximations of G, and G,

around a stationary point (y,, U,) are given by

3G (u,) 1 &G (uy)
G,® = — > @-u) + —(u-uy) augu"

and
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&G,(yy)
dyoy’

9G¥y

G
ALY 5

(y_yo) + %(y_yo) (y_yo)

As a result, we obtain a second order approximation of the process given by

y = P@)(u-uy)

u = C(y)(y_yo)
where
Py - [ o TG
\ ou dudu’
and
Cy) = aG°(y0) + Y-y azGc(y)
oy T

Substituting for P(u) and C(y) in (18), we can obtain expression for the first and second order
derivatives of y and u with respect to r. In what follows, we derive the expressions for the case
where C(y) is linear.

For the standard closed-loop diagram, the closed-loop input response is given by solving

the implicit nonlinear equation

u+Cy)d + P@)C(y)'r = 0

oG oG *G._ oG \!
ur—I + | —L + (w-u)—L|—| r=0
oy du dudu’) dy

Similarly, the closed-loop output response is given by solving

(19)
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y +P@CH + P@Cy)'r = 0

oG, (20)

oy

r=20

G, |96, (aGp © oy 56
oudu’) oy | dudu’

y+ a(;l'-' + (u—uo)/
du u

Differentiating (19) with respect r gives, at u, and r,=0, the following expressions for the first

and second order derivatives of u with respect to r

ou| oG G, 3G,
ol L
Ug>Tp (21)
Fu | oG 3G, 3G, )" 3G, 3G,V 86, #G, aG 3G, 3G\
_ouw - oy + | g + e e T Tely . TR e
aror'lus, |y ou oy du dy) Oy owow'dy\ du dy

Similarly, the corresponding derivatives of the outputs with respect to r a u=u, and r,=0 are

given by
-1
a| %, %,
orluyr ou dy ou dy
Py | _[;. 906" 6. 6, By 96,06, 22)
arar” luy.r, du 3y ) Oy oudu’ oy ou dy
1 -1 A/ -1
Ty Tyl 56,606 5, G 26,6, ]

du dy) Oy ouou/dy\ ou dy

Equations (21) and (22) are of particular importance in the measurement of local closed-loop
nonlinearity for a nonlinear process regulated by alinear controller. They are also closely related
to the identities developed in Section 2. In particular, it isreadily verified that the right hand side
of the expression for the second order derivatives of the outputs with respect to the reference

signal in equation (22) is precisely a reformulation of equation (13) of Section 1. To see this,

write Equation (13) in terms of r and u by letting
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Fr _ PGy
oudu’  oudu’

and substituting Equation (21). We immediately see that, for a nonlinear closed-loop process
with no offset, the second order derivatives of y with respect to r vanish locally. As a result,
equation (21) describes the local geometry of the process steady-state locus. It is the control-law
nonlinearity of the process as described above.

The following example illustrates this procedure.
Example 3.2

Consider the following model of a chemostat bioreactor:

dx, T )
= ~KgX TUXy
dt 1 K.x2
+x2+ 1x2

dx Mo XX
e e R
1+x,+K.x)

where x, and X, are the scaled biomass and substrate concentrations and u,, the input, is the

dilution rate. The model parameters 11 S, k; and K, are the specific growth rate, scaled inlet
substrate concentration, death rate and substrate inhibition constant, respectively. These
parameters are assigned the valugs 50.5 min*, S=0.3 g/l, k=0.05 min* and K=10 I/g.

The closed-loop steady-state behaviour observed in the control of the substrate
concentration by manipulation of the dilution rate is analyzed in the neighbourhood of the steady-
state conditiong,=[0.019821,0.18107},,=0.01. To illustrate the implications of equations (21)
and (22) in the assessment of closed-loop process nonlinearity, we consider the closed-loop

response of the process under the action of a feedback controller of the form
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u, = K (@I-x)
where K_=0.1 | g* min™. Figure 3.4 shows the resulting closed-loop response of the process
along with the actual steady-state locus. As should be expected from this simple proportional
controller, the closed-loop process displays a considerable offset at steady-state. Using Equations
(21) and (22), we proceed to calculate the contribution of the nonlinear effects to this offset.
At x,=0.18107, u,=0.01 we find that

—P = 67754 , P - 52854, —° = -0.L
1 aulaul ax2

oG &G oG
ou

Substitution into equations (21) and (22) gives

o’x,

= 1.1196.
2

u
_ 00596, 2% - o120,
2 a

= 0.4039 ,
The linear approximation of the closed-loop response resulting from these values of the first order
derivatives of x, and u, with respect to r is shown on Figure 3.4. As indicated by the first and
second order derivatives of x, with respect to r, the closed-loop process deviates from the
intended behaviour. We can also calculate the RMS curvature associated with the nonlinearity
of the relationship between x, and r. For the region of interest given by x,=0.18107+(5.0x10),
we obtain an RMS curvature of 0.15. The dependency ohx is therefore not significantly
nonlinear in this region. For the linear controller considered, the closed-loop process behaves in
a linear manner in the range of set-point values considered.

Since we are only considering steady-state, or gain, nonlinearity we only consider the

implication of nonlinearity in cases where purely proportional linear controllers are used. In order
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to consider the implications of implementing other linear controllers such as proportional-integral

controllers on nonlinear processes, we need to consider dynamic effects.
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Figure 3.4 Steady-state behaviour of a closed-loop process. The steady-state locus is
parametrized by the setpoint signal, r.

6. Nonlinearity and Interaction
As demonstrated in Section 2, Equations (12) and (13) are closely related to second order

interaction effects. Equation (12) defines explicitly the inherent restrictions of input rotation
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experienced in a closed-loop nonlinear process. It describes the trade-off that must exist between
process nonlinearity and controller nonlinearity, or between the mismatch and the compensation
terms in Equation (12). The mismatch term measures the extent of input rotation due to process
nonlinearity and the compensation term gives the corresponding rotation that must be supplied
by the controller in order to achieve perfect control. Similarly, Equation (13) defines restrictions
in output rotation.

Consider the application of Equations (12) and (13) to the measurement of interaction
effects in a nonlinear process. From Equation (12), for a given input channel u,, the following

identity is obtained

du, gyt . oy u, oyt o
ayi auaauc auc ayjayi aua

Note that this identity can aso be derived by differentiation of the equation

du i
aay =1
ayiaua

with respect to u. However, the derivation using the exchange of basis requirements for
connection coefficients identifies the coordinate representation issue which is the fundamental
basis for interaction.

The second order expression can also be decomposed into i individual terms

; ou, Yy, oy u, dy,
Yac = + P
ayi a"]‘aauc al']‘c ayjayi aua

The term, Y., measures the effect of u, on the u.-y; pairing and its magnitude gives an estimate
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of the contribution of second order effects to closed-loop interaction effects. These terms can

summarized in a table of the following form

Yi Yo - Yp
1
W Yy Y1 - Y1

1
W Yy Yo -« Y2

1 2 P
Up Yp Yp --- Yp

where the terms y.' are P dimensional vectors whose eements are y,.'. By construction, this
table is symmetric. Furthermore, to satisfy Equations (12) and (13), the sum of all elementsin
each row must be a null vector. The sum of the elements of each column must also be a null
vector. For a given direction in the input space, this table identifies the contribution of the
nonlinearity to the interaction effects.

Using equation (13), the effect of variation of the outputs can aso be estimated. As
above, for a particular output channel y;,

ou? 625’1 du? . 9y; dPu?
dy; ou,0uy ayj du, ayiayj

bl

which can be easily derived by differentiation of the equation

9¥; du 1
aua&yi

with respect to y;.  Individual elements of Equation (13) are given by
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5 a al']‘a 82y1 du b ayi azua
o = — _+ .
! ayi auaal']‘b ayj aua ayiayj

This term measures the effect of y; on the u.-y; pairing. As above, these terms can be arranged

in atable of the form

y, 8 &1 ..

y, 8 65 .. &

Yp Op Op .. Op

This table displays the same properties as the table corresponding to Equation (12).

Interpretation of these measures of interaction supplements the interpretation of the RGA
calculated from the first order gain of the nonlinear process. Of particular importance are the
magnitudes of the terms v, and &2 contained in the tables given above. Since these terms are
not scale independent, we must consider appropriate scaling of the original variables. This can
be performed as discussed in Section 3. The result is a dimensionless measure of the contribution
of the second order terms to the interaction effects in a nonlinear closed-loop process. Naturaly,
large second order effects within a prescribed region of operation indicates highly nonlinear
behaviour and the need for a nonlinear decoupling control strategy.

The choice of input-output pairings may also be affected by the second order measures.

For agiven input-output pair, the corresponding P-dimensional vector entry from the second order
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interaction tables measures the expected variation in interaction due to the second order effects.
They therefore provide a method to quantify the interaction effects in nonlinear processes where
nonlinearity is the dominant source of interactions. The presence of large negative values in the
second order interaction terms associated with an input-output pair indicates large reverse effects
due to the nonlinearity, indicating a poor choice of input-output pairing.

As mentioned above, the terms associated with Equations (12) and (13) are related to the
extent of input rotation and output rotation, respectively. As aresult, significantly large values
of y. (or alternatively, 5% can be interpreted as an indication of significant variation in input
(or aternatively, output) rotation in a prescribed region of operation. Thisis closely related to
the effect of process nonlinearity on the input and output rotation components of the singular
value decomposition of the first order gain (Morari and Zafiriou, 1989), as discussed in Koung
and MacGregor (1991).

In the next section, two chemical process examples are used to demonstrate the application
of the tables discussed above in the assessment of nonlinear interaction effects. Thefirst example
IS a continuation of the simple CSTR discussed in Section 4. The second example is an
evaporator model described by Newell and Lee (1989).

Although both examples are based on process models, it should be understood that the
analysis only requires the availability of first and second order gain information in a prescribed
region of operation. The models presented in the next section are therefore only used to evaluate
the gain information. Other empirical model descriptions such as second order Volterra series
(Maner et al., 1994), NARX or NARMAX models (Leontaritis and Billings, 1985) or simple

steady-state models may often provide the necessary information.
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7. Chemical Process Examples
Example 3.3

Let us consider again the simple CSTR discussed in Section 4. As noted previoudly, this
process was shown to display significant nonlinearity in the region of operation described by the
scaling matrix

20
02

7]
1l
™~
N—————

The relative gain array of this process at the conditions considered is given by

~olo)

The process displays no first order closed-loop interaction; however, examination of the model
equations indicates the presence of one-way interaction from u, to y,. Recall that transmission
interaction occurs when the action of one controller on an output is influenced by a path which
includes the other controllers. This is the type identified by the linear RGA.

It is reasonable to ask whether the nonlinear effects contribute to transmission interaction
effects in the closed-loop process. Using the first and second order gain information given in

Section 4, the entries in the interaction tables discussed previously can be evaluated as follows:
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1
Y1

and, similarly, v,,'=Y,,"=y»*=Y,,>=0. The terms corresponding to Equation (13) are
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1_8y182u1+%82y18u1 8u282y18u1

+

du, dy,dy, Oy, dudu; dy, Iy, du,du, dy,
04 + 04 +00=20

1_8y162u1+%82y18u1 8u282y18u1

— + )

du, dy,dy, Oy, du,du, dy,  Jy, du,du, dy,
00 +00+00-=0

2 O 9 o Fyy O, Ty

ou, dy,dy, Oy, dudu, dy, Iy, du,du, Jy,

=00+00+00-=0

M oy Ty oy, Oy
ou, dy,dy, Oy, dudu, dy; Oy, du,du, dy,

=00+00+00=0

It can be easily verified that 8,,'=8,,=d,,'=5,,°=O0.

These results indicate that the process nonlinearity does not introduce transmission
interaction effects in the closed-loop system. From the steady-state point of view, the u,-y, and
u,-y, control loops can be treated independently. However, one-way decoupling may be required
to compensate for the action of u, on y,.
Example 3.4

The approach discussed in Section 5 is used to evaluate the extent of interaction in the
2x2 evaporator model of Newell and Lee (1989). In this process, the outlet product,n(f49s, y
and operating pressure, YkPa), are controlled using the inlet steam pressure fed to the
evaporator, y(kPa), and the cooling water flowrate to an overhead condenggg/min). In
Chapter 2, it was found that this process displays significant nonlinearity at the operating

conditions [y, y,]'=[25,50.5] and [y,u,]'=[194.7,208.0]. The first and second order gains are
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given by

@

. (0.11677 0.045585)
ou (0.12807 -0.049972)

and

8.1309x10*  3.7307x10
ay 2735510

dudn™  |[-3.0467x10% -1.7804x10~||
3.8670x10

First and second order inverse gains are given by

qu (4.2268 3.9179]
ay (10935 -9.9704)

and

-1.6089x107! -1.6163x107°
Fu _ ~2.6744x107
oyoyT || 5.6258x102 -9.4865x107!|[

9.5584x10"!

The relative gain array is given by

~ (0.498 0.502
- 10502 0.498

indicating strong interaction effects. As suggested in Newell and Lee (1989), these results

indicate that there is no clearly advantageous choice of input-output pairings in this case.
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In order to analyze the second order interaction effects, the first and second order gain
information must be appropriately scaled. For the construction of the interaction table

corresponding to Equation (12), the inputs can be scaled by the scaling matrix

(0.016667 0 1
S = .
\ 0  0.014286)

This matrix scales the inputs with respect to the expected range of variation of both channels

during normal operation. The second order interaction table is given by

Y Y,
7.1622x1072) (-7.1622x1072
1 14.8834x1072) |-4.8834x1072
-7.1622x107%) (7.1622x1072
2 1-4.8834x1072) 14.8834x1072

This indicates that, for the region of operation described by the scaling matrix, the nonlinearity
makes a mild contribution to closed-loop interactions. Furthermore, the positive diagonal
elementsin this table demonstrate a positive interaction effect due to nonlinearity in the u,-y, and
u,-y, loop pairings. These loop pairings should therefore be adopted in this region of operation
in order to prevent reverse effects due to nonlinearity. Thus this analysis of second order effects
complementslinear techniques and improves the ability to assign appropriate input-output pairings
in a nonlinear process.

Construction of the table from Equation (13) for the output coordinates is now considered.
This requires specification of scaling in the output region. Asin Chapter 2, consider the region

described by the scaling matrix
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0.2 0
T = .
0 0.14286

The corresponding interaction table is given by

Y1 Y2

6.3612x107%2 ) (-6.3612x1072
1 1-1.5953x1072) | 1.5953x1072

-6.3612x107%) { 6.3612x1072
2 11.5953x1072 ] \-1.5953x1072

Agan, it can be seen that the nonlinearity of the process contributes significantly to the
interaction effect. However, in this case the components of each 2-dimensional vector in the
interaction table are of opposite signs, indicating conflicting interaction effects for the closed-loop
process due to the nonlinearity.

This situation complicates considerably the task of choosing appropriate input-output
pairings. Many strategies can be envisaged. One simple solution is to allocate pairings based
on the sign of the larger element in each vector. This is based on the assumption that, on
average, the dominant components summarize the interaction effects observed. To facilitate the
comparisons, one can normalize each P-dimensional element of the interaction table.

Applying this ssimple rule in this example, it is seen that the dominant effect of the
nonlinearity is given by the term 6.3612%10Since this term appears as a positive term on the
diagonal of the interaction table, they and y-y, pairings are selected for this process.

This example highlights the importance of choosing an appropriate scaling region. In this
case, two scaling approaches were considered and it was shown that the interpretation of the

results generally depend on the choice of scaling region. In the first case, a region defined by
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adiagonal matrix was used to evaluate interaction effectsin the input coordinates. A direct effect
of nonlinearity on closed-loop interactions was observed, which led to a clear choice of input-
output pairings. The second analysis, based on the choice of a scaling region in the output
coordinates, led to a different appreciation of the extent of nonlinear contributions to the
interaction effects, requiring a more cautious interpretation of the results. The relationship
between scaling and the orientation of a steady-state process has been in discussed in Chapter 2

where an aternative scaling procedure was proposed.

8. Conclusions

A new approach for assessing closed-loop nonlinearity and interaction in nonlinear
processes has been presented. It is based on a differential geometric interpretation of the relative
gain array that leads to the derivation of second order identities. These identities can be used to
measure the extent and the nature of the nonlinearity of a closed-loop process under linear or
nonlinear control. These identities can aso be used in the analysis of higher order interaction
effects.

Two types of nonlinear closed-loop process behaviour have been introduced. Between
channel nonlinearity is associated with the nonlinear dependence of output channels on other
input-output pairings. Within channel nonlinearity is used to identify the interaction effects that
result from the inherent nonlinearity of each output channel. A root mean squared measure of
interaction has been introduced to evaluate the significance of local nonlinearity effects.
Application of the approach has been illustrated using a two input two output CSTR model and

the method has been shown to yield considerable information about the nature of the nonlinear
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behaviour of that process.

An extension of the second order identities to the measurement of nonlinear interaction
effects has also been presented. The method yields a second order interaction table which can
be expressed in either the input or output coordinates to complement and extend the applicability
of the relative gain array to nonlinear processes. Models describing a simple CSTR and an
evaporator process have been used to demonstrate the application of the method. The CSTR
model was shown to display no first or second order transmission interaction effects. Although
this process is shown to display significant nonlinearity, the analysis demonstrates that the RGA
captures very accurately the extent of interaction in the closed-loop process. The evaporator
model displays both first and second order interaction effects. It has been shown that the choice
of input-output pairings may be affected by consideration of the second order effects under

different scaling possibilities.

109



Nomenclature

ab,c Integer indices of input coordinates
a’,b”,c” Integer indices of input coordinates
A, B Vector fields

Da,, Da, Kinetic constants

f Vector field describing the dynamics of a process on the state space
O Metric on a manifold expressed in the input coordinates

g; Metric on a manifold expressed in the output coordinates

G Implicit vector valued function of the inputs and the outputs

G, Nonlinear process inverse function of the outputs

Nonlinear process function of the inputs

i,j,k  Integer indices of output coordinates

K Steady-state input-output gain of a linear process

M Differentiable manifold arising from the steady-state input-output behaviour
N Dimension of the space of state variables

p A point of manifold M

P Number of inputs and outputs

RGA Relative gain array

R Set of real numbers
S Input scaling matrix
T Output scaling matrix

™ Tangent space of the differentiable manifold M
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T,M  Tangent space at a point p of a differentiable manifold M

u Input vector

u® k™ time derivative of the input vector
U Open neighbourhood of a point in R”
% Scaled input vector

W Intersection of two open neighbourhoods of a point p of a manifold M
X State variables

Xo Initial conditions for the state variables
y Vector of outputs

y® k™ time derivative of the outputs

Y Open neighbourhood of a point in R”
z Reparametrization of the outputs
Greek Letters

B, B, Nonlinear functions of the outputs

Yebe Mismatch terms summed over all outputs

Vet Scaled mismatch terms summed over all outputs

Vaoe Mismatch terms corresponding to vy,

Y. P by P matrix of mismatch terms corresponding to the u,y, pairing

A P dimensional vector element of the second order interaction table expressed in the
input coordinates

e Process graph

M Inverse process graph
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I abe Metric connection coefficients expressed in the input coordinates

ik Metric connection coefficients expressed in the output coordinates

O.pc Mismatch compensation terms summed over all output combinations

d,.)  Mismatch compensation term corresponding output combination y;, Y;

5, P dimensional vector element of the second order interaction table expressed in the

output coordinates

o Kronecker delta

N Relative gain array

(0} Nonlinear vector valued function of the inputs
® Nonlinear vector valued function of the inputs
Symbols

R” P-dimensional real space
T Transpose of a matrix or vector
O Hadamard product

0,B  Covariant derivative of B in direction of A

<v,w> Inner product of two vector fields v and w
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Chapter 4

On a Dynamic Measure of Nonlinearity

1. Introduction

One advantage of the framework developed in Chapters 1 and 2 is that it allows the
assessment of the nonlinearity of a steady-state process in a neighbourhood of a point in a
systematic fashion. An important aspect of this framework is the recognition of the importance
of scaling on the quantification of the nonlinearity, and the development of a methodology to
scale the curvature measures obtained to produce generic measures. Although the analysis has
been restricted so far to steady-state processes, it is conceivable that this framework could be
applied to the analysis of dynamic processes. If one considers a dynamic process to be
adequately represented by an operator acting as a mapping between spaces of functions, it is
possible to apply the framework in a comprehensive manner using an operator-based approach.

The purpose of this Chapter is to extend the steady-state analysis of nonlinearity to the
measurement of dynamic nonlinearity. The methodology is based on an operator description of
nonlinear input-output systems. In particular, the application of the input-output formulations
described by Zames (1966a, b), Willems (1971), Desoer and Vidyasagar (1975) and, more
recently, Georgiou (1993, 1994) to the problem of assessing the extent of dynamic nonlinearity
of a continuous nonlinear input-output system is considered. Using these formulations and some
other tools, it is shown that the steady-state analysis developed earlier in this thesis extends
naturally to the analysis of dynamic processes. Quantification of the nonlinearity of mappings

between infinite dimensional normed (Banach) spaces is involved.
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The problem of quantifying dynamic nonlinearity of control systems has been an active
area of research in chemica engineering (Stack and Doyle 111, 1995; Ogunnaike et al., 1993;
Nikolaou, 1993). Operator-based settings have also been considered by Nikolaou and
Manousiouthakis (1989a, b) for the devel opment of nonlinear measures of interaction and to study
hybrid control approaches in chemical engineering. Nikolaou (1993) has aso used this
formulation to develop a methodology for the measurement of dynamic nonlinearity and has
demonstrated its application to a simple two-state nonisothermal CSTR model. The lack of a
generic measure, along with the intensive computational requirements of this method, have made
it difficult to apply more generaly.

Nikolaou (1993) has considered the measurement of dynamic nonlinearity for nonlinear
processes using random input sequences of different amplitudes. The approach is based on the
calculation of an alternative operator norm of a nonlinear operator. This norm is defined from
an inner product in the space of operators from bounded input signals to bounded output signals.
Given that a linear approximation of the nonlinear input-output operator exists, the norm of the
best linear approximation for a given class of input perturbations can be compared to the true
operator norm of the system. Since the linear model approximation is likely to change as the
amplitudes of the random sequences are varied, the degree of variation in the parameters of the
linear description can be used as a measure of process nonlinearity. Such variations of linear
model structures have also been successfully employed by Johansen and Foss (1993) to develop
NARMAX (Nonlinear AutoRegressive Moving Average with eXogeneous inputs) models from
a collection of ARMAX models which span different operating regions.

The approach of Nikolaou (1993) does not propose a measure of nonlinearity, but rather
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a procedure to assess nonlinearity of a process based on variations of linear approximations for
various input sequences.  Although the framework is generaly applicable to a number of
situations, its use has been mainly restricted to simulation studies where large numbers of input
sequences can be used to assess the nonlinearity of a system.

Recently, Stack and Doyle 111 (1995) proposed a methodology for the development of
control relevant measures of dynamic nonlinearity. An optimal structure is defined which alows
description of the input-output dynamic relationship subject to the optimization of a quadratic
performance objective. They state that measurement of dynamic nonlinearity subject to the
optimal policy provides control relevant measures of nonlinearity that are more informative than
open-loop measures nonlinearity. Although this approach is sound and may prove to be useful
in a number of applications (including the method proposed in this section), it may be susceptible
to the choice of measure of nonlinearity employed. They have used the coherency spectrum
(Ljung, 1987; Haber, 1985) to assess nonlinearity. Alternative measures, such as the one
proposed in this thesis would aso be applicable.

Measurement of nonlinearity has been of considerable importance in nonlinear systems
identification. A number of measures have been proposed in the literature (see Haber , 1985 for
a complete survey) for testing the presence of nonlinearity in input-output sequences. Such
methods can be useful in developing an empirical process model. However, they do not provide
generic measures that could be used to compare the extent of nonlinearity of alternate systems.
Since they are primarily designed for use in for modelling studies, they do not consider the
impact of the nonlinearity on process control.

In this study, the nonlinearity of a process in the neighbourhood of a point is measured
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by the contribution of higher order terms of the Taylor series approximation of a nonlinear
operator relative to those of the first order terms rather than deviations from the best linear
approximation for a given input sequence. This yields a pointwise measure of nonlinearity which
is representative of the nonlinearity of the process over a neighbourhood of a point of
linearization. By studying the local behaviour of a nonlinear process relative to the behaviour
of its linear approximation in the neighbourhood of a point, a local measure of nonlinearity is
obtained that becomes an important characteristic of the local behaviour of a nonlinear process.
The extent of nonlinearity can be assessed with respect to various scaling strategies.

Although the construction of this measure is intuitive, it provides a scale-independent
measure of the magnitudes of the nonlinear effects relative to the linear approximation of a
dynamic process in the neighbourhood of an equilibrium point or a nominal trgjectory. The
ability to define a scale independent measure of nonlinearity is advantageous because it provides
a systematic method for evaluating and comparing the nonlinearities of a number of processes.
The flexibility of the scaling procedure provides a useful means of comparing the imple-
mentations of various stable control structures such as proportional-integral forms, internal model
controller (IMC) forms. (Note that the IMCs are closely related to the input prescribed scaling
procedure described in Chapter 2).

The method presented here permits the quantification of dynamic nonlinearity effects in
nonlinear processes to yield a generic measure of the nonlinearity of a process in the
neighbourhood of a stationary point or a nominal trgjectory. It is demonstrated that a smple
extension of the steady-state measures provides a measure of dynamic nonlinearity. The

extension is based on the existence of a continuous twice Fréchet differentiable causal unbiased

116



operator describing the input-output behaviour of a dynamical control system in a neighbourhood
of a stationary point. As in the steady-state analysis, the magnitude of the second order terms
of a Taylor series expansion is measured relative to that of the first order terms. The assessment
of nonlinearity is performed relative to unit L,-norm output signals such that interpretation of the
curvature measures of the dynamical system is similar to the interpretation of those proposed in
the steady-state analysis. Greater flexibility in the scaling of the output signalsis possible in the
analysis of dynamical systems.

The Chapter proceeds as follows. In section 2, background on the theory of nonlinear
differentiable operatorsis provided. Application of nonlinear operators to the study of dynamical
systems is introduced in Section 3. A measure of dynamic nonlinearity is presented in Section
4. Theimportance of scaling to the development of a meaningful measure is discussed in Section
5. In Section 6, the dynamic measure of nonlinearity is applied to the analyses of two processes.
In the first example, a bioreactor is used to demonstrate the application to a continuous chemical
processes. The second example involves a non-isothermal batch CSTR.

2. Preliminaries

In this Section, a number of useful definitions and theorems are stated. They provide a
brief introduction to basic notions of operator theory (see Khatskevich and Shoiykhet, 1994) and
topology, (see Lang, 1985). Although the material discussed in this Section is of technical
importance to the development presented in this Chapter, its presentation is not indispensable
to the understanding of the following Sections. The reader may therefore wish to skip this
Section and proceed to Section 3, referring back as needed.

1) Let X beaset. A topology on K isanonempty family T of subsets of the set )X, satisfy-
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ing the following three conditions:

a) the intersection of any two elements of T is an element of T;

b) the union of the elements of any subfamily of the family 1 belongs to T;

c) K O O{LLLL Ot}.

The pair (OI(, 1) is called a topologica space.

2) Let 1, and T, be two topologies on )X. It is said that 1, is weaker than t1,, or,
aternatively, 1, is stronger than t,, if T,01,.

The topology of a space can be described through convergence. Let (C,>) be a directed
set. A directedness S on )X is a mapping SC- )X defined on the whole C. For example, a
sequence is a mapping defined on a set of natural numbers, i.e., where the directed set C is the
linearly ordered set N={1,2,...}.

3) Theorem 1: A topological space is Hausdorff if and only if no directedness on this
space converges to two distinct points.

4) A mapping f from a topological space (X, 1) into a topological space (&5,B) is called
continuous if the preimage of any [3-open set in =isT-openin K. The composition of continuous
mappings is continuous.

5) Let K — 2 be acontinuous mapping and C (DX ; then the redtriction fl1_ is aso continuous.
It is said to be continuous on C .

6) Theorem 2: The following statements are equivalent:

a) The mapping f is continuous.
b) The preimage of any closed set is closed.

¢) For each point x[DX, the preimage of any neighbourhood of f(X) is a
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neighbourhood of x.
d) For each point x[DK and any neighbourhood C of the point f(x), there exists a
neighbourhood = of the point x such that f(=2)0C .
e) For any directedness Sin JK, convergent to a point s, the composition foSis
convergent to f(s).
7) A homeomorphism f (or atopological isomorphism) of the topol ogical spaces (K, T) and
(B,B) is an isomorphism of the sets )X and = such that both f and f* are continuous.
8) A family y of subsets of a topological space is caled a cover of a set 3 if
B 00{BOBUy}. A cover yiscaled open if each set Bly is open. A subcover of a coveryis
a subfamily of y which is itself a cover. A topological space is called compact if every open
cover of the space contains a finite subcover.
9) Theorem 3: A topological space X iscompact if and only if any directednessin )X has
a limit point.
10) A metric on a set )X is a nonnegative rea-valued functional d defined in the direct
product X x)K which satisfies the following conditions:
a) d(x,y) = d(y.x);
b) d(x,y) + d(y,z) = d(x,2);
c) d(x,y) = 0 if and only if x=y.
The pair (K d) is called a metric space. The sety(x,y) < r} is called the open r-ball centred
at x. The family of all open balls provides a base for a topotogy )X called the metric
topology.

11) Let (K d) be a metric space. A sequencg}g]IN} is called Cauchy ifi(s,, s,) — O for
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n,m-oo. A metric space is called complete if al its Cauchy sequences are convergent.

12) Theorem 4: In a metric space, any metric convergent sequence is Cauchy. If a
Cauchy sequence has a limit point, then it converges to that point.

13) Let K be a set and let K be the field R of real numbers or the field C of complex
numbers. The set JK isalinear (or vector) space provided that the operations of addition of two
elements and multiplication by a scalar are given which satisfy the following axioms:

Letx,y,zO K and a b O K.

1) X+y=y+Xx

i) (x+y)+z=x+(y+2)

iii) there exists a unique element 0K such that x+0=x

Iv) for any x there exists a unique element (-x) such that x+(-x)=0
v) a(bx)=(ab)x

vi) (atb)x=ax+bx, a(x+y)=ax+ay

Vii) 1ox=X.

14) The topological space (0K ,1) issaid to be alinear topological space if linear operations
on the set JK are continuous with respect to the topology T.

15) A norm on alinear space X is areal-valued functional, denoted by ||, which obeys
the following conditions

) IxI=0; Ix]=0 iff x=0,
i) Ix+yl<Ix+Iyl,
iii) flax | = Ualle|x].

A linear space )X equipped with anormis called a normed space. On this space, the for-
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mula p(X,y)=|x-y| defines a metric which induces a topology called the norm topology.

16) Two norms ||, ||, on JK are said to be equivalent if there exists c,, ¢,>0 such that
C X=X L6, IX |, for every xCDK ..

17) A normed space which is complete in the norm topology is called a Banach space.

18) An operator defines a mapping between normed spaces.

19) An operator AK - 11 is linear if its domain D(A) is a lineal of )X and A(ax+y)
=aA(X)+BA(Y), x,ydOD(A) and o,BOR. A linear operator is bounded if |Ax|<M<c for every
xOD(A) with [x||=1.

20) Theorem 5: A linear operator is continuous if and only if it is bounded.

21) The set LOK 1) of all continuous linear operators from the normed space )X into the
normed space 11 is a normed space with

i) (A+B)x = Ax + BX,
i) (aA)x = a(Ax)

for A,B O L(K,1), aR and the norm

iii) [A = sup [Ax].

IxIl =1

22) Let )X be anormed space. The space of al continuous linear functionals on )X is called the
conjugate space of X andisdenoted by X *. )X "=L(X ,K) whereK isR or C. )X isaBanach space.
Consider the expression <x,f>, the value of f{DK ™ at X[ . which is semilinear in the second argu-
ment, i.e., <x,af1+[3f2>:6<x,f1>+ﬁ<x,f2>, L0, a, BOK, o andﬁ are complex conjuguates.

23) Theorem 6: Let K be a normed space. Consider a set of elemgmtd x..,n, ofX
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and define the space X ; obtained by fixing all elements but thei™. An operator GK — 11 defined
everywhere on X iscalled amultilinear (n-linear) continuous operator if Gislinear in each of the
variables x,[1)K;, i=1,..,n, and is continuous on JX.

24) Theorem 7: If an operator GK - 1 islinear in each of the variables x,[ DX, i=1,...,n, then
G is amultilinear continuous operator if and only if

IGI < Mix ... 1%,

for al x=(x, ..., X,) where 0<M<co.
25) If G is a multilinear continuous operator, the norm of G is defined as the smallest

number M for which the inequality of Theorem 7 is fulfilled. That is,

IGI = = S GE,.Hx)
Ix; I<1,1<i<n

26) An operator H is a homogeneous form of order n if there exists a multilinear operator

GUOL, (K1) such that
HX) = G(x,X,...,X).
27) For a homogeneous form of order n H is such that
H(Ax) = A"H(x),
for AR, xDK. Also,
IHX) | < IHIIx["

Using this formalism, a methodology for measuring of dynamic nonlinearity will be

described in the following sections. It provides a unifying framework in which dynamic and
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steady-state processes can be treated using a number of different scenarios. Of particular

importance are processes whose states are described by systems of ordinary differential equations.

3. Input-Output Dynamical Systems

Following the formulation of Zames (1966a, b), Willems (1971) and Desoer and
Vidyasagar (1975), relevant input and output signals are those of finite magnitude with respect
to a certain metric. The magnitude of asignal x:[0,») - R" is measured by its p norm, defined as

p

Ixl, -

[ixtppat
0

where |x(t)| denotes any norm of the vector x(t). Signals with finite p-norm form an infinite

dimensional Banach space L," defined as

L - {x:0,)~R": x| <o}
Physical signals are usually not defined on [0, ) but on afinite subset S and are therefore
always finite. For a signal defined on S=[0,), |x|s=c if and only if [x(t)] grows without

bounds. To prevent this, a physical signal is usually defined as a truncated signal of the form

tx (f) = [x(t) if t<T
e Y NPT

This leads to the definition of an extended Banach space L, defined as

L; = {X:[O,OO)-*RN:XT EL;\I v TzO}.
A nonlinear input-output dynamical system is represented by a nonlinear operator, G,

acting on certain signals u(t) belonging to a Banach space U=L " and producing finite output
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signals, y(t), aso belonging to a Banach space Y=L ".
In this study, we consider input-output dynamical systems described by Fréchet

differentiable nonlinear operators of the form

Gp:Dp -Y
where O OU is the domain of (5(see Georgiou, 1993). We assume that this operator is
unbiased, i.e.00D, andG,(0)=0. This implies that the analysis is always carried out in terms
of deviation variables in the neighbourhood of a stable equilibrium of the process located at the
origin.

The dynamic gain associated with the input-output opef@jos defined as

{nGp(u(T» I

IG_| = sup el —O,TZO}.
P la(T)| P

u(D)

The dynamic incremental gain is defined as

IG, I,

- sup {"GP(HI(T)) ~ G ru,w el ,u, #u,,T> 0}.

w,(T),u,(T) [u,(T) ~u,(D)| P
The input-output behaviour of a dynamical system described by a continuous oBgiatstable
if for any bounded inpuuU such that|u|<d, there exists a Q<co such that|y|<y|ul]
(Willems, (1971)). A more restrictive definition of stability requires that the operator dynamic
gain is bounded, i.e|G,l,<. In the following, the former notion of input-output stability is

assumed.
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4. A Measure of Dynamic Nonlinearity

In this section, a dynamic measure of nonlinearity of a process is considered. This
measure is based on the existence of a twice Fréchet differentiable operator representing the
input-output behaviour of a nonlinear dynamical system.

The (Fréchet) derivative d, at u,, denoted by G (u,), is defined as

lim ||Gp(u0 + hl) _Gp(uo)_de(uo)hl "p _

- 0.
"hl ||p 0 "hl "p

The equality

dG (wh, = H(wh,
mapsulJU to the operatoH(u) belonging to the space of linear operators fkdrto Y defined
asL(U, Y). The operator@,(u,) is a linear operator frotd to Y. Assuming that the nonlinear
operatorH is Fréchet differentiable, its Fréchet derivative is defined as

lim [H(u, + h)) -H(uy) -K(uyh, |,
I [,~0 Iy,

At an elementh;, the value ofK(u)h, is the second Fréchet derivative Gf defined as
dep(u)(hl,hz). It mapsU into the space of bilinear maps fraslU to Y, L(U, L(U, Y))=L,(U,
Y). The second order Taylor derivative ®f evaluated ati, dep(uo)(hl,hz), is assumed to a
be a continuous homogeneous form of order 2 (i.e., symmetric with to itsh@ntorrespon-
dingly, it is written as 5 (uy)(h).

Using the first and second order Fréchet derivative of a nonlinear operator, a measure of
dynamic nonlinearity analogous to the steady-state measure is constructed. As demonstrated in

the following section, the resulting dynamic measure is an extension of the steady-state measure.
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Under the assumption that the operator G, is Fréchet differentiable up to order 2 on a

neighbourhood ofi,, then the expressions
1
G,(u, + h) = G,(uy) + dG (uph + d2Gp(u0)(h,h)2—! + w(uy,h)
where

[ (ug, b1, < Mhl,.
is uniformly valid inh for |h|<e and the number M is independentfof In that case, the
operatorG, is called Taylor differentiable and the expressioBg(d,) (h) and dG,(uy)(h, h) are
called the first and second order Taylor derivativéspfat u,
Under this formalism, a measure of the extent of dynamic nonlinearity of a nonlinear
process can be defined in a neighbourhood of a pgint D, by considering the contribution
of the second order derivatives @f to the Taylor series approximation Gf, atu,. Let the

linear and the nonlinear part of the output signal be given by

YO = dGp(uy)(h(t))
and
Yx® = d’Gpug)(h(®),h(®)
respectively for a given input signl(t) about the origiru,,.

By analogy with the steady-state case, the curvature of the nonlinear opergf{eOpat

in a directionh(t) is defined as the ratio

126



T 12

[

c2(h(T))| = °T .
0<|h(T)|,<&
[ ©fdt
0

This ratio measures the magnitude of the part of the output signal related to the second order
effects relative to the signal of the linear approximation of the nonlinear operator. It can be re-

written as

()| _ 14%6,)®ant
|0< [h(®) <& || dGP(uﬂ) (h(t)) "2

The following theorem establishes that the measure is bounded for a stable process, G,.
Theorem 8:

Suppose a dynamical system is described by a stable nonlinear twice Fréchet differentiable
continuous operatoG,:U-Y. Then the measure of nonlinearityyis bounded.

The second order Taylor series@f at u, is given by
1
G,(®) = G,(u) + dG,Ph(®) + —-d’G,@Y(h(®) + w(Ey,h(®)

where

lo@gh®)l < Mk

M is independent of.
Since G, is continuous, then for any >0 there exist r>0 such fohaNith |h|<r,

IG,(uy+ph)-G,(uy)I<e. Define the functional
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$(uy, ph) = G, (u,+ph) -G (uy) - w(uy,ph).

For dl p, O<p<l,

2
[bCuy, p)|| = [pdG (uph + pTdZG[,(ll(,)(h)ll <e+ M =N

For a linear functional fOY", the functional

2
¥(P) = <bpphsf> = p<dGuphs> + T-<d’G,(u()>

is a second order polynomial in p. It follows that it satisfies Cy(p)[N for al p, O<p<1, and al

f, | fl<1l. Then there exists a number ¢>0 such that
|<dG (uph,f>| < NI
and

|<d?G () (h),f> < NL.

It then follows that

|dG (uph| < N2, [d’G (u(h)| < N

for dl h, |hj<r.
Finally, since the operator norms of the first and second order Taylor derivative of G, are

such that
ldG (uph| < [dG (uy)|[h]

and
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1d°G, ()@ < [d°G,(uy)|Ih].

then the measure is bounded as

142G (up)()| < ) < 142G ,(uy) | ?

1dG(uy) I* 1) |dG,(u)(h) I

This completes the proof.

Theorem 8 establishes that for acontinuous nonlinear operator, the measure of nonlinearity
c’(h) remains bounded for (L) bounded input signals hOU. It is a stable property of a nonlinear
process. It also establishes that a stable Fréchet differentiable nonlinear operator has stable (finite
dynamic gain) first and second order Fréchet derivatives. This extends the results of Willems
who established stability of the linearization of a nonlinear differentiable operator.

Conceptually, the application of this measure to the analysis of dynamic processes is
similar to the analysis of steady-state processes. We measure the deviation from linearity by the
relative magnitude of the second order contribution to the Taylor series expansion of a
differentiable mapping in a neighbourhood of a point of interest. In the steady-state case,
assessment of the magnitude of the curvature measure was made with respect to an operating
region of interest. The average contribution of the second order term of the Taylor series
expansion relative to this region interest was then summarized by integrating the measure overall
possible direction$.

It is clear that application of an average measure of nonlinearity such as the RMS
curvature measure may constitute a very difficult task in the dynamic case. Because this implies

conducting a search over an infinite dimensional space, it may be impossible to obtain such a
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measure. Although it is conceptually possible to consider overall measures of nonlinearity such
as a mean sguared measure analogous to the steady-state measure (which would require the
solution of an abstract integral over a bounded set of input signalsin L,), one is always restricted,
in practice, to specific classes of input signals.

As a result, the dynamic measure ¢?(h) is to be computed for various input signals h in
a neighbourhood of the origin. Its magnitude must be assessed relative to a region of interest
defined in the L, space, Y, where the first and second order derivative of the nonlinear operator

G, take their value. The problem of defining such a region is discussed in the next section.

4. Scaling of the Dynamic Measures

The measure ¢ does not constitute by itself an absolute measure of process nonlinearity.
It is subject to the scaling of the outputs and the size of the time horizon considered. Its
magnitude alone does not provide a meaningful measure. An appropriate scaling of the output
signals must then be considered. In this section, we consider the problem of scaling in the
assessment of dynamic nonlinearity. The approach relies on the operator approach highlighted
in the previous section. Certain ramifications of this strategy are discussed.

The main feature of the measure of curvature proposed for steady-state processes is that
it provides a scale-independent measure of nonlinearity. Provided that the output scaling
employed appropriately designated the process operating region, the steady-state measure was a
good reflection of the extent of nonlinearity within this region. Recall that by specifying aregion
of interest, we considered a change of coordinates

mapping output perturbations to a dimensionless unit normal perturbation, z. The scaled
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z(t) = S® -y,

measures of nonlinearity were then gauged with respect to this region of unit norm. For dynamic
processes, the magnitude of output signals is measured by their L ,-norm. It then becomes natural
to measure nonlinearity and, consequently, to scale the output signals with respect to this norm.
A natural approach to scaling of the output response of adynamic process is through an invertible

linear operator S:D1Y - Y that defines a linear time varying output transformation of the form

z(t) = SG® -y,

The operator S is chosen to describe a subset of output signals of interest expressed in terms of
adimensionless, unit L,-normal signal z(t). Care must be taken when choosing an appropriate
scaling operator. It must be such that the composition SG.(u,) is stable. Thisis equivaent to the
requirement that the operator G,(u,) is stabilizable by alinear controller. This is to ensure that
the scaled curvature measure remains bounded.

In this setting, scaling with respect to structures such as integrals and derivatives of the
output signal can easily be accommodated. For example, the nonlinearity of a system subject to
alinear control strategy with integral action can be assessed by scaling the output response with

respect to a region of the form

K,
2(T) = Kelyy-y®) + —° [ -y)dt.
Io

The resulting measure of curvature gives an indication of the degree of nonlinearity of the system

subject to a region describing the behaviour of a linear proportional-integral controller
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compensation.” A number of situations exist where highly nonlinear plants are adequately
controlled by linear control strategies. The approach proposed here could be used to evaluate the
nonlinearity of such plants with respect to a linear control structure expressed as a scaling
operator S. This provides great flexibility in the interpretation and application of the measures
of curvature.

The interpretation of the curvature measure established for the analysis of steady-state
processes is directly applicable in the dynamic case. The scaled measure is related to the
curvature of a "surface" of radius 1/c. An output signal with a curvature of 0.3 displays, on
average, a 15% deviation from the linear approximation in terms of its L, norm.

The main difficulty is the requirement to remove the dependence on output and time
scalings. To demonstrate this explicitly, let the output signals (belonging to L,) of a system be

scaled such that

z(t) = SF®) -y

where S is a constant invertible matrix. As in the steady-state case, the time dependent scaling
region is described by |z(-)>=1. TheL,-norm of an output signal remaining on the boundary
of the time dependent scaling region is given by

Adjustment of the time scale through division of the norm by T yield&c))=1. Thus,

"Note that, in this case, the norm zff)

T
2O = [lz@®)Fdt , P<or
0

and, consequently, the curvature measure depend on the size of the time interval [0,T). This must
usually be accounted for in the analysis.
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12

T
Ly((®) = [ [loPd| =T
0

combination of output and time scaling results in a curvature measure given with respect to a
region of unit norm signals. For agiven input signal, the scaled measure of dynamic nonlinearity
proposed here gives a measure of the magnitude of the second order terms when the linear
approximation of the operator generates an output signal of unit L,-norm.

A more general approach to scaling is to provide aweight operator for both the inputs and
the outputs. Recall that, in the steady-state case, this was achieved through the manipulation of
the Q and R factors of the QR decomposition of the first order gain matrix and a scaling matrix
S. In the dynamic casg, it is not practical (although it is conceivable) to develop a counterpart
of the QR decomposition for linear operators. We must use a more generic procedure defined
as follows.

Suppose there exists a pair of stable invertible linear operators QUL(Y,Y) and ROL(U,U)
such that for h=Ra, [|QdG(uy)R(a)|=1 with |a|=1. The measure is redefined with respect to

aas
c¥(@) = 1Qd’G (u)(Ra)| = |Aa)|
where A(a):deGp(uo) (Ra). We identify with a particular trajectory, a, a family of linear
invertible operators with the specified property. This gives
c*a) < |Allal® = |A].

By definition, the operator norm [|A| is the maximum value of the measure experienced by the

system in the region |a|<1. Since

133



IQdG,(upRa| = 1 < |QIG,uYR|[al> = |QdG, (u)R]

it follows that there exists a positive nonzero real number 0<p<1 such that
pc’(a) < c*(a) < |A|.

The parale with the steady-state analysis is obvious. The operators Q and R are identified with
the matrices Q- and R, from the QR decomposition of the scaled first order steady-state gain
matrix. In the dynamic case, the operators Q and R are interpreted as weighting (or scaling)
operators for the output and input spaces, respectively. The operator Q describes the dynamic
region of interest for the assessment of nonlinearity. The operator R is such that h=Ra provides
atypica input signal for the process. Note this approach is similar in nature to the procedure
described in Morari and Zafirou (1988) for the assessment of process robustness. In fact, the
development of weighting factors prescribed by these authors is directly applicable to the current
problem.

The main obstacle in the application of the framework presented above is the actual
computation of the second order derivatives of the operators at u,. Naturally if a nonlinear
process model exists then it is possible to calculate such measures and evaluate the need for
nonlinear control directly. A number of situations exist where this is not possible. Since the
measure of nonlinearity provides a scale, a more pragmatic approach would be to use the measure
as a gauge of the anticipated nonlinearity of a process control configuration. Assuming a certain
of degree of nonlinearity (e.g. c=0.3 for mildly nonlinear and c=1.0 for highly nonlinear) and an
appropriately chosen pair of weighting operators Q and R, one could conceivably construct an

estimate of the contribution of the higher order effects to the output response and design a robust
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linear controller that achieves a specified performance. It would then be reasonable to assume
that, as the extent of nonlinearity is increased, the search for an acceptable linear controller would
become more difficult, justifying the need for a nonlinear controller. Such an implementation
of the proposed curvature measure and its extact relation to robust performance remain to be
demonstrated. This will not be attempted in this study. It is of considerable interest however in
light of the current analysis.

In the following section, the curvature measure is used to assess the nonlinearity of a
continuous chemostat bioreactor model and a batch non-isothermal CSTR model. The first and
second order sensitivity coefficients of the process outputs with respect to the process inputs are
computed explicitly from the process models to obtain the curvature measure. The main objective
Is to highlight the potential advantages of assessing nonlinearity in a controlled process.

5. An Application of the Nonlinearity Measure

In this section, we consider the application of the measure of nonlinearity to time invariant

state-space realizations of time-invariant nonlinear operators. It is assumed that a time invariant

realization of a dynamical input-output nonlinear operator of the form

x(t) = f(x(t),u(t))
y® = h(x().

exists.

In the following, we demonstrate how one can evaluate the curvature of a dynamic
process expressed in this state-space form by calculating the first and second order sensitivity
coefficients of the process outputs with respect to the inputs in a neighbourhood of a nominal

point u(t)JU. To motivate this, we consider the calculation of curvature of a Volterra series
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expansion of a nonlinear system.

Suppose the nonlinear input-output operator is expressed as a Volterra series expansion

of the form
P t% T2
y(t) = W) + Z Y f fwl 5, (BT T, (7)., (1,)d7,...d,
k= llk 11 1 00

where iy, ..., I, are integers between 1 and P, inclusively. The functions w,, w;_; are analytic

ik..i1
functions called the kernels of the Volterra series expansion. The first and second order Taylor

Fréchet derivative of the Volterra operator are easily computed at an equilibrium point of the
system (,, Yo, Xo)- Assume that the input and output variables have been translated to the origins

of U andY, respectively, by using deviation variables about a point of interégte first order

derivative at the originu,=0 is simply given by
t
dG,ph(t) = [w,(t, 7 )h(z)dr,.
0

The second order derivative is given by

t T2

4’6 um®) = [ [ wy(t,7,,T)h(xh(x,)d7 dr,
00

Now, consider the response of the process to constant input functions. This can be written as

where the inputs are simply taken out of the integral. Differentiation of y(t) with respect to the

“In the case where the Volterra series is realized by a nonlinear time invariant system, it is
known that achieving this translation requires a new state-space coordinatisation and a feedback
transformation.
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tTk T2

P
y(t) = w,(t) + E Y ff fwl i BTt AT dTyy, Ly
k=1i..i;=1 g ¢

inputs yields the kernel representations of the first and second order gains. That is,

%(t) - [ wit,7)de,

0

and

t T2

&y
——() = [ |w(t,T,,t,)dT dT,.
o~ [

The first and second order instantaneous gains evaluated at a stationary point (U, Yo, X,) are
identified with the unit impulse response of the first and second order kernels of the Volterra
series expansion.

In general, process models expressed in state-space form are employed rather than their
Volterra series expansion. One must therefore rely on the model equations to calculate the
required derivatives. It is well known that the solution of a system of the form (1) in which
f(x,u) = f(x)+g(x)u with initial condition x(0)=x, can be expressed in terms of a Volterra series
functional expansion. Convergence of the Volterra series is ensured for small input signals,
Ju(t)|<d for tO[O,T]. Because of the close connection between Volterra series and their state-
space redlizations, we can justify the calculation of the first and second order sensitivity
coefficients of the process directly from the state-space models with the understanding that these
coefficients are related to the first and second order Fréchet derivatives of the underlying input-

output nonlinear operator.
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The coefficients can be evaluated by solving the set of ordinary differentia equations

d ox _ of(xg,uy) ox . of(x,,u,y)

dt ou ox du ou

d Px_ ox!FMxu) ox  Hxyu) Px ax! Phxg,uy)
dtguou’ oJu OJOxdx OJu oX QJuon’ Ju  Jxou’

. Sf(xy,uy) x, Sf(xy,uy)
duox’/ du dudu’

Iy _ o) x
du ox dJdu
Py _ o' S*h(x,) o, oh(xy) Px

ouou’ Ou oxox/ du X oudu’

These equations, called sensitivity equations, are obtained by differentiating the equations of

system (1) with respect to u.

In what follows, the nonlinearity of nonlinear dynamical process expressed in state-space

form is assessed by solution the sensitivity equations. A bioreactor model is considered in the

first example to demonstrate the application of the dynamic measure of nonlinearity to continuous

dynamical processes.

Example 4.1

Consider the two-state, one-input bioreator model
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u:

Nominal operating conditions of two-state one-input bioreactor model

= px, -kx, -ux

—HXy +(Sg ~ X))

where x, and x, are the biomass and substrate concentrations (g/l), u, is the reactor dilution rate

(min'") and p is specific growth rate given by

PrmaxX2
X

X

I+x, + —
K

i

The model parameters are the maximum specific growth rate(mpin™), the specific death rate,
k, (min™®), the substrate inhibition constant, (i§/l) and the inlet substrate concentration(dl).

Nominal values of these variables are given in Table 4.1.

Table 4.1

Variables Nominal Values
X, 0.019821
X, 0.18107
u, 0.01
Miax 0.5
Ky 0.05
S, 0.3
K, 10.0

Figure 4.1 shows the first and second order instantaneous gains of this process evaluated

at the nominal conditions shown in Table 4.1.
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We first consider scaling of the derivatives with respect to static regions of the state space.

The scaling matrix

1/1.0x1073 0
0 1/5.0x107*

First Order Sensitivity Second Order Sensitivity
1 - 200 .
0.5} 1 Or
0
S
g 0 -200 ¢
o
o)
-0.5¢ 1 -400 ¢
1 - -600 '
0 500 1000 0 500 1000
10 - 1500
o 1000 ¢
[
w 5 500 ¢
®)
»
0
0 : -500 :
0 500 1000 0 500 1000
Time (min) Time (min)

Figure 4.1 First and second order instantaneous gains of the bioreactor at the nominal conditions
listed in Table 4.1.

provides a time independent scaling region of the state space about the stationary point X =[x,

X,] “=[0.019821, 0.18107] . The L, curvature measure is given by

140



T 2 172 T 2 12
[Is%le |2 a
au?
0 1 0 1
o) = T 2 S 2
f s [ 4t f % | gt
0 au1 0 au1

The impact of time scaling on the resulting value of ¢(T) is removed by dividing the integrals of

the numerator and the denominator by T(=1000). The contribution of x; and X, are given by

12 12
T &z, 2 T &z, 2
f — |t f —2 | dt
CZ(T) — 0 aul + 0 aul
T 2 T a 2
f % | 4 f L 1 4t
0 aul 0 aul

For this choice of scaling region, the dynamic measure of nonlinearity is evaluated at 0.88.
Therefore, the process can be said to display a highly nonlinear behaviour in a neighbourhood
of the stationary point. The biomass contributes to 94.55% (=0.73) of the total squared curvature
(=0.77).

In example 4.1, the assessment of nonlinearity was performed by solution of the sensitivity
equations about a stationary point. In the same manner, we can also assess the extent of
nonlinearity of a nonlinear system about a nominal trgectory, y,(t), corresponding to a nominal
input signal u,(t). We can assign to each input trajectory u,(t) a unique state trajectory X,(t) with
initial condition x(0)=x, which is mapped to y,(t). The effect of perturbations of the inputs about
its nominal trgjectory can be assessed from the first and second instantaneous gains evaluated at

a point (uq(t), X,(t)). These are obtained by solving the equations
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Xy(t) = £(xo(t), wy(t))

dd o
af—aﬂ) - —(xo(t),uo(t)) "“) +—(xo(t),u0(t))
d Px(t) _ of x| x'() Ff ox(t) |
oo = S0 ) DS
x| ot ox ot
’;f) CICRNORSS (x0 “) 0, u0)

As discussed above, the first and second order coefficients evaluated at a given nomina input
trajectory uy(t) can be associated with the first and second Fréchet derivativesGj@,(g)h(t)
and dG(u,(t))(h(t)), of the underlying nonlinear operatGy,:U - Y in the direction of constant
input perturbationsh(t)=c. These derivatives can be used to assess the nonlinearity of a
nonlinear process about a nominal time-varying trajectory. In chemical engineering, this can be
applied to batch processes operating in the neighbourhood of an optimal output trajectory. In the
following example, this approach is used to assess the nonlinearity of the batch isothermal CSTR
model discussed by Kravaris and Chung (1987).
Example 4.2

The problem addressed by Kravaris and Chung (1987) was the temperature tracking
problem of a batch reactor where the simple reaction scheme

k Kk
A~ B~C

takes place. The first reaction is assumed to be of second order. The second reaction is first
order. Let % X, and X% represent the concentration of A, concentration of B and the reactor

temperature then the process model can be expressed as
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= —kl(x3)xl2

R

k; (x)x1 ~ Ky (%)X,

= Ylkl(x3)x12 +YK (X)X, +(a; +ayX,) +(b; +b,xy)u,

where

k(x) = Ae X

E,

k(xy) = Aye ©
The input u, is chosen such that the steam temperature T, and the reactor heat transfer coefficient

U, are given by

T, = (Tomax ™ Tomind¥ + Tomin

s

Uc = (Uc,max - Uc,min)ul + Uc,mjn

The input u; must remain between O and 1 in order to meet the system limitations in steam

temperature and cooling rate. The following process parameters have been defined

Y, = (-AH)/pC,

Y, = (-AH)/pC,

a, = (UAT,_..+U, . AT)pCV
2, = ~(UA;+U, ., A)/pC,V
b = VAT, e~ Tonie) = (U, ar ~ Ui ATl pC+pV

b2 - (Uc,max - Uc,min)/ pCpV
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The parameters of the model are described in Table 4.2 along with the values used for the

simulations.
Table 4.2
Process parameter descriptions and values
Process Parameter Description Value

A Frequency factor of Rx 1 | 1.1 (m® kmol's?)

A Frequency factor of Rx 2 | 172.2 (s)

E, Activation energy of Rx 1 | 2.09x10 (kJ kmol* K™
E, Activation energy of Rx 2 | 4.18x10 (kJ kmol* K™

R Ideal gas constant 8.314 (kJ kmot K™
T, Steam Temperature [70,150] ¢ C)

U, Overall heat transfer coeffi{ [1.39,4.42] (kJ i oC's?)

cient of cooling coill

p density 1000 (kg n)

G, Heat capacity 1 (kJ kg' oC?H
-AH, Heat of reaction 1 4.18x10 (kJ kmolh)
-AH, Heat of reaction 2 8.36x10 (kJ kmol%)
AJNV Heat transfer area of cooling30 (n')

coil per unit volume
AN Heat transfer area of heatingl7 (m")
jacket per unit volume
. Coolant Temperature 25 (C)
j Overall heat transfer of | 1.16 (kJ nfoC's?)
heating jacket

The reactor temperature is to follow an optimal trajectory given by

Td(t) — 54+7le—2.5x1073t

This trajectory maximizes the yield of B for a batch time of one hour. Two controllers are to
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be used for this tracking problem. The first controller is a input-output linearizing controller of

the form

v-By-Byly 11(1("3)"12 YK (X)X, + () +2,X,)]
B,(b, +byx;)

u1=

where [3, and 3, are controller tuning parameters. This controller is such that the new input, v,
acts linearly on the temperature. Control is achieved by manipulating v according to a Pl

controller of the form

K t
v(t) = Kc(Td(t)—Xg(t))+?° f (Ty(0) ~x5(0))do
i

where K and T, are the controller gain and time constant. The tuning parameter values suggested
by Kravaris and Chung (1987) are 3,=1, 3,=1000, K_=0.1 and 1,=3600. The second controller is

a simple PI controller

K¢
u,(t) = K (T4(t) -x5() + ?cf(Td(o) -Xx,(0))do.
io

where, as suggested by Kravaris and Chung (1987), K.=0.1 and 1,=3600.

Using the nonlinear controller to calculate the required input trajectory, u,(t), the first and
second order sensitivity coefficients were evaluated by solving the corresponding time-varying
sensitivity equations. The initia conditions x;(0)=1, x,(0)=0 and x,(0)=25, were used. First and
second order sensitivity coefficients of the output signal to perturbations in u, about its nominal

trajectory u,(t) are plotted in Figure 4.2. The curvature measure is simply given as the ratio
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dt

Two scaling strategies were used to evaluate the nonlinearity of the process. First, the first and
second order sensitivity coefficients were scaled with respect to a 5 degree window about the
nominal output trgjectory. Scaling is smply performed as in the steady-state case by dividing
the coefficients by 5.

Since nonlinearity is evaluated for the entire batch, the integrals used in the estimation of
c are simply divided by 3600 seconds to remove the time dependence. Alternatively, we could
scale by expressing the timet in terms of batch units of time. In this case, expressing t in terms
of hours would have removed the dependence of the curvature measure on the size of the time
interval used. The resulting curvature measure is 0.12. This process is therefore nearly linear.
On average, perturbations of the input about its nominal trajectory do not contribute to the
nonlinearity of the batch process.

According to the simulations performed by Kravaris and Chung (1987), it would seem that
this conclusion is contradictory. In their work, the performance of the nonlinear and linear Pl
controllers were compared on the basis of their response to noise temperature measurement. They
observed that the linear controller was very sensitive to this measurement error whereas the
nonlinear controller performed very well. Although this can only be due to the presence of
nonlinearity in the closed-loop system which is not accounted for by the linear controller, the

current analysis indicates that this nonlinearity is not inherited by the process dynamics. This
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Figure 4.2 First and second order sensitivity coefficients evaluated at the nominal tragectory
generated by the nonlinear controller given by Kravaris and Chung (1987).

also suggests that the scaling procedure employed for this analysis was not appropriate. The
simple scaling approach employed does not provide a measure of nonlinearity with respect to the
regions of the output space where nonlinearity is manifested.

An alternative scaling approach consists of filtering the output signal by an integral

operator
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k t
2(t) = K(T,0) ~x,(0) +—* [(T(0) ~xy(0))do.
s0

The nonlinearity associated with perturbations of the inputs on the scaled output z(t) is assessed
by evaluation of the first and second order sensitivity coefficients of z(t) with respect to the
inputs. This scaling procedure transforms the problem of ng the nonlinearity of the process
output subject to input perturbations to the evaluation of the nonlinearity of the controller output
subject to the same perturbations. Consequently, we can simply choose k. and 1, to be the
parameters (K, and t,, respectively) of the linear Pl controller suggested by Kravaris and Chung
(1987). Figure 4.3 shows the response of the scaled output, z(t), generated by the closed-loop

process subject to linear PI control.
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Figure 4.3 Scaled output signal for the closed-loop response of the batch reactor under linear P
control.

The initial condition, z(0), is dictated by the controller equation, i.e., z(0)=0.1(51+74-

25)=10. The first and second order sensitivity coefficients are shown in Figure 4.4.
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Figure 4.4 First and second order sensitivity coefficients of the scaled output z(t) evaluated at
the nominal trajectory of the linear Pl controlled batch reactor.

Since the controller output must be constrained between 0 and 1, we simply divide the sensitivity
coefficients by 10 to convert the controller output to input units. Upon averaging the numerator
and denominator integral by 3600 seconds to remove the impact of the time scale, the curvature
measure is evaluated at 0.38. This suggests that the closed-loop system is nonlinear and that its
nonlinearity originates from saturation of the input. Inspection of the simulation performed by

Kravaris and Chung (1987) confirms this observation. The response of the process under linear
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PI controller subjected to noisy temperature measurements results in fast fluctuations of the input
between 0 and 1. Although the nonlinearity of the process to fluctuations of the inputsis small,
the linear PI controller amplifies its magnitude through saturation of the input. The large input
changes required for the controller output to fulfil the saturation bounds introduce nonlinearity
in the closed-loop system.

6. Conclusions

In this chapter, a measure of dynamic nonlinearity was introduced. The measure reflects
the importance of the contribution of the second order Taylor derivative of Fréchet differentiable
time invariant unbiased operator describing the dynamic input-output behaviour of a nonlinear
system.

Development of the dynamic measure of nonlinearity comes as a result of a simple
extension of the steady-state measure. In the steady-state case, the contribution of the second
order terms to the second Taylor series expansion of a differentiable map is measured relative to
the Euclidean norm. The dynamic extension requires the evaluation of the contribution of the
second order terms relative to thenorm of the process output signals. As in the steady-state
case, scaling must be provided to remove the dependence of the curvature measure to output
scaling. Scaling must be provided in order to measure curvature relative to a region of unit norm.
This can be done in a number of ways. The general approach is to define a scaling operator that
maps a bounded set of the space of output signals to a unit norm bounded set of scaled output
signals. This approach to scaling provides great flexibility in the analysis allowing, for example,
to measure nonlinearity of a process relative to sets described by linear controller structures.

The application of the curvature measure was demonstrated using two chemical process
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examples. A bioreactor example was used to demonstrate the application of the measure to
continuous processes. The nonlinearity of the batch CSTR example presented by Kravaris and
Chung (1987) was also calculated. The latter example clearly demonstrated the benefits of
measuring process nonlinearity in the analysis of a nonlinear chemical process. Since the process
did not display significant nonlinearity about the nominal trajectory, nonlinear control, as
performed by Kravaris and Chung (1987), was not necessary. Using an aternative scaling
procedure, it was shown that the nonlinearity of the closed-loop process was due to large input
saturation effects that could have been removed by appropriate linear controller design.

The ability to measure the extent of nonlinear of a process is a powerful in controller
design. It isinterpreted as a justification for nonlinear controller design which comes as a result
of restrictions of the performance of linear controller imposed by the nonlinearity. In that sense,
the nonlinearity measure could be used as atool of analysisfor developing robust linear controller
of nonlinear plants. Elucidating the relationship between robust performance of alinear controller
and the nonlinearity measure may prove to be an essential component in the implementation of

the framework presented in this Chapter.

152



Nomenclature

A Linear operator

a Real number

B Subset of a topologica space
b Real number

C Directed set

C Root squared curvature

d Metric on a topologica space

d Fréchet differential of a nonlinear operator

D Domain of an operator

D, Domain of the input-output operator

f Mapping

f Vector field describing dynamics on the state space

G, Differentiable Input-output nonlinear operator

g Vector field describing input-driven dynamic on the state space of a control-affine

nonlinear system
H Homogeneous form
h State-output map
K Field
Ke Controller gain
L(U,Y) Space of linear operators between topological spdcasdY

LY  Banach space of p-integrable functions taking valuéin
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Yo

Yo

Yn

Real number

Linear operator

Linear operator

Real number

Directedness on a topological space
Linear operator

Sequence in a topological space
Fina integration time

Time

Banach space of p-integrable input tragjectories
Input trgectory

Nominal input trajectory
Wiener-Volterra kernel

Point in a topological space

State trajectory

Nominal state trajectory

Banach space of p-integrable output trajectories
Point in a topological space

Output trajectory

Nominal output trajectory

Linear part of output trajectory

Nonlinear part of output tragjectory

154



V4

Point in a topological space

Greek Letters

a Real number

B Real number

B Topology

% Cover of atopologica space
Real number

€ Real number

i3 Real number

p(,) Metric of a normed space

p Real number

T Topology

T, Controller time constant

(0} Functional

W Functional

Symbols

B Topological space

X Topological space

X* Conjugate space of )X

1 Topological space

L1 Topological space

C Set of complex numbers
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{ Rea number

N Set of natural numbers

R Set of real numbers
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Chapter 5

Linearizability of Nonlinear Control Processes

1. Introduction

The focus of this thesis, as demonstrated in Chapters 2, 3 and 4, is to provide a
methodology for measuring nonlinearity in controlled processes. It is important to provide a
systematic way to account for nonlinearity in order to achieve adequate controller designs. For
steady-state processes, as shown in Chapters 2 and 3, curvature measures can be used to derive
transformations that remove the local effects of gain nonlinearity. For dynamic processes, the
approach presented in Chapter 4 provides a methodology for the measurement of process
nonlinearity. However, the problem of finding coordinate transformations that remove
nonlinearity cannot be addressed empirically. More fundamental approaches must be considered.

Of primary interest in this chapter is the problem of exact linearization of nonlinear
systems by coordinate transformations and feedback. The exact (and the approximate)
linearization problem has been an active area of research over the last 20 years in the systems
theoretic literature. The most powerful approaches involving rigorous treatment of this problem
have used differential geometric techniques (Brockett, 1978; Brockett et al. , 1983; Hunt, Su and
Meyer, 1983a, 1983b; also see Nijmeijer and van der Schaft, 1989 and Isidori, 1989 for a
comprehensive development of differential geometric methods). These techniques have been used
extensively in the study of the equivalence of nonlinear systems to linear systems by state space
transformations and feedback. The ability to linearize nonlinear control systems exactly currently

forms the basis for most engineering applications of nonlinear control techniques (see Hoo and
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Kantor, 1986, Henson and Seborg, 1990 and McLellan et al., 1990, for chemica engineering
applications).

It is generaly recognized, however, that linearizability is not a generic property of
nonlinear control systems (Atkins and Shadwick, 1994; Shadwick, 1993). By this we mean that
the class of feedback linearizable nonlinear systems forms a subset of the set of all nonlinear
systems with infinite co-dimensions. The occurrence of feedback linearizable systemsistherefore
extremely rare in practice. To overcome this problem, approximation techniques are often used
to linearize systems approximately that cannot be exactly transformed by feedback and state-space
transformations to a linear system. This situation introduces another aspect of the nonlinearity
of a process, namely its linearizability.

Two types of linearization are usually considered: 1) exact linearization of a nonlinear
dynamical system by feedback and state space transformation and 2) exact linearization of an
Input-output response by feedback and state-space transformation where feedback transformations
can be either static or dynamic.

The problem of linearization by state feedback has been considered by a number of
researchers. In the differential geometric setting, two approaches have been used to solve this
problem. Originaly, the problem of formal linearization of Lie algebras of vector fields
(Hermann, 1968) was applied to the problem of linearization by state feedback. This led to the
development of necessary and sufficient conditions for linearization (Jakubzcyk and Respondek,
1980; Hunt, Su and Meyer, 1983a) and to the development of procedures for multi-input
nonlinear systems (Hunt, Su and Meyer, 1983b). The second approach to the solution of this

problem was motivated by the study of Cartan’s method of equivalence of Pfaffian systems
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(Gardner , 1967, 1989; Hermann, 1982). Gardner and Shadwick (1990, 1992) used this setting

to develop an algorithm which is essentially the exterior differential counterpart of the method

of Hunt, Su and Meyer (1983b). However, this algorithm is more general in construction and

is considerably easier to implement using computer algebra software such as MAPLE® or
MATHEMATICA®.

It is obvious that the linearizability of a nonlinear system by state feedback and state space
transformation is a truly non-generic property. But since linearizability is such an important
feature of controller design using differential geometrical control techniques, a great deal of effort
has been devoted to extending the applicability of linearization methods of nonlinear systems.
Dynamic feedback transformations, first introduced by Chatlet (1989), have been used to
linearize nonlinear systems which are more intrinsically nonlinear. Their development, later
supported by Shadwick (1991), considered dynamic feedback linearization of single-input systems
using a simple dynamic compensator obtained by differentiating the input channel with respect
to time. Charletet al. (1989) and Shadwick (1991) showed that, for this specific class of
compensators, a nonlinear system can be linearized by dynamic feedback if and only if it can be
linearized by state feedback. Thus the use of dynamic feedback does not broaden the class of
SISO systems that can be linearized. Their result demonstrated that the use of dynamic feedback
is essentially reserved to multi-input systems since it cannot be used to extend the class of
systems that are linearizable by state feedback. Recently, TtB64) demonstrated the non-
genericity of multi-input control-affine systems which are linearizable by dynamic feedback using
linear compensators. This work showed that most control-affine systems cannot be linearized by

dynamic feedback and the ability to do so is not an inherent property of MIMO nonlinear
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systems. Rouchon (1994) and Sluis (1993) developed necessary conditions for the linearizability
of multi-input general nonlinear systems. In particular, Rouchon (1994) showed that these
necessary conditions imply the non-genericity of dynamic feedback linearization in general
nonlinear systems.

It is significant that these results have been developed in the absence of a condition for
dynamic feedback linearizibility which is both necessary and sufficient. Non-genericity, as
discussed by Rouchon (1994) and Tchoh (1994), is deduced from topological considerations
which can be argued to be too general and poorly adapted to the problem at hand. This point
was discussed by Rouchon (1994), who noted the paradox posed by the apparent genericity of
dynamic feedback linearizability in practical applications.

Another approach to the problem of linearization by state feedback is to implement
feedback and state space transformations which approximately linearize a nonlinear system. This
problem was first treated by Krener (1984). It essentially consists of finding feedback and state-
space transformations which are polynomials of opder the states ang-1 in the inputs, such
that a nonlinear system can be linearized up to grddfreneret al. (1987, 1988) and Krener
and Wang (1990) demonstrated the benefits of using approximate linearization techniques to
simplify the design of nonlinear controllers for single-input systems. Guzzella and Isidori (1993)
and Hunt and Turi (1993) extended the approach presented by Krahgl987) to multi-input
systems using simplified approaches. Banaszuk and Hauser (1994) used a heuristic approach
based on the homotopy operator to solve the approximate linearization problem for single-input
systems. Using these techniques, it is relatively easy to find coordinate transformations and

feedbacks which approximately linearize a system. Although not an issue in most of these
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developments, such techniques are approximate and the validity of the approximations must be
checked. Doyle Il and Morari (1990) demonstrated the robustness of controller designs based
on the approximate linearization approach of Krener et al. (1987, 1988). In their approach, the
higher order terms neglected by approximate linearization are treated as residual nonlinearity.
The structured singular value was used to demonstrate the robustness of approximate linearizing
controllers to the effect of higher order terms for a chemical reactor.

When a system is not linearizable, it is important to know how far it is from being
linearizable or how well it can be approximated by a linearizable system. Atkins and Shadwick
(1993) and Shadwick (1993) considered this question and used the Gardner and Shadwick (GS)
algorithm (1992) and the group reduction technique of Cartan (see Gardner, 1989) to identify
invariant functions which must vanish in order for a system to be linearizable. Using a class of
models from air flight control, Shadwick (1993) demonstrated how these invariant functions can
be used in design to uncover natural geometrical outputs and how they can be used to parametrize
subclasses of linearizable systems.

Another design alternative which has been considered in differential geometrical control
isthe exact linearization of the input-output response (Isidori, 1989; Nijmeijer and van der Schaft,
1990). This technique is often preferred in practice because the regularity conditions which are
used to prove necessity and sufficiency (Isidori, 1989) are generaly less restrictive than the
conditions for exact linearization by state feedback. Input-output exact linearization with dynamic
feedback has aso been considered in a differential geometrical setting by Isidori et al. (1986).
Approximate input-output linearization has recently been considered by Kang (1994).

Differential algebraic techniques (Fliess, 1987; Di Benedetto et al., 1989) have been used
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to complete or improve results obtained in the differential geometric setting. Of particular
importance is the concept of differential flatness of a nonlinear system. This concept, introduced
by Fliess et al. (1993), generalizes the concept of linearizing outputs of a nonlinear system using
a differential algebraic framework which does not differentiate between state, input and output
variables. This approach is consistent with the behavioral methodology of Willems (1991).
Sufficient conditions for differential flatness have been formulated in geometrical terms by Martin
(1993). In the differential geometrical context, flatness is a property displayed by linearizable
systems. It is not, however, restricted to this class of systems.

It is obvious that, from a system theoretic point of view, the nonlinear behaviour of a
system should be handled with appropriate techniques. In this framework, the "true" nonlinearity
of a process reflects the impossibility of linearizing it exactly using coordinate and feedback
transformations. This aspect of the nonlinearity of a process is considered in this Chapter.

The primary tool of the analysis presented here is the exterior calculus setting employed
by Gardner and Shadwick (1992), Sluis (1993), Martin (1994) and Aranda-Bricaire et al. (1995).
This setting is summarized in Section 2. In Section 3, we present the GS agorithm for the
linearization of nonlinear systems. In Section 4, this algorithm is used to uncover invariant
functions which are curvature-like quantities acting as geometric obstructions to the linearizability
of classes of chemical processes. A simple CSTR model is used to illustrate the ideas. In section
5, the GS algorithm is adapted to provide a solution to the problem of dynamic feedback
linearization of nonlinear systems by endogenous feedback. A new necessary and sufficient
condition for dynamic feedback linearizability is presented which also provides a systematic way

to obtain linearizing dynamic precompensators.
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2. Exterior Calculus Setting

Before engaging in a discussion of the application of the exterior calculus setting in
control theory, a brief review of exterior algebra and exterior calculus will be presented.
a) Exterior algebra

Let V be an n-dimensional vector space”™" of the field of real numbers R.

The wedge product between two vectors v,wl1V is a non-commutative product which is

1) distributive,
(@v, +BV)AW = a(v,AW)+B(V,AW)
ii) bilinear,
vA(aw, +Bw,) = a(vAw) +B(vAw,)
lii) skew-commutative
vAw = -wAv.

Note that property (iii) O v[v=0.
The result of the wedge product of two (one-)vectors is called a two-vector. The space
of two-vectors on V, A%(V), is given by the set of all wedge products of the form
Y a(vAw) , v,w,eV and a €eR.

1

Let {e, .., &} beabassfor V. The n(n-1)/2 elements

""A vector space is a space made up of elements called vectors along with the operations of addition and
multiplication by scalars.
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{ei/\ej |i<j}
form a basis for A%(V). The space A%V) is alinear space of dimension n(n-1)/2.

We can aso define a p-vector as the result of the wedge product of p (one-) vectors. Let
w(=v,0...0v,) OAP(V) with vy, .., vV, Itisclear that w=0 if any v;=v,, i#]. Because of the
skew-commutativity property (iii) above, the sign of w is changed when any two (one-) vectors
v;, v; are exchanged in the wedge product v, ...C0v,. The space A"(V) has dimension n!/p!(n-
p)!=.C,.

Let w OAP, uOAY The wedge product of w and v is given by

wAv = (-1)PvAw.

The vectorsv,, ..., v,V are linearly dependent if and only if v,[l..0v,=0. In other words,

for any w, vV, we see that if wlv,[1...0v,=0 then there exist o;[JR such that

W = i OCiVi.
i=1

Let V" be the covector space of V, where a covector maps vV to R. V" is also known
as the dual space of V. By defining an exterior algebra on V7, the space of p-covectors given
by Q°(V)=A"(V') is defined. If {e, .., &} isabasisfor V', then {g,0..0g }, 1< i,<..<i,<n, is
a basis of QP(V), the exterior algebra on the covector space of V.

By definition, covectors w:V - R are linear functions on V. If w'=ywe 0V  and
v=y.vieV, then w(v)=3wv.. Similarly, two-covectors wIQ*V) are skew bilinear maps

w:VxV - R. For anyw=yw;& e, i<j and v, wiV, then
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w(V,w)= i (ooijviwj - wijvjwi).
1<i<j<n
b) Differentiable manifolds

An n-dimensional differentiable manifold M is an abstract set of points with the following
properties:

1) The notion of a continuous function is defined on M (i.e., M is Hausdorff with countable
base).

2) M is the union of a collection of open sets U,. MUOO,U,, iLJA, where A is an indexing set.
3) For each iLJA, there exists a continuous equivalence between U, and R". More precisely, there
exists a diffeomorphism @:U, —» R" called a coordinate chart of M.

4) For any two intersecting coordinate charts U;n U;, the change of coordinate map expressed as
the composition qo@™ is a smoothly differentiable map.

The collection {(U;, @) OiJA} is cdled an atlas of charts on the manifold M.

Conceptuadly, a differentiable manifold is an abstract space that localy looks like a
Euclidean space. Using local coordinate representations, familiar operations from differential
calculus can be applied directly to abstract manifolds.

At each point p(IM, atangent space can be attached to M. This tangent space is denoted
as T,M. The differentiable structure (property 4) alows the concept of a tangent space on a
manifold to be related to the familiar concept of a tangent space in R".

For a point x[JR", the tangent space T,R" at x is the set of tangent vectorsto R" at x. T,R"

is in fact a copy of R". The natural basis of T,R" is denoted by
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A corresponding basis for T,M can be identified as follows. Consider a manifold of dimension
nand let pOM. Let (U, be a coordinate chart in a neighbourhood of p. For vOT,,R", define

_ 9971
$. PV P

@@)v-

The expression @.(p)v is the image of v in T,M via the local coordinate representation. The

tangent space T,M at p is defined as

= d | | =
T M = span.., <P k=1,...,n
p P C(M){ *(p) | )| }

k

The elements of T M are called tangent vectors at p. Since @ is a diffeomorphism, the mapping

@.(p):TyuR"- T, M is alinear isomorphism. Hence the vectors

d | 0 |
— = ¢,.0)— ,
8¢k|p 8Xk|¢(p)

k=1,...,n
form a basis of T M. The set TM={(p,v)0 p0M, vOT M} is called the tangent bundle of M.
Note that this definition of T,M coincides with the intuitive notion of the tangent space
to asurface in R". It is aso independent of the choice of local coordinates.
A vector field v on M is a mapping that assigns a tangent vector v(p)UT M to each pIM.
A vector field is smooth if for each p(0M there exists a coordinate chart (U,q@) around p and
smooth functions v,, ..., v, on M such that for all pOU, v(p)=3,"v(p)0/0@L,, i.e., v can be

expressed in terms of the basis vector fields with smooth coefficient functions.

A distribution A of M is a mapping that assigns to each plIM a linear subspace of T M.
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A is called a smooth distribution if for each p[OM there exists a neighbourhood UM of p and
a set of vector fields vy, ..., v;, i0l, with | some (possibly infinite) index set, such that for al
pUU, A(p)=span{v;(p)LiLII}.
c¢) Differential forms

The cotangent space, T, M, of M at p is defined as the space of linear mappings of T M.
Its elements are linear maps w:T M - R. The elements of T'M are called cotangent vectors at p.
If wOT, M, the value of w at vOOT,M is denoted by w(v).

Let {v,, .., v} beabasisof TM at p. The unique basis {w,, ..., w,} which satisfies
w(v)=3;, 1<i,j<n, is called the dua basis of T, M with respect to {v;, ..., V,}.

Given a coordinate chart (U,q) around p, the dual basis to

o] 4|
o, Ip” " o, |

is given by

(A, | -ee» b, |-

The cotangent bundle is the set

TM = {(p,w) lmeM, w eTp*M}.

A differential one-form (or covector field) w on M is a mapping that assigns to each p(IM a
cotangent vector w(p)JT, M. A differential one-form is smooth if for each pCIM there exists a
coordinate chart (U,) around p and smooth functions w,, ..., w, on M such that for al pOuU,
W(P)=% - @ (P)dRL

The cotangent space (space of one-forms on M) is denoted by Q' (M) or simply Q(M).
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Similarly, a k-form on M at p is a mapping w that assigns to each point pOM a k-covector
w(p)D/\"(Tp*M):Q"(TpM).

A codistribution © of M isamapping that assigns to each pOM alinear subspace of T, M.
© is called a smooth codistribution if for each p[IM there exists a neighbourhood UCOM of p and
a set of one-forms w, ..., w, 101, with | some (possibly infinite) index set, such that for al pOuU,
O(p)=spar{ wy(p)LICII}.

d) Exterior derivative

Let

©= X a dgA.Adx

. . 10+lp
i)<..<i,

be a smooth p-form on M where a, ; are smooth functions of x;. The exterior derivative of w

is the (p+1)-form

do = Y da_; Adx AAdx,.

ig<..<iy
Note that
1 Oa,
_ 1o+
dail- i, § aXi dXi

The operator d has the following properties:

1) Linearity

d(w,+w,) = dw; + dw,,
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i) Action on wedge products

d(wAv) = ([doAv)+(-1)P(wAdv),

iii) Poincaré Lemma
d(dw) = 0.

d) Integrability of forms

A codistribution OT M of constant dimension k is integrable if there exist k functigns h
..., . such that I=span{h ..., h}.
Theorem 1 (Frobenius) A k-dimensional codistribution I=spaxy..., w} is locally integrable

if and only if there exist one-forn; such that

k
do, = Eﬁij/\wj.
i1

A closed one-form is such thatod0. A one-form is said to be exact is there exists a
function h such thaiw=dh. Theorem 1 asserts that all closed one-forms are exact.
e) Exterior differential systems

An exterior differential system is given by a homogeneous idé@(M) that is closed

under exterior differentiation. More specificallysatisfies

() aecl,peQMM) = aABel
() eel,a =Ei @,0,,0,€QM) = vl

(iil) w el - da €l
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f) Pfaffian systems

An algebra V is caled aring if and only if the following conditions are satisfied

@ Vv,V €V, v, +Vv, =V, +V,

() Vv ,v,,v3€V , v, +(Vy+V,) = (V{+V,) +V,
(i) J0eV|WeV,v+0=v

(iv) WeV,3-veV|v+(-v)=0

V) YWV,,V,,V, €V, v,(V,V3) =(V,V,)Vs.

A commutative ring is such that
(vi) W ,v, €V, vV, =V,V,.

A module for the algebra V is a vector space W over the field K aong with a binary

product VxXW into W mapping §,w), vV, wOW to vwOW such that

@) v(w, +W,) = VW, +VW, , (V;+V,)W = V W+V,W
(i) a(vw) = (av)w = v(aw),

(i) (vivy)w = v (v,w)

OvOv, OwOW andOalK.

A submodule U of a module W is a subspace closed under the composition by elements
of the algebra.

A Pfaffian systemP, is a submodule of the module of differential one-fofa{s1) over
the commutative ring of smooth function$(M). Locally, a Pfaffian system is represented by

a set of one-formsd,, ..., w.} and
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P = {Zl W, | ccieC“’(M)}.
A Pfaffian system defines an exterior differential system
I = ({P,dP}) = Ideal generated by P,dP.
A control system of the form
x = f(x,u)

where xOMOR", uCJRP, defines a Pfaffian system on the manifold M'=MxRPxR with local

coordinates X, u, t) generated by the one-forms
P = {wl,...,wN} = {dxl—fl(x,u)dt,...,dxn—fn(x,u)dt}.
The integral curves c(SM" of the control system are the solutions of

w(c@E)cs) =0 , VoeP
where ¢ (s) is the velocity vector tangent to c(s).
f) Congruence
Let I={w,, ..., w} be an exterior differential system. Two forms,and[1Q(M), are
congruent moduld, written

w = £ mod I
if there exists [l such thato=&+p.
If I is a Pfaffian system then
n=fmodleon=E +Zi6i/\ooi
for 6,JQ(M).
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It follows that

n =0mod I = nAw ,A..Aw, = 0.

As aresult, we see from the Frobenius theorem that a Pfaffian system | is integrable if and only
if

dw; = 0 mod I.

3. The Gardner-Shadwick (GS) Algorithm

The agorithm of Gardner and Shadwick (1992) is presented in this section. More
precisely, we consider the necessary and sufficient condition for linearizibility of nonlinear
systems utilized in the development of their approach.

We consider systems with n states and p inputs of the general form
x = f(x,u) )
Associated with a system of this form is a Pfaffian system given by
I = {dx, - f,(x, w)dt,....dxy ~fiy(x, u)dt) )

which is called the associated Pfaffian system (Hermann, 1986). Of primary importance in the
GS agorithm is an invariant filtering of the associated Pfaffian system, called the derived flag.

This flag is composed of a sequence of Pfaffian systems called derived systems. Let y
be a collection of differential one-forms which define the original system |I. The first derived
system, |®, of | isacollection of one-forms, 3, which satisfy the Frobenius condition, d3=0 mod

|. The second derived system, 119, is generated by forms which satisfy dé=0 mod 1V, This
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procedure can be continued inductively until a derived system is reached for which |™=] "D,
N is called the derived length. The derived system |V isthe largest completely integrable system

contained in |I.

For a system in Brunowsky normal form, there exist Kronecker indexes k,;>k,>...=k, and
independent functions, t, Y;1, ..., Vi Yoo Yor2oes Yorrer Yo Vi Varew Vp Which give the

following generators for its associated Pfaffian system:
Wi~ d}'1,1 - y1,2dt’ Wio~ d'}'1,2 - y1’3dt,
ey Wi =dy1’kl -v,dt

Woi1= d}'2,1 - y2’2dt > Wop = dy2,2 - 3’2,3dt >

s Woge = dyz’k2 -v,dt

Wp1 = dyP,l - yP,Zdt’ Wps = dyP,Z - yP,Sdt’

s Wpy = dy, X vpdt.

The structure equations for these generators thus become

dw, , = dt/\dyl,2
= dtA(dy,, -y, 4dt)
= dt/\wl,2

such that for i=1...P, j=1...k-1,

dw;; = dtAw. 3

ij+1

and
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dw;, = dtAdv;. (4)

This yields the following structure for the derived flag of this Pfaffian system,

Wl,l W1'2 e Wl,kl T e Wp,l vaz Wp,kp
Wp,l

Wl,l W1,2

Wl,l

where the first row is formed by the generators of the system | and each subsequent row j is
formed by the generators of the corresponding | derived system 19. Each input generates a
tower of the form

Wj,l W],2 e Wj,kj

Wias Wiz W3
Wias W2
W,
One can construct such a structure if the equalities (3) are met. Clearly, this condition
will not be satisfied for a control system in general. Although the derived systems are feedback

invariant, their bases are not, and these equalities must be replaced by congruences modulo the

appropriate derived system. That is, the generators of 19 must satisfy the following conditions:

dwl,kl_j = dt/\W1,k1-j+1
mod [0V (5)

dwm]-,kmj—j = dt/\wmj,kmj_j+1
where m, is the number of towers with at least j+1 rows.

Once the congruences have been established, it is possible to find new generatorsw,
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which transform them to equalities. Thisis easily done by employing the procedure developed
by Gardner and Shadwick (1992).

One of the main advantages of the GS algorithm is that it guarantees a minimum number
of integrations. Assuming that there are ¢ distinct Kronecker indexes with multiplicitiesv,,...,v,,
it was proven by Gardner and Shadwick (1992) that integration of ¢ decoupled completely
integrable systems of dimensionsv,,...,v, isrequired. In the case that each Kronecker index has
multiplicity one, the integration of P one-dimensional systems is required in order to find
generators of the form w;,=n, ,-b, ,dt, where ), , are differential forms on the state space which
are independent of t, and b, ; are functions defined on the state space, j=1,...,P. Asaresult, there

exist functions defined on the state space, y;;, which satisfy

M = Kby,

This then yields new generators

—_ Wj,l
W, = —= = dyj,l—yj,zdt
Bt

wherey, ,=b, ./l ;. When multiple Kronecker indexes occur, similar manipulations, expressed in
matrix form, are required.

Using the above generators as initiators of the towers, one can proceed with the Gardner
and Shadwick procedure (Gardner and Shadwick, 1992) to obtain the new generators. The
linearizing coordinates are simply obtained as the functions multiplying dt in each generator.

This procedure is illustrated in Example 5.1.
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Example 5.1. Linearization by Satic Sate Feedback using the GS Algorithm

Consider the following model of amixed culture bioreactor devel oped by Hoo and Kantor

(1986):
dx,
I = KX T U
dx,
I = WXy T U,
dx,
I = TPX X3 T UX3 U,

where x;, X, and X, are the concentrations of inhibitor resistant cells, inhibitor sensitive cells and

inhibitor, respectively, and

b, = IJ’ma.ch‘S
1 K+S

L, = IJ’maxZS KI
2 K+S K+1

S = S:—x,[Y, ~x,[Y,.
The generators for this system are given by
w, = dx; - (ux, —ux)dt

Wy = dxy — (X, — U X,)dt

Wy = dxy —(—px,X; U X, +u,)dt

These are generators of the Pfaffian system I={w,,w,,w,} which give structure equations of the

form
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dw, = -x,dt\du,

aw, = —x,dtA\du, Abu E

dw, = —x,dt\du,+dt\du,

The dependence of w, and w, on u, can be removed by defining

w, W
1 2
w, = —-—
X X,

such that dw,=0 mod I. w, generates the first derived system which terminates the derived flag
in this case. The system has Kronecker indexes k,=1, k,=2.

The tower structure is then easily constructed by taking w,,=w,. Differentiating yields

ox, Ox,

d(w,,) = dtA
du, 0 ou, 0 d
By OH, dx, + By Ol, dxz—ﬁde
ox, ox, dx, ox, ox,
= dt\
6
Oty Oy Hof Oy Ol = M2 | mods® ©
ox, o x|\, o) ' ax, °
= dt\
(aul _ % +ﬁ(aul - auz]]w _ Sk, w,| modI®
1 3

ox, ox; X

such that

= 8u1_8p2+x_2 ap,l_ap,z w —%w
22 dx, ox, xI\ox;, ox, !

The second tower is simply composed of w,, which is equal to w,. The following tower
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structure thus results
Wy, W,y W,
W31
This problem is relatively simple in that only one congruence appears. w,, and w,, do not need
to be transformed. w,, must be transformed in order to satisfy the congruence (6). Thisis done
by taking

Opy ap,z]w
2,1°

w,, = w,,-x| T
2,2 2,2 2( ax2 ax2

The linearizing coordinates can then be easily obtained. The coordinate transformation
Y, IS obtained by integrating the equation

dy,; 4y,
Xy X2

=0

which gives y,,=In(x,/X,). Y,, is the function multiplying dt in w,,. This gives

Yoo = By Hop

The linearizing feedback transformation, v,, is the function multiplying dt in w,,. That is,

ou, Op
](u'lxl —UE) (—1 - —2J(u2x2 ~Uy)

ox, Ox,

d d
v, _(ﬂ_ﬁ

B dx, ox,

ox.

op
- (—ZJ(—px1x3 —X Uy T U,).
3

The remaining coordinates are obtained from the second tower. They are smply
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Yipg =%

V) = PX, - WX

It can be verified that these coordinates are similar to those calculated by Hoo and Kantor (1986).

4. Linearizability Conditions for Classes of Chemical Processes

When a system is not linearizable, the structure equations of its corresponding Pfaffian
system contain terms which fail to be congruent to zero. The coefficients of these terms are
curvature-like quantities which represent obstructions to linearity. When these quantities vanish,
the GS algorithm can be used to obtain the linearizing state and feedback transformations.

In this section, we follow an analysis performed by Shadwick (1993) on a class of air
flight control models and demonstrate how the GS algorithm can be used to uncover obstructions
to linearizations using the batch reactor example of Kravaris and Chung (1987). The model is

based on the reaction

where it is assumed that the first reaction has second order kinetics, whereas the second reaction

has first order kinetics. The model form used by Kravaris and Chung (1987) is
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= —kl(x3)xl2

& oelE

kl(x3)x12 -ky(x5)x,

2
= ¥,k (X)X; +Y,K(X9)X, +a, +a,x; +(b; +b,x5)u

where x,, X, and x, are the molar concentrations of A and B and the temperature of the reactor,
respectively. The rate constants, k;(x;) and Kk,(X;), are treated as arbitrary functions of
temperature. The manipulated variable, u, is as defined by Kravaris and Chung (1987). It is
chosen to be a balance between cooling and heating of the system (i.e., a split range manipulated
variable). The parametersy,, v,, &, &, b; and b, are constants.

It is shown by Kravaris and Chung (1987) that this system is not linearizable by state
feedback when the standard Arrhenius rel ationships are assumed for the temperature dependencies
of the rate constants. Using the GS algorithm, we will show how the set of linearizable models
of this form can be characterized.

The model yields a Pfaffian system of the form
I = [wy,w,,w,]
= [dx, - (K, (xx)dt,
dX2 - (kl(X3)X12 - kz(X3)X2)dt,

dx, —(v,k; (x3)x12 + Y,k (X)X, +a,; +ayx; +(b; +byx;)u)dt].

Following the GS agorithm, we calculate the structure equations. They can be written in vector

form as
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The first derived system, 19=[w,, w,], is

) ak,(x,)

<2
1
( Wlw Ox,
= dtA IO,
dsz ) dt H,(x) , Oky(xy) dx, mod
X; — X,
ox ox

3 3

Next, we construct the generator

4 ox

k() 5 Fky(xy) ) (kX)) ,
= X; + X, [Wy X; [Wy
3

3 X3
which is such that
dw, =0 mod I®.
We then see that this system is linearizable if we can find k,(x;) and k,(x;) such that
dw, = dtAA(x)dx mod w,.
where A(x) is matrix of functions of the states only. It can be confirmed that

dw, = dtAA (x)dx, + dtAA,(x)dx,

P Fi(xy) 2 akz(xa)x2
1
. 52k1(xa)x2_ Fk,(x,) _ ax; k 0%, 0%,
o el ()
6X3

dx, Adx,,

The coefficient of dx,[ldx, isan example of the curvature-like quantities which act as obstructions
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to linearizability. For this example, we can rearrange this term to obtain the following sufficient

condition for linearizability of this class of models:

ok, (x;) Fky(x;)  Tey(xy) Ok (x,)
0%y oaxi 0Ky ox]
ok, (x5)

ox

= 0.

X

3

Assuming that the first rate constant depends on the temperature, we finally obtain the condition

Ik, (x3) Phy(x) Ok (x3) Fy(x)

0X;  ox; x: 9%

0 (7)

which parametrizes the class of linearizable systems in terms of the temperature dependencies of
the rate constants. For this case, a simple linear temperature dependence for the rate constants
Is sufficient to ensure feedback linearizability of the model.

Assuming Equation (8) is fulfilled, we can state that the differential one-form

(092, Far) Ny (F0D 2y

dx, =
| ox ax 2 | oxy

IS approximately exact. As a result, the generator w, provides, through exterior differentiation,
a normal form that approximates the origina system. When the functions k;(x;) and k,(x;) are
known, the condition for linearizibility given by Equation (7) provides a measure of the departure
of this approximation from the original model that is, by construction, invariant under state-
feedback and state-space transformations. These invariant obstructions to linearizibility provide

geometric outputs for this class of nonisothermal CSTRs.
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5. A Necessary and Sufficient Condition for Dynamic Feedback Linearization of Control-
Affine Systems

A comprehensive framework for the problem of dynamic feedback linearizability of
control-affine systems was first proposed by Charlet et al. (1989, 1991). Using a standard Lie-
algebraic differential geometric framework, necessary conditions and sufficient conditions were
obtained. Other differential geometric techniques based on exterior calculus have also been used
to study this problem. Shadwick (1991) demonstrated the application of Cartan prolongations to
the problem of dynamic feedback linearization in single input systems. Sluis (1993) aso
considered the implication of Cartan’s ideas for the problem of dynamic feedback linearization
and developed a necessary condition for dynamic feedback linearization.

There have been a number of research efforts aimed at extending and generalizing the
framework of Charlet et al. (1989, 1991). Among the most useful generalizations is the concept
of differential flatness introduced by Fliess et al. (1992, 1994a, 1994b). The close relationship
between flatness and dynamic feedback linearization has been established by Rouchon (1994) and
Martin (1993) who also emphasized the importance of differential geometric techniques based on
the ideas of Cartan employed by Gardner and Shadwick (1992), Martin (1993) and Shadwick
(1990).

Aranda-Bricaire et al. (1993, 1995) have recently developed alinear algebraic framework
for the study of dynamic feedback linearization for control affine systems. In their approach, an
infinitesimal Brunovsky form is identified which generalizes the Brunovsky canonical forms to
dynamically feedback linearizable systems. It is shown that, as in the GS algorithm, dynamic

linearizability requires the existence of exact differential forms.
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In this section, a necessary and sufficient condition for dynamic feedback linearizability
of control-affine nonlinear systems by endogenous feedback is presented. The conditions extend
the approach considered by Shadwick (1990) to multi-input systems. They are based on a
modified derived flag of a Pfaffian system associated with a control system which takes into
account the presence of a precompensator. Similar to the results of Gardner and Shadwick
(1992), it is shown that the generators associated with this modified derived flag must satisfy a
number of congruences. The congruences ensure that the conditions stated by Gardner and
Shadwick (1992) are satisfied for the prolongated system, and thus provide an algorithm to
calculate the required feedback and state space transformations via the Gardner and Shadwick
algorithm (1992). As in Gardner and Shadwick (1992), a tower structure is identified with
respect to a set of indices corresponding to the infinitesimal Brunovsky form of Aranda-Bricaire
et al. (1995).

Furthermore, using these conditions, a bound related to the extent of precompensation of
each input channel is identified, and it is shown how linearizing outputs can be obtained by
studying the derived flag of the Pfaffian system associated with a nonlinear system.

The development proceeds as follows. Preliminary considerations related to feedback
linearizability of nonlinear systems are presented in Section 5.1. The conditions for dynamic
feedback linearizability are presented in Section 5.2. Examples are presented in Section 5.3.
5.1. Preliminary Considerations

Consider a smooth nonlinear system of the form
x = f(x) +g(x)u 8)
where xOR", uJR". The problem of dynamic feedback linearization of systems of thisformin the
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sense of Charlet et al. (1989, 1991) is now considered. The existence of a regular dynamic

precompensator

z = a(x,z) +b(x,z)v ©)

= ¢(x,z) +d(x,z)v

c
|

is sought where vVOOR™ and z[OR", along with a nonlinear state transformation

E = d(x,2) (10)

such that the combined system

f(x) + g(®)e(x,2) + g(x)d(x,2)v (12)

P
1l

= a(x,z) +b(x,z)v

Ne
|

is equivalent to a controllable linear system
£ = Af +Bv.
This system can be put in Brunovsky canonical form by a static state feedback and a linear

invertible transformation y=T¢ such that

v
(12)

(v M)
Ym M

where v, v,, ..., v, are the controllability indices of the extended system.

The Pfaffian system associated with (11) is given by
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B = [dx, - (F,0x,2) + 8,0, 2V, .., dxyg — (By(x,2) + gy (x, DIV, )
dz, - (a,(x,z) +b,(x,Z)v)dt,... ,dzq - (aq(x,z) —bq(x,z)v)dt]

or

x = [Wla-",WNs Cla-", Cq]

in terms of generators where

f(x,2) = fi(x) + g(x)c(x,2), and gi(x,2) = g(x)d(x,z)

for 1<i<N, and

fi(X,Z) = ai(x,z) ) gi(X,Z) = bi(X,Z)
for N+1<i<N+q.
Following the approach of Gardner and Shadwick (1992), feedback linearizability of the

extended system implies the existence of a set of generators which fulfil the congruences

dwivi_j = dt/\wivi_j+1 mod %0V (14)

where 1<ism;, m=dim{ Z0/z9*%}, 1<j<v, and

dw," = dtAdv, mod Z®, (15)
>0 js the j" derived system of = as defined in Section 3.
If we consider dynamic feedback linearizability in the sense of Charlet et al. (1991), we
see that the Pfaffian system associated with system (11) is equivalent to the Pfaffian system

>={S,P} where
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S = [dx, - (f,x) +g,(Xu)dt, ..., dxy ~ (y(x) + gux)u)dt] (16)
and

(@) (29 (0p)  (ap+])
P = [dul—ul(l)dt,...,dulm1 —ulmldt,...,dul,—ulgl)dt,...,dul,o‘1> —uPaP dt]

(17)

6)) (01+1) '6)) (op+1)
= [Tll 9---97]1 ' 9---9T|P 9---9nPP ]

Denote the set of integers{a,, a,, ..., a,} asthe degree of precompensation of the system. Other
types of precompensators have been discussed in the literature. Sluis (1993) considered a class
of precompensators in which the prolongated channels u,, ..., u, are possibly taken as state-
feedback transformations of the original variables. This provides a relaxation of the conditions
stated by Charlet et al. (1991). In the most general case, the coordinates z of the
precompensators are functions of x, u, u®, ..., u®, where a isfinite. This approach is associated
with the notion of differential flathess Fliess et al. (1992).

It is clear that, for any type of precompensator, the resulting Pfaffian system X~ must
always be equivalent to the Pfaffian system associated with (12), and the indices{ a,,..., o} and
{vy, .., v} must aways satisfy a;+.+a,=q and v,+..+v;=N+q. We now consider the
equivalence of Pfaffian systems of the form (16), (17) to linear controllable forms. In particular,
we analyze conditions that describe the geometrical properties of a nonlinear system required for
feedback linearizability of the extended system (16), (17).

5.2 Conditions for dynamic feedback linearizability

In this section, geometric conditions for dynamic feedback linearizability of nonlinear

control systems are presented. First, afiltering of the Pfaffian system associated with a nonlinear

system which takes into account the presence of prolongated input channels is defined.
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Definition 1

Consider a control-affine system with N states and P inputs and a precompensator with
indices {ay, ..., a.}, a,>..2a,, with multiplicities {s,, ..., s} and corresponding indices {kj, ...,
Kiy ooy Koy ooy Ko} (Ki=00, .., kK =0).  Asin (16), let S be the Pfaffian system associated with
the nonlinear system. The first derived system associated with the precompensator is given by

the set of forms which satisfy

dW(l) =0 mod S,dulr"?duP—s
1

The second derived system associated with the precompensator is given by the set of forms, w®,

which satisfy

dw®

0 mod W(l),dul,...,dul,_sl_sl if k,-k,>1

or

dw® = 0 mod W(l),dul,---,dup_sl_s,2 if k,-k; =1

Generally, we write the following defining relationship for the derived systems associated with

the precompensator:

.=k +j =k, +j-1
dw & Rk ),dul,..

=0 modw .,dul,_sl_“_Si

for 1<j<ki,,-k, 1<ism-1. If there exists a number Q for which w@Y=w(@ it is called the derived
length associated with the precompensator.

Note that for this class of systems, this derived flag is invariant under feedback and state
space transformations. It does, however, depend on the choice of precompensator and may

therefore be subject to the presence of differential algebraic constraints.
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Note also that this filtering of the Pfaffian system associated with the nonlinear system
(8) relates to a more general setting. One can easily see that the linear constraints imposed by
the differential forms du; given in the definition can be replaced by nonlinear algebraic constraints
dz;,, 1<i<q, where z are functions of x and u.

In what follows, conditions based on the derived flag associated with a precompensator
are presented. They are shown to be necessary and sufficient conditions for dynamic feedback
linearizability in the sense of Sluis (1993). First it is shown that the possible sets of indices
which are applicable for dynamic feedback linearizability are restricted.

Lemma 1

Consider a control-affine system with N states and P inputs and define a precompensator
by ordering the inputs {u,, ..., u,} according to the indices {k, ..., k,,} with multiplicities{s,, ...,
S.t such that k,>...2k,. If the system is dynamic feedback linearizable in the sense of Sluis

(1993), then the class of admissible precompensators is defined by

N-(ky—kps,—...—(k, -k, ), +... +5,_1)>0
Pr oof:

Consider the Pfaffian system associated with (16), (17),

_ ) (ky*1) @) (ky+1)
Z = Wi s W ps Wiopugs e s Wi TIp 5eees Mg seeesTlp 5eeesNp ]

which contains N+q generators. The first derived system is generated by
® () o (ky)

n _
z® = (W5 s Wips Win_pags oo s W TIL seees Tl seeesTIp 5eeesMp ]

Inductively, the (k,)-th derived system is given by
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k) _ 0 (kg ky+1) 0 &ki+) (@) 1))
E Y= [W19---9WN_p9WN_p+19---9WN9T|1 9---9T|1 9---9T|P—sl9---9nP—sl 9T|P—sl+19---9nP]
and
(y+1) @ (k) n & -ky)
DY = (W5 s Wi ps Wi pagses s W TIT 5eees Mg 1,...,1]1,_51,...,111,_511]

At this point, s, of the input channels are not precompensated. Exterior differentiation of this set
of generators yields s,+...+s,, generators from the precompensated channels which are necessarily
non-zero modulo this derived system. Thisleaves s, generators which must be removed from the
Pfaffian system associated with the original system. Fulfilment of the congruences (14) for the
extended system first implies that there exists a set, w, of N-s; generators which are such that

dw® = 0 mod x%"P
Thisis clearly equivalent to

dW(l) =0 mod S,dulr"?duP—s
1

which also implies that the set of generators W forms the first derived system associated with

the precompensator. The system can always be feedback transformed to

S = [dx, - (f;(x) +g,(Xw)dt,...,dxy_p — (f_pX) + gy_pFw)dt,
dxy_p.; ~u,dt,...,dx —updt]

= [Wl gess ’WN—P’WN—P+1 geee ,WN].

If we write the original Pfaffian system as
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1
S = [W()=WN—s1+1""’WN]

feedback linearizability of the prolongated system requires that these generators fulfil

WN-s, +1
dw® = dtAQ(xu) . | mod z®*V
Wy
This is equivalent to the statement
WN-s, +1
dw® = dtAQ(xU,,...0p ) mod w®,du,,...,du,

\ W )
which are ssimply the congruences expressed in terms of the derived flag associated with the

precompensator. The derived system

(k+2) _ D O (ky—k; -1) () (ky Ky -1)
z ! - [W()9n1 9---9T|1 9---9nP—sla---9T|P—sl ]

is obtained. Similarly, the next derived system implies the existence of a set of N-s-5

generators, w®, which are such that

dw® = 0 mod w(l),dul,...,dul,_S
1

Again rewriting the generators such that
w® = [w®,w® o 1

’WN—sl—sl+1 20003 WNg

the congruences to be fulfilled can be written as
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)

N-s;-s;+1
dw® = dtAKD ) mod W(Z),dul,...,dul,_Sl

(1)
WN—sl

The next derived system is generated by

(k;+3) @ &n-ki-2) @ (ky-k;-2)
2 = W@ ,...,111,_51,...,‘r]1>_sl1 1.

Proceeding further, it is found, by induction, that

k) _ r Ok-1) (1) (ky—ky +1) M &y ko*D) (1) [¢))
E - [W ! in 9eees il LRILE) P—SI—SZQ-"’nP—sl—sZ QnP—s1—52+19---9T|P—sl]
and
(ky+1) (k) () (ky—ky) M (ky-ky)
) il A AR | PROYWVS | PRSP | PRI ) P

As above, we find that s;+s, input channels are not precompensated. The existence of a set of

N-(k,-k,)s,-s, generators,

-k, +1 -k
dw® ™ D = 0 mod w® 1),du1,...,du1,_sl_s2

is required. Congruences (14) imply that the generators can be re-written as

(kyky) _ (kyky+1) (k) (ky~ky)
w Cew : ’WN‘(kz‘k1)51‘sz+1""’WN‘(kz‘kl)Sl]

such that

192



(ko ky)
WN-(ykp)sy -5 +1
Kk, + -k : k. +
dw D = g AR® ™ . mod w® ™ D,dul,...,dup_sl_sz.
(kyky)
WN‘(kz‘k1)51
This yields
+2) K+ (1) (e -kp-1) o)) (k-1
E(k2 = [\V(k2 1 9111 gecey 1 9eeey P_SI_SZ,---, P—Sl—SZ ]

Finaly, the derived system

E(km) _

K+ (1) O]
[W(km ! 5T 9---9T]P—sl—...—sm_1]

Is obtained by induction. For the next step, feedback linearizability implies the existence of a set

of N-(K,-K))S-...- (KK ) (SiF...+S,,.1) generators which satisfy

dw® ™ = 0 modz™

and, consequently,

x) _ X,-1)
dw(k"El =0 mod w(k"El L ,dul,...,dul,_sl__"_smi1
As above, the set of generators
(kpki-1) o (kyoky) o &pk1) (kX -1)
w = [w s WN =iy )8y (i, )8y #o ¥ )12 3 WN (k)8 ==y Koy (=11 o5y 1)

Is obtained. Fulfilment of the congruences (14) for the extended system implies that
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(ky~k;-1)
WN-(kyK)s; o~ (kg k)8 *onn t8 1)1

dw 0 = g ARE D . mod W(k"l_kl),dul,...,dul,_S .
. 17 "Sm-1

WN- (k)5 —or— (K Ky ~1)(8; +n 45y 1)

Finally, the derived system is
Dy ko

which must contain N-(k,-k,)s;-...-(kK.-K,.1) (S, *...+S,..1) generators.

It is obviously necessary that (K,-K,)s;-...-(K-K..1)(S,+...+S,,.1)<N; otherwise, some of the
required linearizing outputs will be directly identified with certain input channels.

It possible to refine the bounds on the set of possible precompensators. First consider the
situation where the precompensator required for dynamic feedback linearization is such that N-
(Ky-kp)sim.. (KK ) (S17F---+Sy.)<P.  Since feedback linearizability implies that the derived flag

stabilizes at this point, it follows that the class of admissible precompensators is described by
N-P<(k,-k)s, +...+(k_ -k ), +...+s )<N

This completes the proof.

The bounds on the possible compensators can be improved by studying the derived flag
of the original system a priori. Assume that there is a certain number, (<P, of generators { w,’,
..., w,"} belonging to the k™ derived system of the Pfaffian system associated with the nonlinear

system which fulfil congruences of the form

1 _ 2 1 1
d(.ol = dt/\(.ol IIlOd (.01,...,(.00

such that
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2 _ 3 1 1 2 2 1 1
d(.ol = dt/\(})l IIlOd 0)1,...,(00,0.)1,...,0.)0,OJQ,,l,...,O.)P

and, finaly,

k _ K+l 1 k 1 k 1 k-1
dw; = MA@, MOd @5y @yeers@pyereesDyyeresDpyeres Op -

The Pfaffian system {w,', ..., @7, ..., @}, ..., 7 ..., W, ..., W F=w*™*) forms a subsystem
of the original system. By construction, it follows that these congruences must also be observed

for the derived system associated with a precompensator. Consequently, for every k=0, the class

of precompensators is defined by

N-(k+1)P<(k, -k)s, +... +(k -k__)(s; + ... +5,_) <N-KP. (18)

Finaly, since the conditions imply that the extended system with the precompensator
defined by the set of indices{a,, ..., ap} fulfilsthe feedback linearization conditions (14) for the
extended system, it is possible, by the GS algorithm, to find linearizing transformations which
transform the congruences to equalities.

Lemma 1 indicates that a dynamic feedback linearizable system has a filtering of the

derived flag associated with a precompensator of the form

[W(l),...,w(km_kl)’. W(km—k1+k+1)] (29

ey

containing {N-s,, ..., N-(kr-k))s,, N-(k;k))s-(S,+S,), ..., N-(K,-K,)S;-(Ks-K,) (5, +S,), ..., N-(k»-K,)S}-
(Ksk)(5+S)- (KK ) (S +Sma) s -0 N-(Ko-Kp)Si-(Kg-Ko) (81+S))- - (KK ) (S +Si1) - (K) P} O,
similarly, {N-s,, ..., N-(K;-k))S;, ..., N-(K,-K1)Si-(Kg-Kp)S5, -y N=(Kp=)Simee = (K=K 1) Sty <er N=(Ky-
K,+K)s-...-(K -k, tK)S, -(K)S,} generators. Depending on the number of generators, ¢,

ki+k+1)

remaining in w1 e require that either
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N-(Kp-Ky+K)S;-...~(Kiy-KiHK) S (K=K Hk+1)s - - (KoK + 1) S5 - (K4 1) s, =0 if 0<P
or
N-(Kyk,+k+1)s,-...- (k. K +k+1)s, ,-(k+1)s,=0 if I=P.

Define P integers, v,, 1<i<P as

v, = k+1 , l<i<s_

v, = (k, -k ,+k+1) ,s_+l<i<s_+s__,

v = (kk +k+1) sy +ars rl<ics rvs ((=0) (20)
v, = (kq_l—kq_2+k) , sm+...+sq_1+1sissm+...+sq_2

v. = (k,-k, +k) , P-s +1<i<P.

such that >v;=N. Then a set of P integers is obtained with multiplicities {s,, ..., S;} which act
as generalized Kronecker indices of the nonlinear system.

The generators of each successive derived system of the derived flag associated with the
precompensator are such that they fulfil the congruences of the GS algorithm for the prolongated
Pfaffian system. Lemma 1 also establishes the correspondence between the fulfilment of these
congruences and the fulfilment of the congruences related to the derived flag associated with a

precompensator. As shown in the proof of Lemma 1, these congruences take the form

dw(ki"k1+j) = dt/\Ka(i_lirj_l)W(ki:lirj_l)

mod w&™ ™ ,du,... ,duP_Sl___'_S, (21)

for 1<j<k;,,-k;, 1<i<m-1 and
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dw(km_k1+P) = dt/\K(km"kl’“P‘l)W(km"kﬁP‘l) (ky —k; +D) (22)

mod w

for 1<p<d, where the matrices K are such that

.~k + .k, +j-1
dw(kl 1D Gk ),dul,..

=0mod w .,dul,_sl_'___Si

and

dw(km‘k1+1’) (km‘k1+P‘1).

=0 mod w
Using the generalized Kronecker indices obtained above, we can re-express these conditions in
amore generic fashion. By analogy to the GS agorithm, the generalized Kronecker indices give

the following set of generators of the Pfaffian system associated with the original system:

Vi

S = 1 1 Vp
= 0] 500y W] yeees Wpyeres Wp |+

The last set of generators of the filtering is defined as
W(km—k1+k+1) _ [0.)1 1].

1’...’(.00

Fulfilment of the congruences (22) can be expressed as

1
dw;

dtAw’ mod {w},..., ooul}

for 1< i<0. As aresult of (22), the set
o Enl )

12 1 2 1 1
- 0)1,031,...,(00,030,0)0+1,...,OJP

is obtained and, inductively,
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knk) _ 1 k+1 1 k+1 1
w = [0]y.es 0 gerns W5 ey Oy "3 W5 L1500

1 k+1 1 k
W g3y Wyyuers Wg 5eeey Opyeeey Wp)

Only the first s,, channels depend on u,, ..., U, and the fulfilment of the congruences (21) can

be expressed as

+ + -k, .
dwf = dt/\wf 2 mod wn 1),du1,..,duS , S +1<i<l.

m

and

deof = dtAwr" mod w(k““‘_kl),dul,..,dus , 0+1<i<P.

Proceeding k-K,,, steps,

®Kp k) 1 k+1 1 kel 1 L L
w = (@5 @] 5ee, Wy yerns Wg T3 W5 15es W g

m

1 Kk tk+1 1 Ky ki 1tk
TN A e A yeres Wpyene, Wp ]

or

ky k) _ 1 Vi 1 Vi 1 vy
w = [@]yee, W perns Wy 5es Wg WG 150y W 1pyuney
AP 1 km_ktn*1+k+1 1 km_km—l"'k
Wg s, 3003 W vg 3oy Wpyeees W yeres Wpyene, Wp ].

Again, the congruences (21) require the existence of P-s,-s,,; generators such that

-k g +k+1 A kK, 1 +k+2
w; w;

d = dt mod w0 du,,...,du

sty * SmtSmat I<i<{

and

198



(k)

- +k - +k+1
do 1™ = gAY od w duj,..,du, ., 0+1<i<P.
Inductively, the set of generators
1 V1 1 V1 1 vy

S =[]0, @ yerns g ey Wg 3 WG 115000, @

Sptloeees
(23)

1 Vp1 1

Vp
W tvsyvloeees D s vg vlsoees Opyenes WDp ]

is obtained. This set of generators, w/, is adapted to the derived flag associated with the
precompensator. Using these generators, the conditions for dynamic feedback linearizability can
be stated as follows. We first require the following definition.

As in Gardner and Shadwick (1992), we identify a tower structure associated with the

generalized controllability indices of the form

1 2 Vi 1 Ve
W, W] . W . Op .. Wp
Vi 1 2
wW; ®; W, Wp Wp
1
Wp
2 Vi
W, W W,
1 2
W W
1
W,

where the elements in the top row are generators of S. Generators in the second row generate
wt® and those in each successive row generate derived systems of the derived flag associated with

a precompensator. Similar to Gardner and Shadwick, the set of integers
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m; = diIn(wG)/wG”))

Is defined which gives the number of towers with at least j+1 rows for 1<j<k.-k,+k+1. We now
state the following theorem:
Theorem 2

A nonlinear control-affine system is dynamic feedback linearizable in the sense of Sluis
(2993) if and only if there exists a feedback transformation v=o(x,u) and a set of generators
adapted to the derived flag (19) associated with a precompensator which satisfy the following
conditions:

I) the precompensator, P, belongs to the class described in Lemma 1,

1) its generators satisfy the congruences

. "
dw;‘ilj = dt/\oa:;‘ilJ
mod wU*D , 4V, 5.5 AV, (24)
ij_j. ij_j"'l
dwp ' = dtAwp

where m=dim(wP/w*), q=P-s;-...-s,, k, -k, +1<j<k -k; when 1<p<m and k,-k,+1<j<k -k +k+1

p-1
when p=m.
Pr oof:

The conditions for dynamic feedback linearizability given in terms of the derived flag
associated with the precompensator are closely related to the conditions of the GS algorithm. The
construction is also very similar. As in Gardner and Shadwick (1992), a feedback invariant

filtering of the Pfaffian system associated with a nonlinear system is considered, and the

conditions for dynamic feedback linearizability are expressed in terms of congruences. The state-
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space and feedback transformations required are obtained by transforming these congruences to
equalities.

The main difference is that the construction implies the existence of a precompensator of
the class described in Lemma 1.

Assume that the system is dynamic feedback linearizable. Thisnaturally implies feedback
linearizability of the extended system Y =[S,P], and the generators of the derived systems of the
Pfaffian associated with the extended system must fulfil the congruences (14) of the GS
algorithm. Let the precompensator be represented by the indices {ky, ..., k,,} with multiplicities
{si s Su}, M<P, 3;5=P. Asshown in the proof of Lemma 1, fulfilment of congruences (14) is
equivalent to fulfilment of congruences (24) for the derived flag associated with the
precompensator. Fulfilment of these congruences therefore constitutes a necessary condition for
dynamic feedback linearizability.

The sufficiency of this condition follows from the fact that, conversely, the fulfilment of
the congruences (24) also corresponds to the fulfilment of the congruences (14) for the
prolongated system. This can be seen directly by replacing the terms dv,,..., dv, in Equation (24)

by the generators associated with the prolongations of each input channel, given by

[dv1 —Vl(l)dt,... ,dvlﬁ) —V1(i+1)dt,... ,dvq —Vél)dt,... ,dvf) —Vfﬂ)dt]
for k,,-k;+1<j<k -k, g=P-s;-...-s,when 1<p<m and k,-k;+1<j<k; -k, +k+1 when p=m. From the
fulfilment of congruences (14) it is therefore possible to construct the required state-space and
feedback transformations by application of the GS agorithm to the tower structure of the
prolongated system.m

Theorem 2 states that it is possible to construct precompensators from prolongations of
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state-feedback transformations of the original system by studying the derived structure given in
Definition 1. The conditions imposed on this structure by the GS linearizability conditions of the
prolongated system provide a method to compute these feedback transformations. They also
provides a necessary and sufficient condition for dynamic feedback linearizability by endogenous
feedback.

In the general case, we consider dynamic feedback linearizability by prolongations of
dynamic state feedback transformations of the form v=a(x,u,u®, ..., u®?), where vOOR?, u®
denotes the set {u,®, ..., u®} and {B,, ..., Bs} is the degree of precompensation of u. In
order to construct these feedback transformations we must consider fulfilment of Theorem 2
subject to the presence of alinear precompensator. That is, we apply the conditions of Theorem

2 to the Pfaffian system

S/ _ 1 B 1 Pp
= (Wisews W N1seee5Mg 5o s Mpsees Np

subject to the precompensator

Gy (y*D (vp) (D)
P/ = |dv,-v{"dt,...,dv;"" -v;"" dt,...,dvy - viDdt,.,dvp T v dt

with degree of precompensation {vy,, ..., Yo}. Using this approach, the problem of dynamic
feedback linearization can be solved by constructing the derived systems of S” associated the
precompensator P” such that the conditions of Theorem 2 are met.

By construction, the degree of precompensation {a,, .., 0p} of the resulting
precompensator must be such that Z,0,=%3+%y=q. Consequently, the dynamic feedback

transformation must also be such that
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B+
: oa(x,u,...,u )| _ p
ou B+D

The restrictions of the class of precompensators described in Lemma 1 are still applicable
to the general case. To show this, consider an ordering of the inputs {v;, ..., v} with degree of
precompensation {V;, ..., Yo}, Vi<---<Yp, With multiplicities {s,, ..., s,} and corresponding indices

{Kky, ..., Ky}. From Lemma 1, we know that the class of admissible precompensators is given by

P
N+Y " B) -k, -k)s; — ..~ (k, k)G, +.. +8,,_)<0.
in1

Since the system S’ is obtained by prolongation of the original system inputs, we know that its
derived flag contains at least one generator that fulfils the required congruences. This generator
can always be obtained from the prolongation of the input channel with the highest degree of
precompensation and must therefore be such that k=max,3;. The resulting class of

precompensators can therefore be restricted to

P P
(N+E B)-kP < (k,-k)s, +...+(k, -k _ ) +...+s <N +E B, -kk-1P
i=1 i=1
or, equivalently, to

P P

N-Y (k-B) < (& -k)s; +..+ (K, -k, ), +o+s, )<N-Y (k-B;-1).

i=1 i=1

This identity, aong with the identity Zo,=2p3+Xy, defines the class of admissible
precompensators.

We can now state the following theorem:
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Theorem 3
A nonlinear control-affine system is dynamic feedback linearizable if and only if there
exists a dynamic feedback transformation v=a(x,u, ..., uU®**?) and a set of generators from the

ideal generated by the Pfaffian

S/ = Wl,...,WN,ni,...,n?l,...,nll,,...,nsp
adapted to the derived flag (19) associated with a precompensator which satisfies the following
conditions:
1) the precompensator, P, belongs to the class described in Lemma 1

i) its generators satisfy the congruences

vl v, —j+1
mod wi*D ,dvl,...,dvq (24)
V.Tj V. oi*l
dop’ = dtAwp >

where m=dim(wOw*), g=P-s -...-s,, k, -k, +1<j<k -k; when 1<p<m and k,-k,+1<j<k, -k, +k+1
when p=m.
Proof:

The proof is a direct consequence of Theorem 2.m

In the next section, we demonstrate the application of Theorem 2 to three examples.
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5.3 Examples
Example 5.2 Counter-example of Charlet et al. (1989, 1991)

Consider the counter-example of Charlet et al. (1989, 1991)

X = XX,

X, = X3tXU,

X, = U X0,

X, =W,
It is easily verified that this system is not feedback linearizable and that it does not fulfil the
sufficient conditions of Charlet et al. (1989, 1991). This system does, however, fulfil the
conditions of Theorem 2.

The Pfaffian system associated with this system is given by

I = [dx, - (x, +X;u,)dt,dx, - (X, +X,u,)dt,dx, - (u, +x,u,)dt,dx, —u,dt]

= [w;,w,, W, W, ]

Let us first construct the class of possible compensators for systems with 4 states and 2 inputs.
This system has no Pfaffian subsystem which fulfils the congruences (14), and so we let k=0.

From Lemma 1,

N-P<(k, -k)s, <N,
4-2<(k, ks, <4,
2<(k,-k)s, <4
or (k,-k;)s;=2 or 3. Since s;=1, k,-k;=2 or 3.

Upon relabelling theinputsto {v,, v,} ={ u,,u,}, the precompensator can be defined by { a,,
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o,}={3, 0}, such that {s,, s,}={1, 1} and {k;, k,}={0, 3}.

We now construct the derived flag associated with this precompensator. From

W, 0
d"?| = dtA|dv, mod 1,dv
W, 1 2 1

3

W) \0/

we obtain the first derived system as w®=[w,, w,, w,]. Proceeding, we obtain

| - o
W,| = dtA| 1 [dx, mod w,dv,
\Wa) \0)

Defining we=v,w,-w,, we see that

dwy, = 0 mod w(l),dv1

and, consequently, the second derived system is generated by w®=[w,, w.]. For the next step,

d{:‘;} - dt/\(vlso_l]dx2 mod w®,dv,

such that w®=w,. This system fulfils the conditions of Theorem 2 and is therefore dynamic
feedback linearizable. To see this, let w,'=w,. From (19), we have that v,=1 and v,=3.

Consequently, we let w,'=w,. By exterior differentiation, we get

do, = dtA(v;-1)dx, = dtA(V;-Dw, = dtAw; mod w®,dv,.

and
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do; = dAW -Dw, = dtAw; mod w®,dv,.
According Theorem 2, the system is dynamic feedback linearizable and is therefore equivalent
to a linear controllable system. Application of the GS algorithm to the extended system shows
that the extended system is linearizable with controllability indices {v,, v,} ={4, 3} and linearizing

output functions

Y1 7 %
Yy T XUy 7%y
Example 5.3 Dynamic feedback linearization of a system without drift

Consider the simple system

X, = X1"2‘11J”‘22uz

X, =y

X =1,
It can be easily verified that this system is not feedback linearizable. We now verify the dynamic
feedback linearizability of this system. As before, we construct the class of possible

precompensators. By Lemma 1,

N-P<(k, -k)s, <N,
1<(k,-k)s, <3.
and, therefore, (k,-k;)s,=1 or 2. Taking s,=1, we obtain k,-k,=1 or 2. Let us consider the

precompensator {s;, s;}={1,1}, {k,, k,}={0,1}, where k, corresponds to the u, prolongation.

We now construct the derived flag associated with this precompensator. The first derived
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system is obtained from

Wy x22
dw,| = dtA| g [du, mod w,,w,,w,,du,.

\W3) 1

Taking w,=x,"W,-w,, we obtain the derived system associated with the precompensator w®=[w,,
w,]. This system fulfils the conditions of Theorem 2. By exterior differentiation, the following

generators of original Pfaffian system

1
w; =W,

- = 2w _
Wy = W, = X3 W,;~W,

= (xz'o’u1 +2X,0, )W,

€
N
[

are obtained with generalized Kronecker indices {1,2}.
By the GS agorithm, the prolongated system is feedback linearizable with linearizing

output functions

Y2 = X TXXy
and Kronecker indices {2,2}.
Example 5.4 Dynamic feedback linearization in the sense of Suis (1993)
To demonstrate the application of Theorem 2 to the more genera precompensators

described by Sluis, we consider the following example
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X =X

X, = u,sinx, -u,cosx;
X, = X,

X, = 1,C08X, +u,sinx, -1
X5 = Xs

X6 = U,.

Inspection of the derived flag of the Pfaffian system associated with this nonlinear system
indicates the existence of generators of the first derived system that fulfil the congruences of the
GS agorithm. We therefore let k=1.

From Lemma 1,
N-(k+1)P<(k, -k )s,<N-kP
or
2<(k,-k)s, <4.

This gives k,-k,=2 or 3.Let k,=2 and consider the feedback transformation v,=u,-x¢?, v,=u, with
degree of precompensation {k,, k;}={0,2}. The Pfaffian associated with this nonlinear system

is given by

dx, - x,dt,dx, - (u,sinx; —u,cosx,)dt,
S = | dx;-x,dt,dx, - (u,cosx, +u,sinx, - 1)dt, |,
dx, - x.dt,dx, - u,dt]

The first derived system associated with the precompensator is obtained from the structure
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equations:

dw, = 0
dw, = -dtAcosx.du,
dw, =0

. mod [W,,W,,W;, W, ,Ws,W,,dv,]
dw, = dtAsinx.du,

dw, =0

dw = dtAdu,

Defining wW,=CosxsWg+w, and wg=sInX:wg-wW,, it can be verified that

dw,

, =0

mod [w;,w,,W;,W,,W,,W,dV,]

dwg = 0

The structure equations of the first derived system are given by

dw, = -dtAcosxdx,

dw, = dtAsinx,dx,

dw, = dtAdx mod [W,,W;,Ws, W, ,Wg,dv,]
dw, = -dtAx.cosx,dx,

dw, = dtAxsinxdx,

Defining
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5 = COSXsWs +W,
Wy, = SinX,w—w,
Wit = XgW— W,

Wi = XgW3~Wg

it can be verified that

dwy, = 0
dw, =0
mod [w,,W,, W, W,,Wg,dv,].
dw,; = 0
dw, = 0

The structure equations associated with the second derived system are given by

dw, = 0
dw, =0
- 5 . mod [wy,w,,W,,,W,,]
dw,, = dtAcosx,dv, +dtA(xgsinx, - (v, +x¢)sinx,)dx,
dw,, = -dtAsinx,dv, + dtA(xicosx; - (v, + x3)cosx,)dx,

Finally,

~dt Ax sinx dx, +dt Acosx dx, +dt Adx,

dw,

mod [wy,w,].
dw,, = dtAcosx,dx +dtAcosx,dx, + dtAdx,

This system fulfils the conditions of Theorem 2 and is therefore dynamic feedback linearizable.
The Kronecker indices of the precompensated system are v,=v,=4. The generalized Kronecker

indices for the original system given by (20) are {2,4}.

211



6. Conclusions

In this chapter, the exact linearization problem of nonlinear control systems has been
considered, using the exterior calculus framework of the GS agorithm. Using a bioreactor model
as an example, it was shown how the GS agorithm can be used to derive state-space coordinate
transformations and feedback transformations which exactly linearize a nonlinear system.

Using a CSTR example, it was shown how the GS algorithm can be used to uncover
obstructions to the linearizibility of a nonlinear system. These obstructions are curvature-like
functions which are invariant under state-space and state feedback transformations. Since
elimination of these obstructions will provide an exactly linearizable control system, these
feedback invariant functions provide a natural choice of geometric outputs for the system. More
work is required to understand more completely the implications of these functions in controller
design.

The problem of exact linearization by dynamic state feedback and state space
transformation was also solved. A necessary and sufficient condition for the linearizibility of a
control system by dynamic feedback was found by adapting the linearizability conditions of the
GS agorithm to account for the presence of a precompensator. This condition provides an
algorithm which generalizes the GS algorithm. For systems that are linearizable by static state

feedback, the algorithm developed in this Chapter reduces to the GS algorithm.
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Nomenclature

A N+q by N+q matrix

A Chemical species A

a Smooth function of x and z
2 Batch reactor parameters

B N+q by P matrix

B Chemical species B

b Smooth function of x and z
b, Batch reactor parameters

C Chemical species C

C¥(M) Space of functions with k continuous derivatives
c Smooth function of x and z

c(s) Curvein M’

d Smooth function of x and z

d Exterior derivative

e Basis vector of a vector space

f Smooth vector valued function of the drift vector field of a nonlinear system
I Pfaffian system

1O i™ derived system of |
| Inhibitor concentration
K Field

K Saturation constant
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Inhibition constant

Degree of differentiation of input channel(s) with multiplicity s
Rate constant for reaction i

Differentiable manifold

Differentiable manifold (=MR"xR)

Number of towers with at least j+1 rows

State space dimension

Pfaffian system associated with a precompensator
Input space dimension

Maximum rate of product inhibition

Pfaffian system associated with a nonlinear system
Inlet substrate concentration

Multiplicity of input channels with degree of differentiation k
N+qg by N+q invertible matrix

Tangent space to M at a point p

Cotangent space to M at a point p

Time

Open set on a manifold M

Open coordinate neighbourhood on a manifold M
Input variables

Vector space

Co-vector (or dual) space

214



% Feedback transformed input

V; Vector of a vector space V

W Vector space

w Set of generators from the derived flag of the Pfaffian system S
W, Generator from the set w

w Vector of the vector space W

X State variables

Y, Yield of biomass for cells i

y Linearizing output variables

z Variables associated with a precompensator
Greek Letters

a Element of afield K

of Degree of differentiation of an input channel u,
B Element of afield K

% Set of generators from a Pfaffian system |

Y, Batch reactor parameters

A Distribution on M

A°(M) Space of p-vectors on M

n
o

Mi

Umaxi

Set of differential one-forms
Codistribution on M
Specific growth of cells i

Maximum specific growth rate of cells i
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v, Generalized Kronecker indices
& In Section 2, set of differentia one-forms
13 In Section 5, extended state-space coordinates

> Pfaffian associated with an extended system

O i" derived system of X
(0} Vector valued function
[0 i element of @

QP(M) Space of p-covectors on M
W Set of differential one -forms and generators from a Pfaffian system

W i"" element of w

Symbols
O Wedge products

d Exterior derivative

R Space of real numbers
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Chapter 6

Conclusions

The development of nonlinearity measures is of great interest in a number of areas of
chemical engineering, especially in modelling, optimization and control of chemical processes.
In the modelling and optimization of chemical processes, measurement of nonlinearity has
important influence in parameter estimation (Bates and Watts, 1988) and in system identification
(Nikolaou, 1993; Haber, 1985). The application of nonlinear measures in chemica process
control, primarily motivated by the need for alternative nonlinear controller design methods, is
recent (e.g., Ogunnaike et al., 1993; Stack and Doyle I11, 1995; Nikolaou, 1993). The assessment
and compensation of nonlinearity is a complex problem that can be investigated using a wide
variety of approaches spanning many research areas such as differential geometrical control,
optimal control theory, system identification and statistical model development. This study
extends the ability to detect and measure nonlinearity in steady-state and dynamic systems.

The main result of this thesis is the development of a framework for the assessment of
nonlinearity in controlled processes. Assuming that the process can be represented by a twice
differentiable process map, the extent of nonlinearity is measured by evaluating the induced local
curvature of the process response. The magnitude of this curvature is assessed with respect to
an appropriately chosen scaling region. This approach provides an effective methodology for the
development of dimensionless curvature measures that can be used to characterize and quantify
the nonlinear behaviour of steady-state and dynamic controlled processes.

In Chapter 2, the framework was applied to the assessment of steady-state process

nonlinearity. A root mean squared measure of the deviation of the process behaviour from its
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tangential approximation was proposed as a measure of nonlinearity. Using an orthogonal
decomposition, the contributions of the tangential and normal components of the nonlinear terms
to the nonlinearity measure were evaluated. It was demonstrated that the presence of tangentia
nonlinearity requires a change of input coordinates. Normal nonlinearity indicates the need for
state-space and feedback transformations. The impact of steady-state curvature on controller
performance using a bioreactor example. Gains in optimal performance were realized by using
an input-output linearizing controller in comparison to two linear controllers (linear state-feedback
and PI). A smple quadratic gain Pl controller was also shown to improve the performance of
the closed-loop process.

This methodology provides a simple approach for analyzing nonlinear control processes.
It can be easily employed for preliminary process investigation using models that locally
approximate the steady-state locus. It also provides a procedure for the computation of coordinate
transformations that can be used in controller design to remove local effects of gain nonlinearity.
Application of this framework in engineering practice requires a rigorous methodology for
evaluating nonlinearity from plant data. Although this has been an important consideration in the
scope of this thesis, additional research is still needed to develop an effective method. This
method should also include provisions for sampling properties to enable assessment with
statistical uncertainty.

The fundamental impact of nonlinearity on closed-loop steady-state process behaviour was
studied. Using classical differential geometrical tools, a set of second order identities related to
the invertibility of the nonlinear process were developed. Associated with these identities was

the decomposition of closed-loop nonlinearity into mismatch terms and compensation terms. Root
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mean squared measures of closed-loop nonlinearity were developed and it was demonstrated that
they could be used together with individua contributions of the identities to describe the
significance and sources of the nonlinear behaviour of a process.

The second order identities were also used to provide a nonlinear extension of the relative
gain array (RGA). Their geometrical interpretation also provided a fundamental definition and
a new interpretation of the RGA. Application of the identities to the assessment of higher order
interaction was shown to be very similar to the analysis of the linear RGA. Higher interaction
tables were constructed to measure the contributions of the nonlinear terms to interaction in a
closed-loop process. Further work is required to understand the implications of these measures
of nonlinear interaction in controller design.

The process map framework was also used to develop a general methodology for the
assessment of dynamic nonlinearity in controlled processes. Using an operator-based approach,

a measure of nonlinearity was developed for processes described by twice Fréchet differentiable
nonlinear operators. As in the steady-state case, the magnitude of the measure was measured
relative to regions of unit norm in the output space. Scaling of the output response signals was
provided by linear invertible operators that mapped regions of interest in the output signal space
to regions of unit,, norm.

A potential application of the measure of dynamic nonlinearity to chemical processes was
demonstrated. First and second order sensitivity equations of the output with respect to the inputs
were used to evaluate the nonlinearity measures for continuous and batch chemical processes.
The batch example was used to demonstrate how the measure can be used to evaluate the extent

of nonlinearity in a closed-loop process. By scaling the process output with respect to the
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controller operator, one obtains a measure of the extent of nonlinearity resulting from the
combination of process output and controller response. In the example presented, it was shown
that the mild nonlinearity of the process was increased by the presence of a linear Pl controller
as a result of considerable input saturation in the closed-loop system. From this point of view,
the measure developed in this thesis is indeed a control-relevant measure (Stack and Doyle I,
1995). Through scaling, an appreciation of the process nonlinearity as seen from the controller,
IS obtained. The use of this measure may provide considerable insight into the relationship
between linear controller performance and process nonlinearity.  The measure can aso
potentially be used to develop alternative descriptions of process uncertainty with implications
in robust controller design. Further work is needed to fully develop this approach.

In Chapter 5 of the thesis, the linearizability of control systems was studied. Analysis
focused on exact linearization of control systems by state-feedback and coordinate
transformations. The main tool employed was the linearization algorithm developed by Gardner
and Shadwick (1992), called the GS algorithm. This algorithm, based on an exterior calculus
setting, is an algebraically and computationally attractive way of solving exact feedback
linearization problems for nonlinear systems. Potential extensions and applications of this
algorithm were examined in this thesis.

It was shown that the GS algorithm can be used to characterize the set of linearizable
systems for different classes of process models. Using this algorithm to uncover obstructions to
linearizability of classes of models provides a systematic way of choosing appropriate model
formsin process model formulation. Since the vanishing of these quantities provides a sufficient

condition for linearizability, selection of model forms which satisfy this condition may lead to

220



simplification of controller design procedures based on feedback linearization for particular
classes of processes.

Extension of this method to dynamic feedback linearization of control-affine processes
was also considered. A necessary and sufficient condition for dynamic feedback linearizability
of nonlinear control affine systems was developed. The linearizability conditions are based on
a filtering of the Pfaffian system associated with a nonlinear system that take account of the
presence of a specific precompensator. In this setting, a precompensator can be expressed by a
set of nonlinear algebraic constraints that impact the structure of the derived flag of the system.
This approach can be used to define al kinds of dynamic compensator. As demonstrated in this
thesis, linear and nonlinear precompensators can be treated as well fully dynamic feedback
transformations. The GS algorithm was used to show how one can restrict the class of suitable
precompensators and design nonlinear precompensators. The conditions derived in Chapter 5
complement the sufficient conditions obtained by Charlet et al. (1989) and the necessary
conditions of Suis (1993). The formulation presented in this thesis provides a very general
description of the problem of exact linearization that is closely related to the concept of
differentia flatness. This formulation may provide enhanced insight into the understanding of

the geometric structure of nonlinear control system.
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