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These are notes for MATH 215 offered at the University of Alberta, which is the fourth
calculus course in the calculus sequence. MATH 215 is devoted to vector calculus.



How to use these notes

These notes are lectures notes for MATH 215. They are structured to accompany the lectures
offered at the University of Alberta.

Each 50 minute lecture in the course corresponds to a subsection in the notes (except for
Subsection 6.5 which is a summary section). Further, each subsection is structured as follows:

e A brief summary of the content of the subsection;

e The learning objectives of the subsection;

e The course notes for the topic of the subsection, with worked out examples;
o Exercises (with full solutions) on the topic of the subsection.

These notes are meant to be supplemented with the in-class notes annotated during the
lectures, which are numbered to match the section numbers in these notes. The in-class notes
will be posted on eClass. In particular, these notes do not include many figures -- these will
be provided in the accompanying in-class notes. More figures will be added to these notes in
the future.

Please do not hesitate to let me know if you have comments or find typos/mistakes at
vincent.bouchard @Qualberta. ca.

Let us now delve into the beauty and depth of vector calculus!


 mailto:vincent.bouchard@ualberta.ca

Supplementary material and references

These course notes for MATH 215 were written with the help of various other notes, including
the following main references. Those references may also be very helpful as supplementary
material.

e CLP4, the Calculus IV open textbook from UBC. Focuses on vector calculus, but takes
a traditional approach, relegating differential forms to the optional Section 4.7.

e Lecture notes on differential forms and vector calculus by Donu Arapura from Purdue
University. A fairly short introduction to the topic of vector calculus using differential
forms.

e Lecture notes by George Peschke from the University of Alberta, available on eClass.
Approaches the topic in a fairly similar way to these course notes, but with more rigor
and generality.

o APEX Calculus (version with videos from Sean Fitzpatrick, University of Lethbridge).
Open calculus textbook with videos by Sean Fitzpatrick from the University of Lethbridge.
Chapter 15 is about vector calculus, taking a traditional approach (without even
mentioning differential forms).

o Multivariable Calculus, by James Stewart, Daniel Clegg, and Saleem Watson (unfortu-
nately not open nor free). Chapter 16 is about vector calculus, following a traditional
approach without mention of differential forms.

vi
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https://www.math.purdue.edu/~arapura/preprints/diffforms.pdf
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Chapter 1

A preview of vector calculus

1.1 A preview of vector calculus

1.1.1 Motivation

Have you ever wondered why, in the definition of definite integrals

/ ' f(a) d,

there is always a “dx” inside the integrand? What does it mean, and why is it there? When
you were introduced to definite integrals in Calculus I, they were defined as limits of Riemann
sums:

/b f(z) do = nh_}ngozn: fla+iAzx)Ax,
@ i=1

where Az is the width of the rectangles in the Riemann sum. It was then argued that in the
limit as n — oo, the width of the rectangles goes to zero, and somehow Ax becomes “dz”,
which is some sort of infinitesimal width of the rectangles. But what does that mean, really?
What is this “dx” thing inside the definite integral?

And it’s not like we can just forget about it, even though many students actually do in
first year. :-) We all know how important dz is: just think of substitution for definite integrals.
Without the dz, substitution would fail miserably. It must be there. Why?

Things become even more interesting with double and triple integrals:

fhoa [l

with dA = daxdy and dV = dxdydz in Cartesian coordinates. What are these objects dA and
dV', and why must they be there in the integrand?

What we will do in this course is provide an answer to this question. Our goal is to
define a unified theory of integration for curves, surfaces, and volumes, which will make
the appearance of dx, dA, and dV natural. To achieve this, we must define a new type of
objects that will play the role of integrands: those are called differential forms, or n-forms.
More specifically, one-forms are objects that can be integrated over curves, two-forms over
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surfaces, and three-forms over volumes. In other words, it was all a big lie: what you should
be integrating is not functions, but rather differential forms!

But before we start, we can already identify two key guiding principles for the construction,
using what we already know about integration.

o We want our theory to be “reparametrization-invariant”. Consider a definite integral in
one dimension. Instead of writing |, ;’ f(x) dz, we would like to write something like [ w,
where C' stands for a curve, and w for the integrand, which will be called a "one-form".
(We will also allow C' to be a curve in R? and R?). More precisely, to make sense of
this expression, we will need C' to be a parametric curve. However, we want [ w to be
defined intrinsically in terms of the geometry of the curve itself: we do not want the
integral to depend on the choice of parametrization. This is key. This constraint will
be satisfied if the integrand w transforms in a specific way under reparametrizations
of the curve; in one dimension this will reproduce the substitution formula for definite
integrals.

o We want our theory to be “oriented”. Consider [ w as above. As mentioned, to make
sense of this expression we will work with a parametric curve C'. But once we parametrize
a curve, we introduce a choice of “orientation”: we select one of the two endpoints as the
starting point, and we introduce a “direction of travel along the curve” (the orientation
is given by the direction of the tangent vector, or velocity, for a parametric curve). If
we do a reparametrization of the curve that reverses the orientation, should the integral
remain invariant? The answer is no! We see this directly in basic calculus: we know that
Jy f(z) doe = — ff f(x) dz. If we interpret the first integral as being over the interval
[a, b] with direction of travel from a to b, and the second integral as being over the same
interval but with the reverse orientation, then we see that exchanging the direction of
travel over the interval [a, b] changes the sign of the integral.

Putting these two properties together, we see that if C and C’ are two parametrizations of
the same curve that preserve the orientation, we must have [, w = [ w, while if they reverse
the orientation, we must have [ w = — [ w. This is what it means to say that the theory
should be “oriented” and “reparametrization-invariant”.

This brief exposition focused on curves, but following these two guiding principles we
will develop a unified theory of oriented integrals not only over curves, but over surfaces and
volumes as well, using the machinery of differential forms. Along the way we will discover the
beautiful intricacies of vector calculus, culminating with the very important Stokes’ Theorem.
Let us embark on this journey together!

1.1.2 Vector calculus and differential forms: two sides of the same coin

What we will study in this course is known as vector calculus. There are two main approaches
to vector calculus. On the one hand, there is the “traditional” approach, which involves
concepts such as gradient, curl, div, etc. It relies heavily on the geometry of R3, and is very
explicit. But at first it seems like a complicated amalgation of strange constructions and
definitions that satisfy all kinds of intricate identities. My recollections of learning vector
calculus is that it involves many formulae that appear to come out of nowhere and that one
needs to learn by heart. Not fun.
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On the other hand, there is the “modern” approach, pioneered by Cartan, which relies
on the definition of differential forms. This approach is a little more abstract, but is much
more unified and elegant. It brings together all the concepts of vector calculus in a unified
formalism, from which all the identities and formulae come out naturally. It also does not
rely on the geometry of R3, and is naturally generalized to R” (even though we will focus on
R? in this course). I remember this feeling of “ah, now this all makes sense!” when I learned
differential forms later on in my studies.

In this course we will take the perhaps non-traditional approach of introducing vector
calculus directly through the unified formalism of differential forms, guided by the exposition
of the previous subsection. The challenge is to make the concepts accessible to second-year
students, stripping them down from the fancier definitions of differential geometry. But I
truly believe that this is possible, and that it will make the whole theory of vector calculus
much more interesting and unified, and less reliant on brute force memorization.

But, at the same time, it is important for students to be fluent with the traditional
concepts of vector calculus. Indeed, students who will study topics like fluid mechanics,
electromagnetism, applied mathematics, etc. will repeadtedly encounter vector calculus,
usually expressed in the traditional language. Moreover, traditional concepts such as grad, div,
curl, are often useful for explicit calculations. So in this course we will translate all concepts
from differential forms to standard vector calculus every step of the way.

In the end, the goal is for students to be fluent with both approaches: to see the beauty
and elegance of differential forms, and to be able to use the traditional approach for explicit
calculations.



Chapter 2

One-forms and vector fields

In this section we study one-forms, which will become the objects that can be integrated along
curves. The counterpart to one-forms in traditional vector calculus is vector fields.

2.1 One-forms and vector fields

We define the concept of differential one-forms (or more simply one-forms), which will become
the objects that can be integrated along curves in our theory of integration. We also define
vector fields, and show that the two are closely connected: given a one-form, there is an
associated vector field, and vice-versa.

Objectives
You should be able to:

o Define one-forms and vector fields in R, R?, and R3.
o Translate between one-forms and vector fields.

« Visualize a vector field in R? by plotting vectors on a grid.

2.1.1 One-forms
Let us start by defining one-forms in R, R?, and R3.

Definition 2.1.1 One-forms. A differential one-form (or simply one-form) on an open
interval (or union of open intervals) U C R is an expression of the form

w= f(z) dz
with f : U — R a function with continuous derivatives (we say that the function f is “smooth”,

or C* on U).
A one-form on an open subset! U C R? is an expression of the form

w= f(z,y) dr + g(x,y) dy
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with f, g : U — R functions with continuous partial derivatives (again, we say that they are
smooth, or C*°, on U).
A one-form on an open subset U C R? is an expression of the form

for smooth functions f,g,h: U — R. %
For the time being, you can think of the objects dz, dy and dz as placeholders; they will
be given an interpretation shortly. We remark here that the definition can easily be extended
to R™ for any positive integer n, but for the sake of simplicity, we will focus only on n =1,2,3
in this course.
We note here two obvious properties of one-forms, which follow from the definition.

1. If w and 7 are one-forms on U, then the sum w + 7 is also a one-form on U.

2. If wis a one-form on U and f a smooth function on U, then the product fw is also a
one-form on U.

2.1.2 Vector fields

There is a closely related concept in vector calculus, which is called a vector field.

Definition 2.1.2 Vector fields. A vector field on an open subset U C R" is a function
F : U — R”. In other words, it is a rule which assigns to each point in U C R" a vector with
n components. O

For example, we can write a vector field F in U C R? as

F(.%‘,y) = (fl(x7y)7 fg(l’, y))?

where fi, fo are functions fy, fo : U — R. We call these functions the component functions
of the vector field. We say that the vector field is smooth if the component functions are
smooth.

There are many examples of vector fields in physics: think of the velocity vector field of a
moving fluid, or the gravitational force vector field produced by a mass.

Looking at the two definitions above, we see a natural correspondence between one-forms
and vector fields.

Principle 2.1.3 Correspondence between one-forms and vector fields. Given a
one-form w = f dx + g dy + h dz, we can define an associated smooth vector field with
component functions (f,g,h). Conversely, given a smooth vector field ¥ = (f,g,h), we can
define an associated one-form w = f dr+ g dy + h dz.

This is the starting point for the dictionary between the modern approach (one-forms)
and the traditional approach (vector fields) to vector calculus.

Example 2.1.4 A one-form and its associated vector field. The expression

w =z dr+ xsin(y) dy

'A subset U C R? is open if for every point P € U there is an open ball (an open disk in R?, an open
sphere in R?®) centered at P that lies entirely in U. This is a generalization of open intervals (and unions of
open integrals) to two and three dimensions.
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is a one-form on R%. The associated vector field is the function F : R? — R? given by
F(z,y) = (z,2sin(y)), which assigns the vector (x,zsin(y)) to the point (x,y) € R2. O

2.1.3 Exercises

1.

Consider the vector field in R3 given by F(z,y, z) = (z,siny, zyz). Write the correspond-
ing one-form.

Solution. The corresponding one-form is w = x dx + siny dy + xyz dz.

Consider the vector field v(z,y) = (—y, x) in R2.
(a) Plot the given vector field at points with integer coordinates.

(b) If the vector field represents the velocity of a flowing fluid, what kind of motion is
this vector field describing?

Solution.

(a) We can plot the vector field by plotting arrows for points in R? with integer
coordinates. For instance, at the point (1,1), the vector field would be the vector
v(1,1) = (—1,1). At (0,1), we would get v(0,1) = (—1,0). And so on and so forth.
The result is the following plot, which was obtained via this geogebra app.

Vector Field < —y,x >

Vatxy)=
o=

xmin =-5 xmax =5
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xn=5 yn=5

v=0.1 vh=0.1

S e NN

/
/
|

Figure 2.1.5 A plot of the vector field v(z,y) = (—y, x).
(b) Looking at the plot, we see that the fluid is rotating around the origin counter-
clockwise. This type of fluid motion is called “vortex”.

Consider a vector field v(z,y) = (5,1). Suppose that it is the velocity field of a moving
fluid. Suppose that you drop an object at the origin at time ¢ = 0. Where will the object
be at time t = 27

Solution. The velocity field v(z,y) = (5,1) is constant, which means that all points in


https://www.geogebra.org/m/QPE4PaDZ
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the fluid are moving at the same constant velocity. In other words, each point in the
fluid is going through a linear motion of the form

x(t) = xo + (5, 1),

where xq is some initial position. If we drop an object at the origin at ¢ = 0, its position
vector is then described by x(t) = ¢(5,1) since its initial position is xo = (0,0). We
conclude that at time ¢ = 2, the object is at position x(2) = 2(5,1) = (10, 2).

4. Consider the object w = _%ﬂz dz + #IW dy. Is this a one-form on R??

Solution. w is not a one-form on R?, because its component functions are not defined
at the origin (0,0) € R? (we would be dividing by zero). However, it is a one-form on
the open subset U = R? \ {(0,0)} where we removed the origin,? since the component
functions are smooth on U.

2.2 Exact one-forms and conservative vector fields

We introduce a class of one-forms that arise as differentials of a function; the associated vector
field is the gradient of the function. But not all one-forms are differentials of functions: we
call such one-forms “exact”, and their corresponding vector fields “conservative”.

Objectives
You should be able to:

e Calculate the differential of a function, and intepret it as a one-form.

e Translate between the differential of a function and its gradient.

¢ Define exact one-forms.

o Define conservative vector fields and their associated potentials.

o Translate between exact one-forms and conservative vector fields.

e Define closed one-forms using partial derivatives.

e Show that exact one-forms are always closed.

e Rephrase the statement as the "screening test" for conservative vector fields.

e Use the screening test to show that a given vector field cannot be conservative.

2.2.1 Differential of a function

One-forms may seem strange, but in fact there is a large class of one-forms that can be
obtained directly from functions.

2The notation R? \ {(0,0)} means “R? minus the point (0,0)”.
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Definition 2.2.1 Differential of a function. Let f be a smooth function on an open
subset U C R3. Its differential (it will become known as “exterior derivative” shortly) is

T e+ Wy 9

¥ = dy 0z

It is a one-form on U. A similar definition of course holds for R, R?, and in fact R™. %

Using the correspondence in Principle 2.1.3 between one-forms and vector fields, we can
find the vector field associated to the differential of a function.

Fact 2.2.2 Correspondence between the differential and the gradient of a function.
The vector field associated to the differential df of a function f is the vector field with component

functions
of of of
<8$’ oy’ 8,2)

which is nothing else but the gradient V f.

Recall from Calculus IIT that at a given point (xg,yo, 20) € U, the gradient vector field
V f(zo, Y0, 20) gives the direction of fastest increase of f. In three dimensions, this direction
is orthogonal to the level surfaces. In two dimensions, it is perpendicular to the level curves:
think of a topographical map, the direction of fastest increase is the direction perpendicular
to the contour lines.

Example 2.2.3 The differential and gradient of a function. Consider the function
f(x,y) = x2e¥. Tts differential is
(9f of

de + =~ dy = 2zeY dz + z°eY dy,

df = 3y

which is a one-form on R2. Tts associated vector field is the function F : R2 — R2 with

F(z,y) = <2xey,x2ey) = (gi, gg) =Vf.

O

Remark 2.2.4 Using the definition of the differential of a function, we can somewhat make
sense of the placeholders dx, dy, and dz. Consider for instance the function f(x,y,z) = x. Its
differential becomes

I gy 9f of

dy + = dz = dx.
Ty Yo
In other words, the placeholders dx, dy, and dz are simply the differentials of the component
functions z, y, and z on R3.

Note that we will give a more satisfying algebraic meaning for these placeholders later on
in Subsection 4.1.1.

df—a

2.2.2 Exact one-forms and conservative vector fields

Differentials of functions are one-forms, but not all one-forms are differentials of functions,
just like not all vector fields can be written as the gradient of a function. Such one-forms and
vector fields are special, and hence have their own name.
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Definition 2.2.5 Exact one-forms. We say that a one-form w on U C R? is exact if
w = df for some function f on U. O

We can define a similar concept for vector fields.

Definition 2.2.6 Conservative vector fields. A vector field F on U C R? is conservative
if F = VV for some function V on U. We call V a potential for F.! O

Clearly, by Fact 2.2.2, we see that if a one-form is exact, its associated vector field is
conservative, and vice-versa.

Example 2.2.7 An exact one-form and its associated conservative vector field.
Consider the one-form w = cosx dx — siny dy on R%. w is an exact one-form, since it can be
written as w = df for the function f(z,y) = sinx + cosy. In the language of vector fields,
this is the statement that the vector field F : R? — R? associated to w, which is given by
F(z,y) = (cosz, —siny), is conservative, since it can be written as F = V f for the function
f above. The function f is called the potential of the vector field F. (]

Example 2.2.8 The gravitational force field is conservative. The gravitational force

field F : R?\ {(0,0,0)} — R? that a mass M at the origin exerts on a mass m at position

(z,y, z) is given by

GMm
3

where r = /22 4+ 32 + 22 and G is the gravitional constant. The corresponding one-form is

F(l’,y,Z) = - (:L‘ayaz)a

_GMm

w =
r3

(rdr+ydy+zdz).

It is easy to see that the gravitational force field is conservative, or equivalently that the
one-form w is exact, since w = dy with the function ¢ given by

GMm
(,0(%, Y, Z) = T

 is the potential function, which from physics you may recognize as minus the gravitational
potential energy. O

2.2.3 Closed one-forms in R?

Since not all one-forms can be written as differentials of functions, i.e. not all one-forms
are exact, a natural question arises: can we determine, looking at a one-form, whether it
is exact or not? Similarly, can we easily determine whether a vector field is conservative?
Unfortunately we will not be able to fully answer this question at the moment, we will come
back to it in Section 3.6. For the time being, we will be able to find a necessary condition for a
one-form to be exact, which in the context of vector calculus is sometimes called a "screening
test" for conservative vector fields.
Let us focus first on one-forms and vector fields on U C R2.

Note that in physics, the potential of a conservative vector field is usually defined as F = —VV, with an
extra minus sign. The difference is purely conventional; the minus sign is introduced so that when F is a force
field, then V' becomes the potential energy physically.



CHAPTER 2. ONE-FORMS AND VECTOR FIELDS 10

Definition 2.2.9 Closed one-forms in R?. We say that a one-form w = f dx + g dy on

U C R? is closed if
of _ 9
oy Oz’
O
This definition may seem ad hoc, but it is important because of the following lemma.
Lemma 2.2.10 Exact one-forms in R? are closed. If a one-form w on U C R? is exact,
then it is closed.

Proof. Suppose that w is exact: then it can be written as

F F
w:fdx—i-gdy:dF:a—d:z:—i—a—dy
ox oy

for some smooth function F on U C R2. It will then be closed if

of  °F

oy  Oyox
is equal to

dg  ’F

or  Oxdy’

Equality of the two expressions follows from the Clairaut-Schwarz theorem, which states that
partial derivatives commute, as long as they are continuous. But continuity of the partial
derivatives is guaranteed by the fact that all partial derivatives of F' exist and are continuous,
since by definition (see Definition 2.1.1) one-forms are assumed to have smooth component
functions. Therefore the one-form is closed. |

Note however that the converse statement is not necessarily true: not all closed one-forms
on U C R? are exact. In fact, the question of when closed one-forms are exact is an important
one; the result is known as Poincare’s lemma. We will come back to this in Section 3.6. But
what Lemma 2.2.10 tells us is that one-forms that are not closed cannot be exact.

There is of course an analogous statement for conservative vector fields. The only minor
difference is that we need to impose a condition on the component functions of vector fields,
since vector fields are not always smooth by definition (see Definition Definition 2.1.2.

Lemma 2.2.11 Screening test for conservative vector fields in R%. If a vector field
F = (f1, f2) on U C R? is conservative and has component functions that are continuously
differentiable, then it passes the screening test:

oh _0f:
oy Oz’
Proof. Same as for Lemma 2.2.10, but for the associated vector fields. |

In the context of vector fields, it is called a screening test, because it is a quick test to
determine whether a vector field has a chance at all to be conservative. In other words, if a
vector field does not pass the screening test, then it is certainly not conservative. However,
if it passes the screening test, at this stage we cannot conclude anything. Just like closed
one-forms are not necessarily exact.
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Example 2.2.12 Exact one-forms are closed. Consider the exact one-form on R? from
Example 2.2.7, w = cosz dx —siny dy. We show that it is closed, according to Definition 2.2.9.
The partial derivatives are easily calculated:

—cosx =0, —(—siny) = 0.

oy Ox
Thus Definition 2.2.9 is satisfied, and w is closed. O

Example 2.2.13 Closed one-forms are not necessarily exact. If a vector field is
conservative, then it passes the screening test. Correspondingly, if a one-form is exact, then
it is closed. But the converse statement is not necessarily true (we will revisit it later in
Section 3.6). Consider for instance the one-form

Yy x
- dz
g Ty

dy.

Calculating the partial derivatives for Definition 2.2.9, we get that

8( y )_yQ—x2 8( x )_y2—a:2
oy \ 22+4y2)  a2+y?’ Or \x2+y2) a2+y?
The two expressions are equal, and thus w is closed. However, one can show that w is not
exact: there does not exist a function f such that w = df (see Exercise 3.4.3.2). O

2.2.4 Closed one-forms in R?
We focused on R? for simplicity, but similar results hold for one-forms and vector fields in R3.

Definition 2.2.14 Closed one-forms in R3. We say that a one-form w = f dz+¢g dy+h dz
on U C R3 is closed if

of _9¢g  Of Oh  0Og Oh
oy Oz’ 0z Oz’ 0z Oy’
O

We then have the lemma:

Lemma 2.2.15 Exact one-forms in R? are closed. If a one-form w on U C R? is exact,
then it is closed.

Proof. Suppose that w is exact: then it can be written as

F F F
w:fdzn+gdy+hdz:dF:8—dm+a—dy+a—dz
ox oy 0z

for some smooth function F on U C R3. It will then be closed if

O’F  0°F O’F _ 0°F O’F _ O°F
Oydx  Ox0y’ 020x  0x0z’ 020y  Oyodz’

As before, these equalities follow from the Clairaut-Schwarz theorem, which states that partial
derivatives commute as long as they are continuous. |
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The analogous statement for vector fields goes as follows:

Lemma 2.2.16 Screening test for conservative vector fields in R3. If a vector field
F = (f1, f2, f3) on U C R3 is conservative and has component functions that are continuously
differentiable, then it passes the screening test:

Oh _0fs  Oh _0f  Oh _0fs
oy Oz’ 0z Oz’ 0z oy
Proof. Same as for Lemma 2.2.15, but for the associated vector fields. |

Remark 2.2.17 At this stage the definition of closeness for one-forms and the associated
screening test for vector fields appear to be rather ad hoc. Sure, they are necessary conditions
for a one-form to be exact and a vector field to be conservative, but is that it? No, not really.
In fact, those conditions will come out very naturally when we go beyond one-forms and
introduce the theory of k-forms in general. We will see how we can "differentiate" forms - this
is the notion of exterior derivative. Then the definition of closed one-forms in Definition 2.2.9
will be simply that a one-form w is closed if its exterior derivative dw vanishes. Furthermore,
if F' is the vector field associated to a one-form w, then the vector field associated to its
derivative dw will be called the "curl" of F, and denoted by V x F. The screening test for
vector fields will then be that F is "curl-free", that is V x F = 0. All fun stuff, but it will
have to wait for a bit! Coming in Chapter 4.

2.2.5 Exercises

1. Consider the function f(x,y,z) = sin(y) + zz. Find its differential df.
Solution. df is given by:
of of
df =—dr+ — dy+ = d
f ox x+8y y+8z :
=z dx + cos(y) dy + z dz.
2. Consider the one-form w = 2 dz — y dy on R%. Show that it is exact, and find a function
f such that w = df.

Solution. Suppose that there exists a function f(z,y) such that df = % dzx + %i dy =
x dx —y dy. Then we must have

o . or
or oy

Integrating the first equation (recalling that this is a partial derivative, so the “constant
of integration” is any function of y alone), we get:

1'2
fla,y) = +9@)

for some function g(y). Substituting into the second equation, we get

o _ vy = —
8y_g(y)_ Y,,



CHAPTER 2. ONE-FORMS AND VECTOR FIELDS 13

which can be integrated to

2
9(y) = —%Jrc

for any constant C'. Since we are only interested in finding one f such that df = w, we
can choose C' = 0. We conclude that the function

2 2
_¥ Y
is such that df = w, and hence that w is an exact one-form.
3. True or False. If F and G are both conservative, then F + G is also conservative.
Solution. True. If F and G are both conservative, then F = V f and G = Vg for some
functions f and g. But then F + G = V(f + ¢), and hence F + G is also conservative.

4. Consider the vector field F(x,y, z) = (yze™,xze",e"). Show that it is conservative
and find a potential.

Solution. F is conservative if there exists a function f such that F = V f. So we need
to solve the equations
of

— x _ x
— = yze"Y, — = xze™V

f _ oy
Ox oy ’ 0z '

€

Let us start by integrating the last one. We get:

f(x,y,2) = 2™ + g(z,y)
for some function g(x,y). Substituting back into the second one, we get:

o _ xze™ + 9

oy oy

= rze™V,

from which we conclude that g—g = 0, that is, g(x,y) = h(x) for some function h(z).
Finally, substituting back into the first equation, we get:

8f_ oy dh_ oy
ax—yze +dx—yze ,

from which we get h/(x) = 0, that is h(z) = C for some constant C. We choose C' = 0,
and we conclude that F is conservative, with potential

flz,y,z) = ze™.

5. Show that the one-form w = f'(x) dx + ¢'(y) dy on R? is exact, for any smooth functions
f9:R—=R.

Solution. Consider the function F(z,y) = f(z) + g(y). Its differential is

_or or ., ,
dF = 5 dx + 9y dy = f'(z) dz + ¢'(y) dy.

Therefore w is exact, and it is a well defined one-form on R? as f and g are smooth.
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6.

Show that the one-form w = cos(y) dz — zsin(y) dy is closed. Is it exact?

Solution. Let us write w = f dx + g dy for f(x,y) = cos(y) and g(z,y) = —zsin(y).
To show that it is closed, we calculate:

o a9
i —sin(y), Frie — sin(y).

As the two partial derivatives are equal, we conclude that w is a closed one-form.
Is it exact? We are looking for a function F'(x,y) such that dF' = w, that is,

OF oF

oy —xsin(y).

Integrating the first equation, we get F'(z,y) = z cos(y) + h(y) for some function h(y).
Substituting in the second equation, we get

oF ) N
a—y = —zsin(y) + h'(y) = —zsin(y),

from which we conclude that h'(y) = 0, that is h(y) = C. We pick C' = 0. We conclude
that w = dF with F(x,y) = x cos(y), and hence it is exact.

Show that the vector field F(z,y,2) = (y + z,x + z,x + y) passes the screening test.

Solution. We simply need to calculate partial derivatives. If we denote the component
functions by (f1, f2, f3), we get:

of1 of1 Of2
IRy, iy %2y
oy ’ 0z ’ 0z
0o 0fs 0fs
— =1 — =1 — =1.
Ox ’ Ox ’ Oy

It follows that F passes the screening test. In fact, it is easy to show that it is conservative,
with a potential given by f(z,y,z) = zy + 2z + y=z.

Determine whether the one-form w = x dx + x dy + 2z dz is exact. If it is, find a function
f such that w = df.

Solution. If we write w = f dzr + g dy + h dz, we see right away that

of

ay
while

99 _

or

Thus w is not closed, and hence it cannot exact.

Consider the vector field F(x,y) = (xy", 22%y%) for some positive integer n. Find the
value of n for which F is conservative on R?, and find a potential for this value of n.

Solution. For F to be conservative, it must pass the screening test. We write F =
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(f1, f2), and calculate:
afl n—1 an 3
— = — =dxy°.
We see that the two partial derivatives are equal for all (z, y) if and only if n = 4, in which
case the vector field becomes F = (xy?, 22%y3). To show that it is conservative and find
a potential function, we are looking for a function f(x,y) such that V f = (zy*, 222y3).
So we must have of of
4 2,3
— = — =2 .
ar Y Ay vy

Integrating the first equation, we get

Floy) = 5oy + o)

for some function g(y). Substituting in the second equation, we get

0

8‘5 = 22"y" + ¢ (y) = 22°°,

from which we get ¢'(y) = 0, that is g(y) = C. We pick C' = 0. Thus F is conservative
for n = 4, and a potential function is given by

1
flx,y) = §:r2y4-

2.3 Changes of variables

Recall from the introduction that our goal is to construct a theory of integration over curves,
surfaces, and volumes. Our guiding light is that we want the theory to be “reparametrization-
invariant” and “oriented”. In the last few subsections, we introduced the concept of one-forms
and their associated vector fields. In the next section, we will see that one-forms become the
objects that will be integrated over curves. Thus, to study reparametrization-invariance, we
need to know how one-forms transform under changes of variables. This is what we study in
this section. For the time being, we focuse only on functions and one-forms on R, and remain
informal and hand-wavy; our goal is to get a feeling for how one-forms transform. Studying
how one-forms transform will encourage us to introduce a little bit of mathematical formalism:
the concept of “pullbacks”. We will generalize further the concept of pullbacks in the next
section.

Objectives
You should be able to:
e Determine how one-forms transform under changes of variables on R.

o State the transformation property of one-forms in terms of the mathematical notion of
pullback.
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2.3.1 How functions and one-forms on R transform under changes of variables

Consider a smooth function f(z) of a single variable z, i.e. f:U — R for some open subset
U C R. Now suppose that we think of x itself as a smooth function of another variable ¢, that
is, x = x(t). What happens to the function f? Well, it’s pretty simple: our function becomes
f(x(t)), which defines a new function, which we could call g(t) = f(z(t)).

What about one-forms? How do these transform under changes of variables? To see what
is going on, let us first consider a one-form on R that is exact, i.e. a differential of a function:
w = dF. We can write the one-form as

dF
w=dF(z) = T dx
in terms of a real variable z. What happens if we think of z itself as a smooth function of
another variable ¢, that is, x = 2(¢)? We can use what we learned above about functions. We
are interested in dF'(z(t)). If we define G(t) = F'(x(t)) as above, then our one-form can be
written as dG(t) = ‘2—? dt. But, using the chain rule of calculus, we know that

dd d dF dx
i &( (x(t)) = T dr

So by changing variable from x to ¢, we get a new one-form, let’s call it ), defined by

F
_dG dt:<d d:c)

T= dz dt

We now generalize this to all one-forms on R (or open subsets thereof), not just exact
one-forms. Given a one-form w = f(z) dz written in terms of a variable x, if we think of
x = z(t) as a function of a new variable ¢, then by changing variable from x to ¢ we get a new
one-form 7:

n=(fanG ) d

This defines how one-forms transform under changes of variables. As we will see, this
transformation property is what lies behind the substitution formula for definite integrals.

Remark 2.3.1 The upshot of this brief discussion is that it is easy to remember how one-forms
in R transform under changes of variables. If we write w = f(z) dz, and do a change of
variable © = z(t), then all we need to do is rewrite the coefficient function as a function of ¢
by composition f(z(t)), and then “transform the differential” dz as dx(t) = 92 dt. This gives
us the new one-form n = f(z(t))% dt.

Example 2.3.2 An example of a change of variables. Consider the one-form w =
2?dr = f(z) dz on R. Let us do the change of variables z = sint, with ”Ull—f = cost. By
changing variables from = to t we a get a new one-form

dx

n= f(:c(t))a dt = (sint)2cost dt.
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2.3.2 The pullback of functions and one-forms on R

Our brief discussion above can be formalized mathematically in terms of the concept of
“pullback”. Let us start with functions again, and be a little more formal. Given a function
f:U — R for some open subset U C R. We write f(z) in terms of a variable . Now suppose
that = = ¢(t), for some smooth function ¢ : V' — U, where V' C R is also an open subset of
R. As described above, changing variables from x to ¢t amounts to defining a new function
g(t) = f(o(t)). This new function is simply the composition of f and ¢:

g=fo¢p:V >R

We call this new function “the pullback of f”.

Definition 2.3.3 The pullback of a function on R. Let U C R and V C R be open
subsets, and f: U — R and ¢ : V — U be smooth functions. The pullback of f, which is
denoted by ¢* f, is the smooth function

O fi=fop:V =R,

Explicitly, the pullback can be written as ¢* f(t) = f(o(t)). O

In other words, the pullback of a function by another function just means that we are
composing functions. It is called “pullback” because if we think of the chain of maps:

%4 g U i> R, while our original function was from U to R, by composition we “pull it back”
to a function from V to R.

We can define a similar concept for one-forms on R, using the discussion above about how
they transform under changes of variables.

Definition 2.3.4 The pullback of a one-form on R. Let U C R and V C R be open
subsets, w = f(x) dz be a one-form on U, and ¢ : V' — U be a smooth function. The pullback
of w, which is denoted by ¢*w, is the one-form on V defined by

oo = (1605 ) at= (0107

O

Note that when calculating the pullback of a one-form, it is very important not to forget
the ‘é—f term!

Example 2.3.5 Change of variables as pullback. Going back to Example 2.3.2, we
could rephrase it as follows. We have a one-form w = 2%dz = f(x) dr on R, and a function
¢ : R — R given by ¢(t) = sint. The pullback one-form ¢*w is then given by

¢*w = f(d)(t))% dt = (sint)? cost dt.

This is of course the same thing as implementing the change of variables z — ¢ in the one-form
w. U
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2.3.3 Exercises

1.

Consider the one-form w = e*sin(x) dzr on R, and the smooth function ¢ : Ryg — R
with ¢(t) = In(t) (where Rsq is the set of positive real numbers). Find the pullback
one-form ¢*w. Where is the one-form ¢*w defined?

Solution. First, since ¢ : Ryg — R, and w is a one-form defined on all of R, by
definition of the pullback we see that the pullback one-form ¢*w is defined only on R+,
i.e. for all positive real numbers. Using the definition of pullback, we find its expression
as:

¢*w =e?®) Sin(qb(t))% dt

1
=e"® sin(In(t)) : dt
1
t

=tsin(In(t))- dt

=sin(In(t)) dt.
Consider the one-form w = % dx defined on R~g, and the smooth function ¢ : R — Ry

defined by ¢(t) = €!. Find the pullback one-form ¢*w.

Solution. First, by definition of the pullback we see that ¢*w is defined on all of R.
We find its expression to be:

b _<;5gt)¢/(t) dt
=etel dt

=dt.

How simple! :-)

This is not really a surprise, since w = dIn(z). One property of the pullback of
one-forms is that for exact one-forms, ¢*df = d(¢* f). For f = In(zx), the pullback of the
function is simply ¢*f(t) = f(¢(t)) = In(e!) = ¢, and hence ¢*df = do*f = dt, as we
found.

Following up on the previous exercise, show that for an exact one-form w = df on U C R,
and a smooth function ¢ : V' — U, the following property of the pullback is satisfied:

¢ (df) = d(¢" )

In other words, the pullback commutes with the exterior derivative of a function.

Solution. From the definition of the pullback of a function, we can write the right-
hand-side as:

a6 ) = (o) = T g
Using the chain rule, this can be written as
6" 1) =1 (6() % dt
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=" (df),

where we used the definition of the pullback of a one-form. This concludes the proof.

2.4 The pullback of a one-form

All right, time to get serious! :-) In the previous section we introduced the notion of the
pullback of a one-form with respect to a function ¢ : V' — U with U,V C R open subsets. But
this notion of pullback can be generalized, and will become essential to develop our theory of
integration (in fact, perhaps this class should be called “the power of the pullback™). In this
section we provide a more general definition of the pullback of a one-form.

Objectives
You should be able to:

e Determine the pullback of a one-form in general.

e State and use the three fundamental properties of the pullback of one-forms.

Let w be a one-form on U C R", where n € {1,2,3}, i.e. we can be in one, two, or three
dimensions. We now consider a smooth function ¢ : V' — U, where V' C R™, with again
m € {1,2,3}. Note that m and n don’t have to be the same: we could have, say U C R3, and
V C R2. Our goal is to define the pullback ¢*w, which should be a one-form on V.

Just to be concrete: we could take, for instance, a one-form w on R3, and a smooth
function ¢ : R? — R3. The pullback ¢*w should then be a one-form on R2.

Note that our notion of pullback should generalize the definition of pullback in Defini-
tion 2.3.4, which should consist in the case with m =n = 1.

2.4.1 The pullback of a function

Let us first define the pullback of a function in this context, generalizing Definition 2.3.3.

Definition 2.4.1 The pullback of a function. Let U C R"” and V' C R™ be open subsets,
where m,n € {1,2,3}. Let f: U — R and ¢ : V — U be smooth functions. The pullback of
f, which is denoted by ¢* f, is the smooth function

Q' f=fodp:V =R,
Explicitely, if we write t € V' for an m-dimensional vector in V', then

¢ f(t) = f(o(t)),
where ¢(t) is an n-dimensional vector in U. O

Example 2.4.2 The pullback of a function from R? to R. To make things more
concrete, let us look at a specific example. Suppose that f is a smooth function on R3, that
is f:R3 - R. Let ¢ : R — R3 be another smooth function, which takes a point in R and
maps it to a vector in R? (so it is a vector-valued function). We can write f explicitly as
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f = f(z,y,2). As for the vector-valued function ¢, we write ¢(t) = (x(t),y(t), z(t)). Then the
pullback ¢*f : R — R is simply the composition:

¢ f(t) = f(o(t) = f(x(t),y(t), 2(1))-

For instance, if f(x,y,2) = zy + 2, and ¢(t) = (¢,t2,1), then
O f(t) = f(t,£2,1) =13+ 1.

O

Example 2.4.3 The pullback of a function from R? to R?. We can do the same thing
but pulling back to R? instead of R. Suppose that f is a smooth function on R?, that is
f:R3 = R. Let ¢ : R? — R3 be another smooth function, which takes a point in R? and
maps it to a vector in R3. We can write f explicitly as f = f(x,y, z). As for the vector-valued
function ¢, we write ¢(t1,t2) = (x(t1,t2), y(t1,t2), 2(t1,t2)). Then the pullback ¢*f : R — R
is simply the composition:

¢ f(trte) = f(P(t1, t2)) = f(x(t1, t2), y(t1, t2), 2(t1, t2)).
For instance, if f(z,y,2) = 2y + z, and ¢(t1,t2) = (t1,13,t1 + t2), then

O* f(t1,t2) = f(t1,t5,t1 + ta) = t1ts + 11 + to.

2.4.2 An axiomatic definition of the pullback of a one-form

We will take an axiomatic approach to the definition of the pullback of a one-form. Let us first
recall three important properties of one-forms (from Subsection 2.1.1 and Definition 2.2.5):

1. If w and 7 are one-forms on U, then w + n is a one-form on U.
2. If w is a one-form on U and f a smooth function on U, then fw is a one-form on U.

3. An exact one-form is a one-form w that can be written as the differential of a function
fonU: w=df.

We now want the pullback to be consistent with these properties. More precisely, we
require that the pullback ¢* satisfies the following properties:

L ¢"(w+n) = ¢*w+ ¢™n.
2. ¢*(fw) = (¢ f)(¢p*w).
3. ¢*(df) = d(¢" f).

It turns out that this is completely sufficient to fully determine the pullback of any one-form.
Let us see why.

Lemma 2.4.4 The pullback of dx. Let dx be the basic one-form on R3. Let ¢ : V — R3 be
a smooth function, where V-.C R™ is an open subset, with m € {1,2,3}. Write t = (t1,...,tm)
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for an m-dimensional vector in V, and ¢(t) = (z(t),y(t), z(t)). Then

=> 9z 4
o ot
As an example, if m = 3, we would get
o (de) = 2ty + Oty + O gy

oty Oty ots

The same formula for ¢*(dz) remains true if dz is considered to be a one-form on R? or R
instead of R3.

We also note that the same result holds for the basic one-forms dy and dz, with x replaced
by y and z respectively.

Proof. This follows from the third axiomatic property that we are imposing on the pullback.
Recall from Remark 2.2.4 that we can think of dx as the differential df of the function
f(x,y, z) = z. By the third property of pullbacks, we want to impose that

¢"(dz) = ¢*(df) = d(¢7f).

From Definition 2.4.1, we can calculate ¢*f. We get ¢* f(t) = x(t). We thus obtain

¢ ( _dl‘ Z@tl s

where we use the definition of the differential of the function x(t). [ |
This result enables us to write down a general formula for the pullback of a one-form. For

clarity, we will only write it down for a one-form on R3, but it is clear what the similar result
should be for a one-form in R? or R.

Lemma 2.4.5 The pullback of a one-form. Let w = fdx + gdy + hdz be a one-form
on an open subset U CR3. Let ¢ : V — U be a smooth function, where V.C R™ is an open
subset, with m € {1,2,3}. Write t = (t1,...,tm) for an m-dimensional vector in V, and
o(t) = (x(t), y(t),2(t)). Then

m

0w = f(6(t) D 7-dti +9(4(t) ; o, dti + h(@(t)) ; o

i=1 "t

Proof. To prove this result, we use Lemma 2.4.4 (and the similar result for dy and dz), and
the first and second axiomatic properties that we are imposing on the pullback. Using the
first and second properties, we can write:

¢'w = ¢*(fdx + gdy + hdz) = (¢* f)¢" (dz) + (¢"g)9"(dy) + (¢"h)¢™(dz).

We then use Lemma 2.4.4 to evaluate ¢*(dz), ¢*(dy) and ¢*(dz), and from Definition 2.4.1
we know that ¢*f(t) = f(¢(t)), and similarly for g and h. [ |
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Example 2.4.6 The pullback of a one-form from R? to R. Suppose that w =
fdx + gdy + hdz is a one-form on R3. Let ¢ : R — R? be a smooth function, which takes a
point in R and maps it to a vector in R3. We write ¢(t) = (z(t), y(t), 2(t)). Then the pullback

¢*w is a one-form on R given by:

ot = (F6)5 + 900 + how) G ) d

For instance, if w = xdz + zydy + 2%dz, and ¢(t) = (x(t),y(t), 2(t)) = (t?,t,1), then

dz dy pdz

5w = (a:(t)dt 2ty + (1) dt) dt

= ()2 + @) ()(1) + (1)(0)) dt
=3t3dt.
0

Example 2.4.7 The pullback of a one-form from R? to R?. Suppose that w =
fdx 4 gdy + hdz is a one-form on R3. Let ¢ : R? — R3 be a smooth function, which takes a
point in R? and maps it to a vector in R3. We write ¢(t) = (z(t), y(t), 2(t)), with t = (¢1,2).
Then the pullback ¢*w is a one-form on R? given by:

0 0 0 0
6" =1 (6(0) (Gt + Gdta) +g(6(0) (pomdes + 57 dra)
0 0
+ h(g(t)) (at‘jdtl + a;;dtg) .

For instance, if w = xdx + xydy + 22dz, and ¢(t) = (z(t),y(t), 2(t)) = (t1ta, t2,t1 + t2),

then
0 0 0 0
6w —2(d(t)) (aidtl + 8Zdt2> + 2(6(4)y((t)) (atyldtl + 8ty2dt2)
o [ 0z 0z
+2(6(t)) (atldtl + atht2> .
:(tltg)(tgdtl =+ tldtz) + (tltg)(tg)(dtg) =+ (tl + t2)2(dt1 + dtg)

(t12 4 (t1 4 to)2)dty 4+ (t2tg + t1t2 + (t1 + t2)?)dts.

O

Example 2.4.8 Consistency check: the pullback of a one-form from R to R.
As a consistency check, we show that the pullback of a one-from from R to R reduces to
Definition 2.3.4. Let w = f(z)de on U C R, and ¢ : V — U with V' C R. We write ¢(t) = x(t).
Then the pullback ¢*w is the one-form on V' given by:
dx
fw= t)— | dt
ot = (fal)' ) dt

which indeeds reproduces Definition 2.3.4 with our notation ¢(t) = z(t). O
We now have a very general definition of the pullback of a one-form. This will turn out to
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be very useful to define the integral of a one-form, which is what we now turn to.

2.4.3 Exercises

1.

Consider the function f : R? — R given by f(x,y) = ¢*™¥ + 2 + y, and the function
¢ : R® — R? given by ¢(u,v,w) = (u+ v,v + w). Find the pullback ¢*f. What is its
domain?
Solution. First, as f : R2 — R and ¢ : R? — R2, we see that the composition
¢*f=fog:R> = R? = R, ie. the pullback ¢*f is a function from R? to R. So its
domain is R3.

We calculate its expression by composition:

&* fu,v,w) =f(u+v,v+w)

=) FWHY) L (4 0) + (v 4 w)

=2 L 4 20 4w,
Consider the one-form w = x? dz on R, and the function ¢ : R? — R given by ¢(u,v) = u,
which projects on the u-axis. Find the pullback one-form ¢*w on R2. Interpret the result.
Solution. Let us write w = f do = 22 dz. By the definition of pullback, we get:

o¢ 9 . )
Koo du b
6t =f(6(w0) (55 dut 5
=u? (1 du+ 0 dv)

=u? du.

We see that the pullback one-form looks the same, but written in terms of u instead
of . However, ¢*w is defined on R?, while w was defined on R. Since the function ¢
here simply projects on the u-axis, what the pullback does here is extend the one-form
uniformly in the v-coordinate on the uv-plane; at any two points (u,v;) and (u,vs), the
one-form will be the same. Conceptually, this is what happens when we pullback using
a “forgetful map”, i.e. a map that somehow “forgets” some information (in this case,
the v-coordinate). The pullback then extends the object uniformly across the forgotten
structure.

Consider the one-form w = z? dr + y? dy on R?, and the map ® : R? — R? with
®(r,0) = (rcosf,rsinf), which defines polar coordinates. Find the pullback ®*w.
Solution. We write w = f dz + g dy = 22 dx + y? dy, and ®(r,0) = (z(r,0),y(r,0)).
Then:

O*w =f(D(r,0)) (295 dr + 39 d9> 9(®(r,0)) (gy dr + gz d@)

=12 cos® 0 (cos @ dr — rsinf df) + r*sin? 6 (sin @ dr + rcosd db)
=r%(cos® 0 + sin® 0) dr + r3(sin? 6 cos § — cos® Osin 0) d6.

The notion of pullback allows us to easily calculate how one-forms change under
changes of coordinates, such as going from Cartesian to polar coordinates in this case.
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4. Consider the one-form w = \/Z% onU = {(z,y,2) € R | (z,y,2) # (0,0, 2)} (this is R3
w2ty

with the z-axis removed), and the function ¢ : V' — U with ¢(r, 60, () = r(cos6,sin6, (),
and V = {(r,0,¢) € R? | r # 0}. Determine the pullback one-form ¢*w.

Solution. By definition of the pullback, we get:

870 =11 (5 (00) dr o 2(00) db + ()

90 ¢
=r¢*(¢ dr +r dQ).

5. Let w be a one-form on R3, and Id : R® — R3 the identity function defined by Id(z,y, z) =
(x,y,z). Show that Id*w = w.

Solution. Write w = f dx + g dy + h dz. By definition of the pullback, we get:

Id*w =f(x,y,2) (8(1(:6) dx + aay(:n) dy + %(x) dz)
+9(z,y,2) (;ﬂ(y) dx + aay(y) dy + %(y) d2>
+ h(x,y, 2) (881'(2) dx + ;;(z) dy + %(z) dz)
=f(z,y,2) dz + g(x,y, 2) dy + h(z,y,2) dz

:W,

which completes the proof.

6. Let wbeaoneformUCR,and ¢:V = U and a: W — V be smooth functions, with
V,W C R open subsets. Show that

(poa)'w=a"(¢p*w).

In other words, it doesn’t matter whether we pullback in one or two steps through the

chain of maps W = V LA U.

We note here that while the exercise is only asking you to prove it for open subsets
U,V,W C R, this property is true in general, not just in R.
Solution. Let us write w = f(z) dz, ¢ = ¢(t), and o = a(u). On the one hand, we
have:

(600)"w = F(6(a(u))) -(6(a(u) du
On the other hand, we have
5w = F(6(0) S (6(0)
and
o (¢'w) = f(o(a(w) (Fo0) | dhau) du
But

d d d
2 ($law)) = (dtcb(t)) gm0t

by the chain rule, and hence (¢ o a)*w = a*(¢*w).



Chapter 3

Integrating one-forms: line integrals

We study how one-forms can be integrated along curves, which leads to the definition of
(oriented) line integrals (also called “work integrals”). An important result in this section
is the Fundamental Theorem of line integrals, which is the natural generalization of the
Fundamental Theorem of Calculus to integrals of one-forms along curves in R? and R3.

3.1 Integrating a one-form over an interval in R

Our goal is to define the integral of a one-form along a curve. But as a starting point, we
define how to integrate one-forms over a closed interval in R. We attach particular importance
to our guiding principles of reparametrization-invariance and orientability.

Objectives
You should be able to:
¢ Define the integral of a one-form over an interval in R.
¢ Determine how the integral changes when reversing the orientation of the interval.

¢ Relate the transformation property of one-forms to the substitution formula for definte
integrals.

3.1.1 The integral of a one-form over an interval

Consider a one-form w = f(z) dx over an open subset U C R that contains the interval [a, b].
We define the integral of w over [a, b].

Definition 3.1.1 The integral of a one-form over [a,b]. We define the integral of w

over [a,b], with a < b, as follows:
b
[ w=[ @ dn
[a,b] a

where on the right-hand-side we use the standard definition of definite integrals from calculus.

O

25



CHAPTER 3. INTEGRATING ONE-FORMS: LINE INTEGRALS 26

Well, that was simple! This is just the standard notion of definite integrals from calculus.
All we are doing is introducing some fancy notation for it. Great!

Example 3.1.2 An example of an integral of a one-form over an interval. Consider
the one-form w = 23 dz on R. Suppose that you want to integrate it over the interval [0, 1].

Then the integral is
1
/ w = / 23 dx = 1,
[0,1] 0 4

where we used the Fundamental Theorem of Calculus to evaluate the integral as usual, since

we are back in the realm of the definite integrals that we know and love. ([
What is interesting however is to study what our guiding principles of reparametrization-

invariance and orientability become in this simple context. Let us start with orientability.

3.1.2 Integrals of one-forms over intervals are oriented

If we look at Definition 3.1.1, there is something a bit peculiar. On the left-hand-side, we
are integrating over an interval [a, b], so by definition we must have a < b. However, on the
right-hand-side, we could exchange the limits of integration, and instead of integrating from a
to b, we could integrate from b to a. But what would that correspond to on the left-hand-side?

What is going on here is that the definition involves an implicit choice of orientation for
the interval. Indeed, when we write | f f(x) dz, we say that we integrate “from a to b”: this
is a choice of direction, of orientation. We think of the interval [a, b] as being implicitly given
a choice of direction of increasing real numbers, i.e. from a to b.

But we could have decided to consider the interval [a, b], but with the opposite choice of
orientation, i.e. going from b to a, in the direction of decreasing real numbers. That would be
another choice of orientation for the interval. Let us be a little more precise.

Definition 3.1.3 The orientation of an interval. We define the orientation of an
interval in R to be a choice of direction. There are two choices: either in the direction of
increasing real numbers, or decreasing real numbers.

Let a < b. By [a,b]+, we mean the interval [a,b] with the orientation of increasing real
numbers, i.e. “from a to b”. By [a,b]_, we denote the same interval but with the orientation
of decreasing real numbers (from b to a).

We define the canonical orientation to be the orientation of increasing real numbers.
When we write [a, b] without specifying the orientation, we always mean the interval with its
canonical orientation. O

With this clarification, we can extend Definition 3.1.1 to intervals with the opposite choice
of orientation.

Definition 3.1.4 The oriented integral of a one-form. We define the integral of w
over the oriented interval [a, b1, with a < b, as follows:

~/[fl7b]i w= i/abf(a?) dx.
%

When the orientation is canonical, that is [a, b+ = [a, b], we recover our original definition
Definition 3.1.1. But when the interval is oriented in the direction of decreasing real numbers,
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/[a,b] w = —/abf(w) dr = /baf(a:) dz,

where we used properties of definite integrals to exchange the limits of integration. In other
words, we can think of the integral on the right-hand-side as “going from b to a”, which is
consistent with the orientation of decreasing real numbers as a < b.

that is [a, b]_, we get:

3.1.3 Orientation-preserving reparametrizations

So we know that integrals of one-forms over intervals are oriented. What about reparametrization-
invariance?

Suppose that w = f(z) dz is a one-form over an open subset U C R that contains the
interval [a,b]. What happens to the integral if we do a change of variables z = ¢(t)?

We know how to study this question, as we know how one-forms transform under changes
of variables. The key: the pullback. Let us be a bit more precise.

Suppose that we are given a function ¢ : [¢,d] — [a, b], and assume that ¢ can be extended
to a C''-function! on an open set V' C R that contains [c, d] (we call V and “open neighborhood
of [¢,d]”). We know how the one-form changes under this change of variables: as in Section 2.3,
we can pullback w to get a new one-form ¢*w which can be integrated over [c, d]. The question
is: does the integral change when we do such a change of variables? In other words, is the
integral of ¢*w over [c,d] equal to the integral of w over [a, b]?

To answer this question we need to be a little more precise. We impose a further requirement
on ¢: we require that ¢(c) = a and ¢(d) = b, that is, it maps the left endpoint of the interval
[c,d] to the left endpoint of the interval [a,b], and similarly for the right endpoints. This
means that ¢ “preserves the orientation” of the intervals: it maps the smallest real number
to the smallest one, and the largest one to the largest one. In other words, it preserves the
direction of increasing real numbers.

Note that we can think of ¢ as a “reparametrization”, in the sense that we can think of
the interval [a,b] C R as a “curve” in R, and ¢ as a parametrization of the curve.

Lemma 3.1.5 Integrals of one-forms over intervals are invariant under orientation-
preserving reparametrizations. Let w be a one-form on U C R with [a,b] C U, and
¢ : [c,d] = [a,b] be a function that can be extended to a C'-function on an open neighborhood

of [e,d] and such that ¢(c) = a and ¢p(d) =b. Then

/ P'w = w.
[e,d] [a,b]

Ezplicitly, w = f(z) dx, and ¢*w = f(¢(t))% dt, thus the statement becomes

d d¢ b
| seenSy dt= [ fa) do.
Proof. The proof is clear from the explicit statement

d b
[ s = [ g da,

A C*-function is a differentiable function whose derivative is continuous.
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since this is nothing else but the substitution formula for definite integrals that you proved in
Calculus I! Indeed, since a = ¢(c) and b = ¢(d), we can rewrite this equation as

d d #(d)
[ steany = [ gte) d

which is the substitution formula if we do the change of variables = = ¢(t). ]

What this means is that we can think of the integral [, w, where we think of C' = [a, b]
as a “curve” in R, as being defined intrinsically in terms of the geometry of the curve and a
choice of orientation. It does not matter how we parametrize the curve, as long as we preserve
the orientation: the integral is the same.

Moreover, as stated in the proof of the lemma, reparametrization-invariance is nothing
else but the substitution formula for definite integrals. Isn’t that cool? What this means is
that the substitution formula for definite integrals is simply the statement that
integrals of one-forms over intervals are invariant under orientation-preserving
reparametrizations, or equivalently that they are invariant under pullback. Neat! The
fact that we need to “transform the differential dz” when we do a substitution is now clear: it
comes from the transformation property for one-forms under changes of variables studied in
Section 2.3, formulated mathematically in terms of pullback.

3.1.4 Orientation-reversing reparametrizations

In the previous lemma we considered functions ¢ that preserve the orientation. What happens
if instead we consider a function such that ¢(c) = b and ¢(d) = a, i.e. that maps the left
endpoint of the interval [c,d] to the right endpoint of the interval [a, b], and vice-versa? Such
a ¢ reverses the orientation from increasing real numbers to decreasing real numbers.

Lemma 3.1.6 Integrals of one-forms over intervals pick a sign under orientation-
reversing reparametrizations. Let w be a one-form on U C R with [a,b] C U, and
¢ : [c,d] — [a,b] be a function that can be extended to a C'-function on an open neighborhood
of [e,d] and such that ¢(c) = b and ¢(d) = a (it sends the left endpoint of the interval to the
right endpoint and vice-versa). Then

/ Prw = w= —/ w.
[e,d] [a,b]— [a,b]

Proof. From the substitution formula for definite integrals, we know that

/cdf(cb(t))i?f dt—/(:c(j)f(x) dx—/baf(x) dw——/abf(a;) dz.

We recognize the right-hand-side as — f[a B W which completes the proof. |

It is thus not true that the integral is invariant under all reparametrizations: it is only
invariant under reparametrizations that perserve the orientation of the interval. Under
reparametrizations that reverse the orientation, the integral changes sign, as expected.

We have thus shown that the integral of a one-form over an interval is both oriented and
reparametrization-invariant, our two guiding principles. In the context of definite integrals,
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orientability reduces to the statement that definite integrals pick a sign when we exchange
limits of integration, and reparametrization-invariance to the substitution formula. Neat!

3.1.5 Exercises

1.

Consider the one-form w = ze® dz. Compute the integral of w over the interval 1,2],
with both choices of orientation.

Solution. We first calculate f[1,2] w with the canonical choice of orientation in the
direction of increasing real numbers, i.e. from 1 to 2. We get:

2 1 4 1
/ w:/ ze®’ dx:f/ ev du = =(e* —e),
[1,2] 4 1 2.1 2

where we used the substitution v = z2. As for the other choice of orientation in the
direction of decreasing real numbers, i.e. from 2 to 1, we get:

1 1 /1 1
/ w:/ ze” dm:f/ e du=—=(e* —e),
[1,2]- 2 2 J4 2

which is minus the other integral as expected.

Let w = x—IQ dz be a one-form on R+, and ¢ : R — R~ be given by ¢(t) = e’. Show that
we can write
/ w = et dt.
[1,e3] [0,3]

Solution. The map ¢(t) = e’ can be restricted to the interval [0,3] C R. We see that
its image is the interval [1,e%], and that the map is injective. Moreover, ¢(0) = 1 and
#(3) = €3, so it preserves orientation. Thus we know that

/ 'w = / w.
[0,3] [1,e3]

We calculate the pullback one-form:

— 1
T

/ w = / et dt.
[1,e3] [0,3]

Note that this is just a fancy way of doing a substitution. Indeed, we could write the
original integral as follows:
et q
/ w= / — dx.
[1,e3] [

We can do the substitution z = e, and the integral becomes

e3 1 3
/ w:/ —Qd:r:/e_tdt:/ et dt,
1,3] 1T 0 [0,3]

as claimed. Indeed, as we have seen, orienting-preserving reparametrizations of the
integral is just the substitution formula for definite integrals.

& (t) dt = %et dt = et dt.

Therefore, we conclude that
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3. Let w = sin(x?) dx be a one-form on R. TRUE or FALSE:
/ w=2 tsin(tt) dt.
[1,4] [—2,—1]

Solution. To go from the expression in x to the expression in ¢ we need to do a change
of variables. More precisely, we consider the smooth function ¢ : R — Rxq with ¢(t) = 2.
We see that ¢ : [—2, —1] — [1,4], with ¢(—2) = (=2)? =4 and ¢(—1) = (=1)? = 1. This
means that it changes the orientation on the interval. So we should get

/ P'w = —/ w.
[—2,—1] [1,4]

By definition of pullback, we get

d
Prw = Sin(t4)£ dt = 2tsin(t?) dt,

so we conclude that
/ w=-2 tsin(t?) dt.
[1,4] [—2,—1]

Therefore the statement is FALSE.
For fun, let us check that this is consistent with what we expect from the substitution
formula. Recall that the substitution formula tells us that

d o(d)
/C f(¢(t))% it = /¢ S d

In our case, this means that

-1 1
2/ tsin(t?) dt :/ sin(z?) dz.
-2 4

We recognize the left-hand-side as

[, o

[72771]

_ / w,
[1,4]

which is consistent with what we wrote above.

and the right-hand-side as

3.2 Parametric curves in R"

In the previous section we showed how one-forms can be integrated over intervals in R. Our
goal is to generalize this construction to curves in R™ (we will focus on R? and R? in this
course). To this end, we must first study in more details parametric curves in R", and the
concept of orientation of a parametric curve.
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Objectives
You should be able to:

¢ Define parametric curves in R".

o Determine the image of a parametric curve, or find a parametrization for a curve in R?
3
or R”.

¢ Determine the tangent vector of a parametric curve.
¢ Define the orientation of a parametric curve.
o Use different parametrizations for the same curve.

¢ Determine whether a reparametrization preserves or reverses orientation.

3.2.1 Parametric curves

We start by recalling the definition of parametric curves.

Definition 3.2.1 Parametric curves. A parametric curve in R" is a vector-valued
function

a:fa,b] - R"
t a(t) = (z1(t),...,z.(t)),

such that:
1. « can be extended to a C'-function! on an open neighborhood of [a, b];
2. &/(t) # 0 for all t € [a, b];

3. if a(s) = a(t) for any two distinct s,t € [a,b], then s,t € {a,b}. 2 In other words, the
map « is injective everywhere except possibly at the end points a and b.

The image of a, which we will denote by C' = a(]a, b]), is a one-dimensional subspace of R",
which is the curve itself. We say that the parametric curve is smooth if o can be extended
to a smooth (C°°) function on an open neighborhood of [a, b]. O

In words, what we are doing is mapping the interval [a, b] to a one-dimensional subspace
C' C R", which is the curve we are interested in. The map gives us a way of doing calculus on
the curve, by mapping points on the interval, where we can do calculus easily, to points on
the curve, which is a more difficult object to work with. This will prove important to define
integration along curves: we will pullback using the parametrization to rephrase integration
along a curve into integration along the interval [a, b], which we know how to do.

Properties 1 and 2 in Definition 3.2.1 are important to ensure that the image curve C
does not have kinks or corners (see for instance Exercise 3.2.6.6). Property 2 also ensures

LA C'-function is a differentiable function whose derivative is continuous.
*Here, the standard notation {a, b} means the set with two elements a and b. This should not be confused
with [a, b], which means the closed interval from a to b, and (a,b), which means the open interval from a to b.
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that a parametrization induces a well defined orientation on the curve, as we will see.
Property 3 in Definition 3.2.1 imposes that the map « is injective everywhere except
possibly at the endpoints a and b of the interval, which could be mapped to the same point.
This ensures that the image curve does not cross itself, and that the parametrization does not
go through the same path multiple times (for instance, going around a circle two times).
Because of Property 3, we can distinguish between two types of parametric curves,
depending on whether the image curve has endpoints or not.

Definition 3.2.2 Closed parametric curves. Let « : [a,b] — R" be a parametric curve,
with image C' = «a([a, b]) C R™.

1. If a(a) = «a(b), then we say that the parametric curve is closed, as the image curve has
no endpoints (it is a loop).

2. If a: [a,b] — R is injective, we call the set 0C = {a(a),®(b)} consisting only in the
endpoints of C' the boundary of the curve, which we denote by 9C.

O

Example 3.2.3 Parametrizing the unit circle. Consider the function « : [0, 27] — R”
given by
a(f) = (cosb,sin ).

It is easy to see that the image a([a,b]) C R? is the unit circle 22 + y? = 1. Let us check that
the conditions in Definition 3.2.1 are satisfied:

1. « is certainly a C'-function on R; in fact, it is a smooth function, so this is a smooth
parametric curve.

2. o/(t) = (—sinb,cosh) is never zero over the interval [0, 27].

3. The only two values of 6 € [0, 27] that have the same image are # = 0 and § = 2, the
endpoints of the interval.

Because of the last statement above, this is an example of a closed parametric curve. U

3.2.2 The tangent or velocity vector

The curve C itself, as a subset of R™, is just a bunch of points. However, the parametrization
a: [a,b] — R™ gives us more information. One can think of it as parametrizing the trajectory
of a particle moving along the curve: the particle starts at the point a(a) € R™, and moves
along the curve until it reaches the endpoint «(b) € R™. As such, we can define a velocity
vector, giving the velocity of the particle as it moves along the curve following the given
parametrization. Geometrically, the velocity vector is nothing but the tangent vector to the
curve at a given point.

Definition 3.2.4 The tangent vector to a parametric curve. Let a : [a,b] — R" be a
parametric curve, with the map a(t) = (z1(t),...,zn(t)). The tangent vector, or velocity
vector T is a vector-valued function

T:[a,b] - R"
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t— T(t) = (t) = (z)(t),...,2,(1)).

In other words, we simply differentiate the component functions of the vector-valued function
a. As T is a vector-valued function, it assigns a vector to every point on the curve C, namely
the tangent vector to the curve at that point. O

3.2.3 Orientation of a parametric curve

If we think of the parametrization as giving the trajectory of a particle moving along the curve,
the tangent vector gives the velocity of the particle at every point on the curve. As we assume
that o/(t) is never zero in the definition of parametric curves Definition 3.2.1, we see that
the particle travels along the curve without stopping. Moreover, the velocity vector defines a
“direction of travel” along the curve C. Thus the parametrization of a curve naturally gives
C' an orientation, corresponding to the direction of travel. More precisely, the orientation is
specified by the tangent vector.

Definition 3.2.5 Orientation of a curve. The orientation of a curve C' C R” is given
by a choice of direction on the curve, which can be represented geometrically by an arrow on
the curve. There are two distinct choices of orientation on a curve: either the arrow is in one
direction or it is in the other. O
Note that this naturally generalizes the orientation of an interval that we defined in
Definition 3.1.3.
Now we see that parametrizing a curve naturally induces a choice of orientation.

Lemma 3.2.6 Parametric curves are oriented. Let « : [a,b] — R"™ be a parametric
curve, with C' = a([a,b]) C R™. Then the tangent vector naturally induces an orientation on
C, with the direction given by the direction of the tangent vector at each point on the curve.

Proof. The key here is that, according to the definition of parametric curves Definition 3.2.1,
the tangent vector never vanishes, and it varies continuously. In other words, the velocity
vector is never zero. Thus a particle traveling along the curve cannot turn around, as it would
first have to stop as the velocity vector varies continuously, but it cannot stop. So the particle
always travel in the same direction along the curve, which defines an orientation on the curve.

|

Remark 3.2.7 Another way of thinking about the fact that a parametrization induces an
orientation on the curve is that we can think of the parametrization as not only mapping
an interval [a, b] to a curve C' C R™, but also as mapping the orientation. When we defined
parametric curves in Definition 3.2.1, we could think of the domain of « as being not only
an interval but an interval with a choice of orientation; we then always assume that the
domain of « is given the canonical orientation (in the direction of increasing real numbers).
Because of property 2 in Definition 3.2.1, the canonical orientation on the interval is then
unambiguously mapped to a choice of direction on the image curve a([a,b]) = C, which is the
induced orientation on the curve.

Example 3.2.8 Parametrizing the unit circle counterclockwise. Let us go back to
our parametrization of the unit circle in Example 3.2.3. We have the function « : [0, 27] — R*
given by

a(f) = (cosb,sinb).
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We know that its image is the unit circle 22 + y? = 1. What is the induced orientation on the
circle? We calculate the tangent vector:

T(0) = (2'(0),y'(0)) = (—sin 6, cos ).

Now consider § = 0. The parametrization maps this point to «(0) = (1, 0), so this is the point
with coordinates (1,0) on the unit circle. As for the tangent vector, we see that T(0) = (0, 1),
and hence the tangent vector at the point (1,0) on the unit circle is pointing upwards. This
tells us that we are moving along the curve in a counterclockwise direction, which is the
induced orientation on the unit circle. U

3.2.4 Orientation-preserving reparametrizations

Given a curve C C R", there isn’t a unique choice of parametrization; the curve can be
parametrized in many different ways. For instance, let « : [a,b] — R™ be a parametric
curve, with a(t) = (z1(t),...,2,(t)). Now suppose that we think of the parameter ¢ as
a function of a new parameter w, that is, ¢ = ¢(u). Our parametrization then becomes
a(t(u)) = (x1(t(u)), ..., zp(t(u)). Assuming that t(u) is chosen appropriately, this may define
a new parametrization (u) = (Xi(u),..., Xn(u)) = (z1(t(w)),...,2n(t(u)). Going from ¢ to
u is what is called “reparametrizing the curve”.

We can be a little more precise, using the concept of pullbacks introduced in Definition 2.3.3.

Lemma 3.2.9 Reparametrizations of a curve. Let «: [a,b] — R™ be a parametric curve,
with a(t) = (z1(t),...,2,(t)) and a([a,b]) = C. Let ¢ : [c,d] — [a,b] be a function that can
be extended to a C'-function on an open neighbhorood of [c,d]. Assume that ¢ is injective,
and that ¢'(u) # 0 for all u € [¢,d]. The pullback

¢*a:[e,d] - R"
w= (@ (), ..., o en () = (21(P(w), - - 2n(B(u)))

is another parametrization of the same curve C.

Proof. First, it is clear that a([a,b]) = ¢*a([c, d]), as we are just composing the functions z
and y with ¢, and thus both a and ¢*«a have the same image curve. But to check that ¢*«
is a parametrization, we need to make sure that the three conditions in Definition 3.2.1 are
satisfied.

Property one is certainly satisfied, since it is assumed that ¢ can be extended to a
C-function on an open neighbhorood of [c, d]. Property two is also satisfied, since

o vy (dride drn do
(¢a>(u>_(d¢du""’d¢du)’

and by assumption Z—i never vanishes on [c,d]. As for property three, it follows since ¢ is

assumed to be injective. [ |

Remark 3.2.10 We note that since % is continuous, and is never zero on [c, d], then it is
either everywhere positive on [c, d], or everywhere negative.

Since a parametric curve induces a choice of orientation on the curve, and there are only two
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possible choices of orientation, it will be important to distinguish between reparametrizations
that preserve the induced orientation, and those that reverse it.

Lemma 3.2.11 Orientation-preserving reparametrizations. Consider a reparametriza-
tion as in Lemma 3.2.9, and see Remark 3.2.10. If % > 0 for all u € [c,d], then the two
parametrizations o and ¢*a induce the same orientation, and we call the reparametrization
orientation-preserving. If % < 0 for all u € [c,d], then the two parametrizations « and

¢*a induce opposite orientations, and we call the reparametrization orientation-reversing.

Proof. We simply need to compare the tangent vectors. Let T, be the tangent vector associated
to the parametrization «, and Ty«, be the tangent vector associated to ¢*a. We have:

Talt) = %2 (@ (0w), ., 2% (6w) = S Ta(0(u).

It is then clear that if % > 0, the orientation is preserved, while if % < 0 is is reversed. M

Example 3.2.12 Two parametrizations of the unit circle. We already saw in Ex-
ample 3.2.8 a parametrization of the unit circle that induces a counterclockwise orientation,
namely « : [0,27] — R? with () = (cos 8, sin ). Now consider a second parametrization of
the unit circle 8 : [—2F, 2] — R? with 3(t) = (sint,cost). What orientation is 8 inducing?
The tangent vector reads:

Tps(t) = (cost, —sint).

Consider t = 7/2. The parametrization maps this point to the point 5(7/2) = (1,0) on the
unit circle. The tangent vector is Tg(7/2) = (0, —1), and hence it points downwards. We
conclude that 8 is inducing a clockwise orientation on the circle, which is the opposite of our
original parametrization o.

Let us now formulate this in the language of reparametrizations as above. Consider the
function ¢ : [—37”, 5] = [0, 27] given by ¢(t) = 5 —t. '?)This function is injective, and ¢'(t) = —1
T T

which is of course never zero. The pullback ¢*a : [—2F, Z] — R? is given by

T T
Pra(t) = (cos(§ — t),sin(g —t)) = (sint,cost),

which is our second parametrization 3. Since ¢'(t) < 0, we expect o and 3 = ¢*« to induce

opposite orientation, which is exactly what we observed. O

3.2.5 Piecewise parametric curves

To end this section, we note that it will sometimes be useful to consider unions of parametric
curves as defined in Definition 3.2.1. This is because our definition is fairly restrictive. It
would not allow for curves with kinks or corners, for instance, since we impose that o/ (t)
is never zero. Also, since we require that « is injective except possibly at the endpoints, it
would not allow for curves with self-intersection. To deal with these cases, all we need to do is
consider the union Cy U ... U C, of a finite number of curves with parametrizations, and such
that two distinct components can only have one or two points in common (their endpoints).
For instance, in the case of a curve with corners, we will treat it as a union of parametric
curves, where each curve starts where the previous one ends.
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If a piecewise parametric curve is the union of a number of parametric curves, and each
parametric curve is smooth, we call the piecewise parametric curve piecewise smooth.

Remark 3.2.13 We add one more piece of notation. It will be useful to distinguish between
curves that have self-intersection and those that do not. We say that a curve that doesn’t
intersect itself (except possibly at the endpoints) is simple. With our definition of parametric
curves Definition 3.2.1, the image of a parametric curve will be always be simple, as it cannot
self-intersect.

Non-simple curves can be studied using piecewise parametric curves, as any non-simple
curve can be broken into a number of simple curves.

Example 3.2.14 Parametrizing a triangle. Consider the triangle with vertices A = (0, 0),
B =(0,1) and C = (1,0). We cannot parametrize it as a single parametric curve according to
Definition 3.2.1, since we cannot find a parametrization a that has a non-vanishing tangent
vector at the vertices of the triangle. Instead, we split it into the union of three parametric
curves, corresponding to the three edges of the triangle:

o :[0,1] — R?, a1 (t) = (0,1),
as:[0,1] = R?,  ag(t) = (t,1—1),
as:[0,1] = R?,  a3(t) = (1—-1,0).

o1 parametrizes the edge AB, as the edge BC, and ag the edge CA. As each parametric
curve is smooth, the union defines a piecewise smooth parametric curve. O

3.2.6 Exercises
1. Find a parametrization for the straight line between the points (0,1,1) and (2,3, 3) in
R3.
Solution. We are given two points on the line. The vector d whose direction is parallel
to the line is given by d = (2,3,3) — (0,1,1) = (2,2,2). So we can write an equation for
the line as
r(t) = (0,1,1) +£(2,2,2), 0<t<I.

In the language of this section, this gives us a parametrization of the line, in the form of
a map:

a:[0,1] — R?
tes a(t) = (2¢, 1+ 2t 1+ 2t).

2. Express the upper half of a circle of radius 3 and centered at the point (1,0) as a
parametric curve. Determine the orientation induced by your parametrization.

Solution. The circle of radius 3 and centered at the point (1,0) has equation
(x—1)2+y*=09.
It is easy to find a parametrization for the circle. We can take, for instance,

x —1 = 3cost, y = 3sint, 0<t<2r.
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We want only the upper half of the circle though, so we need to restrict to y > 0. This
amounts to restricting the domain of our parametrization to 0 < ¢ < 7. The resulting
parametrization can be written as the map a : [0, 7] — R? with a(t) = (3cost+1,3sint).

What is the induced orientation? The tangent vector to our parametric curve is
T(t) = (—3sint,3cost). Pick a point on the circle, say (4,0). This corresponds to ¢t = 0.
At this point, the tangent vector is T(0) = (0, 3), which is pointing upwards. This means
that our parametrization induces a counterclockwise orientation around the circle.

3. Consider the parametric curve a : [0,47] — R3, a(t) = (cost,sint,4t). What is the shape
of the image curve C = a([0,47]) C R3? What is the induced orientation?

Solution. Let us write a(t) = (x(t), y(t), 2(t)). We see that z2(t) + y%(t) = cos®t +
sin?t = 1, so all points on the curve C' lie on the cylinder 22 + y? = 1 with radius 1.
Moreover, as t increases, z(t) = 4t increases linearly. So the curve is an helix on the
cylinder with radius 1 centred around the z-axis.

The curve starts at the point «(0) = (1,0,0) on the cylinder, and ends at the point
a(4r) = (1,0,167). As t runs from 0 to 47w, we see that the curve goes twice around
the cylinder. Moreover, the tangent vector is T(t) = (—sint, cost,4); in particular, its
z-coordinate is always positive, which means that the tangent vector is always pointing
upwards. We conclude that the induced orientation is going upwards along the helix.

4. Suppose that a particle is moving along the parametric curve « : [0,7] — R3 with
a(t) = (sin(¢?), cos(t),t). Find its velocity at t = 7.
Solution. The velocity vector is v(t) = (2tcos(t?), —sin(t),1). At t = 7, we get
v(m) = (2m cos(n?),0,1). This is the velocity of the particle at ¢t = 7, which is of course
a vector as the particle is moving in three-dimensional space.

5. Consider the curve that is the intersection of the cylinder 22 + 42 = 1 and the surface

z = x? — y? in R3. Find a parametrization for the curve. Is it a closed curve?

Solution. A point on the cylinder 22 4+ y? = 1 can be parametrized by (z,y,z) =
(cost,sint,z), with 0 < ¢t < 27 and z € R. But we want the curve to lie on the
surface z = 22 — 32, so z is fixed as z = cos?’t — sin?t. We thus get a parametric
expression for a point on the curve as (x(t),y(t), 2(t)) = (cost,sint, cos® t — sint), with
0 <t < 2m. To rewrite this as a parametric curve in the language of this section,
we include the endpoint t = 27. We get the parametric curve « : [0,27] — R? with
a(t) = (cost,sint,cos?t — sin?t). This is a closed curve, since a(0) = (1,0,1) and
a(2r) = (1,0,1), i.e. the starting and ending points coincide.

6. Consider the map a : [—1,1] — R? with a(t) = (x(t), y(t)), where

z(t) = y(t) = t2.

2 for0<t<1
—t2  for —1§t<07

Show that it is not a parametric curve, according to Definition 3.2.1. What does the
image C' = a([—1,1]) C R? look like?

Solution. At first one may think that this is valid parametric curve. The map « is
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injective, so Property 3 is satisfied. Since its derivative is o/(¢) = (2/(¢),y/(t)) with

2t for0<t<1
2(t) = TE=EEL Yy =2,
-2t for —1<t<0

o/(t) exists and is continuous for all ¢ € R, and thus Property 1 is also satisfied (note
that a cannot be extended to a smooth function however, since 2/(¢) is not differentiable
at t = 0, but that’s ok, it doesn’t have to). However, the problem is with Property 2: we
see that o/(0) = (0,0), with 0 € [—1, 1]; thus Property 2 is not satisfied. We conclude
that this is not a parametric curve.

The image curve C = «([—1,1]) is the set of points in R? satisfying the equation
y = |z| between (—1,1) and (1,1), which has a corner at the origin. This example
highlights one of the reasons why Property 2 is there in Definition 3.2.1. If it wasn’t
there, this means that we could find a parametrization for the curve y = |z|; but we do
not want the image curve to have kinks or corners. Property 2 ensures that we cannot
find a parametrization for the whole curve y = |z| between (—1,1) and (1,1) at once.

This is not to say however that we cannot deal with this curve. Just like for the
triangle, the idea is to consider it as a piecewise parametric curve. l.e., we realize the
line segment from (—1,1) to (0,0) as a (smooth) parametric curve, the line segment from
(0,0) to (1,1) as another (smooth) parametric curve, and we take the union of the two
parametric curves.

3.3 Line integrals

We are finally ready to define the integral of a one-form over a curve in R™. Our strategy is
to start with a parametrization for the curve, and then use the parametrization to pullback
the integrand to the interval [a, b], over which we know how to integrate. In other words, we
reduce a complicated problem to something that we already know how to solve!

However, ultimately we would like our integral to be independent of our choice of
parametrization. We show that the integral is indeed invariant under orientation-preserving
reparametrizations, and thus can be understood as an object defined solely in terms of the
geometry of a curve and a choice of orientation. We also show that the integral changes sign
under orientation-reversing reparametrizations, as expected.

Objectives
You should be able to:
« Determine the pullback of a one-form along a parametric curve in R? and R3.

¢ Reformulate the pullback of a one-form along a parametric curve in terms of the
associated vector fields.

o Define the line integral of a one-form along a parametric curve in R? and R3, and
evaluate it.

e Rewrite the definition of line integrals in terms of the associated vector fields.
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e Show that line integrals are invariant under orientation-preserving reparametrizations of
the curve.

e Show that line integrals change sign under reparameterizations of the curve that reverse
its orientation.

3.3.1 The pullback of a one-form along a parametric curve

Consider a one-form w on an open subset U of R™. Suppose that C is a curve which is
contained in U. Our goal is to define an integral of the form “ [, w” for the integral of the
one-form w along the curve C' (with a choice of orientation on C'). However, this is not so
obvious, as it is not clear what it means to “integrate along a curve”. To make sense of this, we
use a parametrization for C', which is a map « : [a,b] — R™. The idea is to use the powerful
concept of pullback, which we studied in Section 2.4, to pull back the one-form from U to the
interval [a,b], and then we can integrate it, as we know how to integrate a one-form over an
interval: Definition 3.1.1. Neat!

We can apply the general expression for the pullback of a one-form obtained in Lemma 2.4.5
to the case where ¢ is replaced by a parametric curve « : [a,b] — R™. Let us write explicit
expressions for the cases of R? and R3.

Let « : [a,b] — R? be a parametric curve as in Definition 3.2.1, with a(t) = (z(t),y(t)),
and let w = f(x,y) dx + g(z,y) dy be a one-form on an open subset U C R? containing
C = «af[a,b]). Then a*w is a one-form on an open subset V' C R containing [a, b] defined by

a'w=(fa®) 5 +gla®) L) d

Similarly, given a parametric curve « : [a,b] — R3, with a(t) = (2(t),y(t), 2(t)), and a
one-form w = f(z,vy,2) dz + g(z,y, z) dy + h(x,y,2) dz on U C R3, the pullback a*w is given
R d d d

o'w = (fa®) T +9(alt) 5y + ha®) ) db
Example 3.3.1 Pulling back along a circle. Consider the counterclockwise parametriza-
tion of the unit circle introduced in Example 3.2.3, given by the function « : [0,27] — R?
with a(f) = (cosf,sin ). Let w = 2%y dx + €Y dy be a one-form on R2. We can pull it back
along the parametrized unit circle to get a new one-form on R:

afw = ((cos 9)2 sin Hdile cosf + esiHGC% sin 9) do
= (— cos? 0sin® 6 + cos Hesmg) do.

O

As is becoming customary, we can translate between the language of differential forms and

the language of vector fields. If F is the vector field associated to w, and « is a parametric
curve in R™, then the pullback one-form a*w can be written as

o'w = (F(a(t) - T(1)) dt,

where T(¢) is the tangent vector to the parametric curve, and - denotes the dot product of
vectors.
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3.3.2 The definition of line integrals

We are now ready to define the integral of a one-form along a parametric curve: we pull back
the one-form to the interval [a,b] and integrate.

Definition 3.3.2 (Oriented) line integrals. Let w be a one-form on an open subset U of
R™ and let « : [a,b] — R™ be a parametric curve whose image C' C U. We define the line

integral of w along « as follows:
/ w = / o*w,
o [a,b]

where the integral on the right-hand-side is defined in Definition 3.1.1.1
Explicitly, focusing on R? for simplicity, if w = f(z,y) dz + g(z,y) dy, and a(t) =
(z(t),y(t)), the integral reads:

[o= [ (re@)% + o)) a

A similar expression of course holds in R3 as well.
Such integrals are also called work integrals because of physical applications, as we will
see in Section 3.5. O
What is neat is that on the right-hand-side, we end up with a one-variable definite integral,
which we certainly know how to integrate from Calculus I and II. So we have reduced the
problem of computing integrals of one-forms along curves to standard definite integrals!

Example 3.3.3 An example of a line integral. Consider the one-form w = y dz+cos(z) dy,
and the parametric curve « : [0, 1] — R? with a(t) = (¢,t2).

First, for completeness we check that the parametric curve is well defined, according
to Definition 3.2.1. « is a smooth function on R; o/(t) = (1,2t) which is never zero on
R, so in particular never zero on [0, 1]; « is injective over [0,1]. Thus « defines a smooth
parametric curve, and its image C' = ([0, 1]) has two boundary points at «(0) = (0,0) € R?
and a(1) = (1,1) € R% In fact, it is not difficult to see that « is a parametrization of the
parabola y — 22 = 0 between (0,0) and (1,1).

We can compute the integral of w over the parametric curve a. We get:

/w:/ o W
@ [0,1]

I <f 0%+ ofo0),0) ) a

1
/0 )+ cos(t)(20)) dt

w

1

0

<t3 + 2(tsin(t) + cos(t ))> ’
L

+2sin(1) + 2cos(1) — 2

'n particular, the integral on the right-hand-side uses the canonical orientation on the interval [a, b], which
is consistent with the orientation on the image curve C induced by the parametrization.



CHAPTER 3. INTEGRATING ONE-FORMS: LINE INTEGRALS 41

)
=-3 + 25sin(1) 4 2 cos(1).

]

Remark 3.3.4 Line integrals over piecewise parametric curves. We note that we
can easily generalize the definition of line integrals to piecewise parametric curves, as in
Subsection 3.2.5. If the parametric curve is defined as a union of parametric curves, then to
integrate along the curve we simply add up the integrals over the pieces.

3.3.3 Reparametrization-invariance and orientability of line integrals

We defined line integrals in terms of a parametric curve « : [a,b] — R", but in the end we
would like the integral to be defined intrinsically in terms of the geometry of the image curve
and a choice of orientation. To show that this is the case, we now show that our definition
is invariant under orientation-preserving reparametrizations. We also show that it changes
sign under orientation-reversing reparametrizations, which shows that line integrals are in
fact oriented, as we want.

Lemma 3.3.5 Line integrals are invariant under orientation-preserving reparametriza-
tions. Let w be a one-form on an open subset U of R™, and let « : [a,b] — R™ be a para-
metric curve whose image C C U. Let ¢ : [c,d] — [a,b] be as in Lemma 3.2.9, so that
P*a=ao¢:[c,d — R" is a reparametrization of the curve.

1. If ¢ preserves orientation, as defined in Lemma 3.2.11, then

fo= -
fo= e

In other words, the integral is invariant under orientation-preserving reparametrizations, and
changes sign under orientation-reversing reparametrizations. So we can really think of the
line integral as being defined intrinsically in terms of the image curve C' itself, with a choice
of orientation.

2. If ¢ reverses orientation, then

Proof. To prove this statement, let us first rewrite the integrals as integrals over intervals,
using Definition 3.3.2. The integral on the left-hand-side is:

/w :/ oafw.
e [a,b]

As for the second integral, we are integrating over the parametric curve ao ¢ : [¢,d] — [a,b] —
R™. So we can write
/ w:/ (o ¢)*w.
P*a [e.d]

However, from Exercise 2.4.3.6 we know that pulling back through the chain of maps [c, d] 2
[a,b] = R™ is the same thing as doing it in two steps: first pulling back via «, and then via ¢.
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In other words, (a0 ¢)*w = ¢*(a*w), and we can write

/ w= o*(a*w).
P*a [C,d]

The statement then is about the relation between [, ;) o*w and [ 4 ¢*(’w). But we
already studied such questions before in Lemma 3.1.5 and Lemma 3.1.6! Indeed, now that we
wrote everything in terms of integrals of one-forms over intervals, we are back in the realm of
Section 3.1. From Lemma 3.1.5 we know that the two integrals will be equal if ¢(c) = a and
¢(d) = b, i.e. ¢ preserves the order of the endpoints of the interval (recall that invariance in
this case is simply the statement of the substitution formula for definite integrals). If instead
¢ exchanges the order of the endpoints (i.e. ¢(c) = b and ¢(d) = a), then by Lemma 3.1.6 the
integrals differ by a sign.

But if ¢*« is orientation-preserving, then ¢/(u) > 0 by Lemma 3.2.11, and so ¢ is a strictly
increasing function, which means that it must map ¢ -+ a and d — b, as ¢ < d and a < b.
Therefore the integrals are equal. While if ¢*« is orientation-reversing, then ¢/(u) < 0, and so
¢ is a strictly decreasing function, which means that it must map ¢ — b and a — d. Therefore
the integrals differ by a sign. This completes the proof of the lemma. |

Great, our two principles of orientability and reparametrization-invariance are fulfilled for
line integrals!

Example 3.3.6 How line integrals change under reparametrizations. Let us consider
the integral from Example 3.3.3 again. We consider the one-form w =y dz + cos(z) dy, and
the parametric curve « : [0, 1] — R? with a(t) = (¢,12).

Let us define two new parametrizations for the same curve. First, we define 5 : [0,1n(2)] —
R? with 8(t) = (e! — 1, (e! — 1)?), and 7 : [-1,0] — R? with y(t) = (=t,?). It is easy that
, 8 and 7 are all parametrizations of the parabola y — 2 = 0 between (0,0) and (1,1).

Looking at the tangent vectors, we get o/(t) = (1,2t), B'(t) = (et,2(e! — 1)et), and
v (t) = (—1,2t). Are those all inducing the same orientation on the curve? Let us look
at the direction of the tangent vector at (0,0), which corresponds to t = 0 for all three
parametrizations. We have o/(0) = (1,0), #(0) = (1,0), and 7/(0) = (—=1,0). So « and 3
induce the same orientation on the curve (from (0,0) to (1,1)), while v induces the opposite
orientation. Therefore, we expect the integral of w over o and § to both give the same answer,
while the integral over «v should pick a sign.

Let us do the calculation for fun. The integral over a was already performed in Exam-
ple 3.3.3. For 3, we get:

/ﬁw :/[o,m(z)] Prw
In(2 -
:/O (2) (f(l‘(t)ay(t))cjit +g(x(t),y(t))(£) dt
:/Oln@) ((et N 1)26t + 2€t(et _ 1) COS(et . 1)> gt

= /01 (u2 + 2u cos(u)) du,

where we did the substitution v = ¢! — 1. But this is the same integral as in Example 3.3.3,
so we get the same result indeed.
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As for v, we get:

L=l

(P %+ et )
(-

/
/

)_n

t2 + 2t cos(— )) dt

/1 (u + 2u cos(u )) du,

where we did the substitution u = —t. By exchanging the limits of integration, we see that
this is minus the integral in Example 3.3.3, and thus we get a minus sign as expected. ([

3.3.4 Line integrals in terms of vector fields

Now that we know how to integrate one-forms along curves, we can translate the definition in
terms of the associated vector fields. This is straightforward, since we saw in Subsection 3.3.1
how to rephrase the pullback of a one-form along a curve in terms of the associated vector
field.

Lemma 3.3.7 Line integrals in terms of vector fields. Let w be a one-form on an
open subset U of R™, and let «: [a,b] — R™ be a parametric curve whose image C' C U. Let
F : U — R" be the vector field associated to w. Then we can write the line integral as follows:

/aw _ /abF(a(t))-T(t) dt.

Proof. This is clear, using the translation established in Subsection 3.3.1. |

This is how line integrals, or “work integrals”, are generally defined in standard vector
calculus textbooks.? The integrand is justified in the context of the calculation of work in
physics (as we will see in Section 3.5, such line integrals can be used to calculate work), but it
is not clear why taking the dot product between the vector field and the tangent vector to
the parametric curve is the right thing to do in general. In our context, the integrand arises
naturally by pulling back the one-form in order to be able to integrate over an interval. So it
gives a natural geometric interpretation to these work integrals.

Remark 3.3.8 In standard vector calculus textbooks, such as CLP4, the following notation
is often used. Instead of writing « : [a,b] — R™ for the parametric curve, the symbol r = r(t)
is often used, with a <t < b, as if it was the position function of an object moving along the
image curve C. Then the tangent (or velocity) vector is written as

dr

T=—
dt’

ZNote that the symbol T(t) is sometimes used to denote the normalized or unit tangent vector (i.e. our
tangent vector divided by its norm |T(¢)|), in which case dt should be replaced by ds = |T(t)| dt.
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standing for the velocity of the object moving along the curve, and the notation

dr
dr = — dt
T

is used. With this notation, one can rewrite the line integral of a vector field along the curve

as
/ F - dr.
C

The notation makes sense, as we know that the integral is invariant under orientation-
preserving reparametrizations, so we can rewrite it in terms of the image curve C' itself, with
the orientation specified by the direction of travel along the curve. With this notation however
one needs to keep in mind that to evaluate the integral we need to compose the vector field
with the parametrization to rewrite F as a function of the parameter t before integrating in ¢
over the interval [a, b].

3.3.5 Exercises

1. Consider the one-form w = 2y dx + 2? dy + z dz on R3. Find its pullback along the
helix centered around the z-axis and with tangent vector T(t) = (—3sint, 3 cost,4),
0 <t < 2m, and initial position r(0) = (3,0, 1).
Solution. First, we find a parametrization for the helix. Integrating the tangent
vector, we know that the parametrization must be given by a : [0,27] — R3 with
a(t) = (3cost + A,3sint + B,4t + C) for some constants A, B, C. Using the fact that
a(0) = (3,0,1), we conclude that A =0, B =0, and C = 1. Thus the parametrization is
a(t) = (3cost,3sint, 4t + 1).

We can then calculate the pullback a*w. We get:

a*w = ((3cost)(3sint)(~3sint) + (4t + 1)*(3cost) + (4t + 1)(4)) dt
= (~27costsin® ¢ + 3(4t + 1)*cost +4(4t + 1)) dt.

ﬁ dx + % dy + z dz. Explain why you cannot pull it

back along the parametric curve a : [0,2] — R? with a(t) = (¢ — 1, — 1,?).

2. Consider the one-form w =

Solution. The key here is to be careful about the domain of definition of the one-
form w. The largest open subset U C R3 over which w is defined is all points in R?
such that 22 4+ y? # 0, so that the denominators in the component functions do not
vanish. But 22 + y? = 0 if and only if (z,y) = (0,0), so the domain of definition of w
is U = {(z,y,2) € R®| (z,y) # (0,0)}. In other words, it consists of all points in R3
except the points on the z-axis.

To be able to pull back our one-form along the parametric curve a, we must make
sure that its image C' = «([0,2]) lies within U. Unfortunately, we see that at t = 1,
a(1) = (0,0,1), so the parametric curve intersects the z-axis, which is not in U! Thus we
can’t pull back along a.

Just for fun, let’s see what would happen if we had naively tried to pull back along a.
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What we would get is:

. t—1 -1, 1 3>
- 22t)) dt = (—— +263) dt.
@ <2(t—1)2+2(t—1)2+ ( )) <t—1+

The problem is that this is not defined at ¢t = 1, which is part of the interval [0, 2] for the
parametric curve. In other words, the result of the pullback is not actually a well defined
one-form on an open subset containing [0, 2], since it is not defined at t = 1.

3. Find the integral of the one-form w = = dx + 2 dy + y dz in R3 along one turn clockwise
around the circle of radius two in the zy-plane and centered at the origin.

Solution. The circle has equation 2% + y? = 4. We parametrize one turn clockwise
around the circle with « : [0,27] — R3, a(t) = (2sint,2cost,0) (recall that we are in
R3). The pullback of the one-form is

o*w = ((2sint)(2cost) + (2sint)(—2sint) + (2cost)(0)) dt = 2 (sin(2t) + cos(2t) — 1) dt.

The line integral becomes

27
/ 0w =2 / (sin(2¢) + cos(2t) — 1) dt
[0,27] 0

=(—cos(4m) + cos(0)) + (sin(4m) — sin(0)) — 2(2)
= —4r.

4. Consider the vector field F(z,y) = (e¥, %) in R?. Find its line integral along the oriented

curve obtained by first moving from the origin to the point (0, 1), and then from (0, 1) to
the point (4,0) along straight lines.
Solution. This is a piecewise parametric curve, so we need to split it into line segments.
For the first segment from (0, 0) to (0, 1), we can write a parametrization as o : [0, 1] — R?
with «1(t) = (0,t). For the second line segment from (0,1) to (0,4), we write a
parametrization as ay : [0, 1] — R? with as(t) = (4t,1 — t). The tangent vectors are:

T:(t) = (0,1), To(t) = (4,—1).
We thus get:
F(z(t),y(t)) Ti(t) =1,  F(a(t),y(t) - Ta(t) = 4e' ™" — ™.

The line integral becomes:

F(z(t),y(t)) - T1(t) di + ol F(2(t),y(t)) - Ta(t) dt

0,1]
1 1

- / dt + / (4e1*t—e4t) dt
0 0

=1+ (—4elt — 1e4t>1
4 Jo

1 1
:1_4_Ze4+46+1

e — et -
T Ty
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5. Let C be the curve from (0,0,0) to (1,1,1) along the intersection of the surfaces y = 2>

and z = 2. Find the integral of the vector field F(x,y, 2) = (22, zy, 2?) along this curve.
Solution. We first need to parametrize the curve. A point in R on the surface y = 22
has coordinates (t,t2,2) for (z,t) € R2. At the intersection with the surface z = 23, we
must also have z = t3. It then follows that points on the intersection of the two surfaces
have coordinates (¢,t2,t%) with ¢t € R. Now we want our curve to start at (0,0,0) and
end at (1,1,1). So our parameter must go from ¢ = 0 to t = 1. We thus end up with the
parametrization

a:[0,1] =R a(t) = (K% %).
The tangent vector is T(t) = (1, 2t,3t?). The line integral becomes:

1
/F-Tdt:/ ((tQ,tS,tG)-(l,Qt,3t2)> dt
C 0

_/01 (2 +2t* +30%) at

_1+2+3
3 5 9
16
15

3.4 Fundamental Theorem of line integrals

In Section 2.2 we studied an important class of one-forms called exact, which arise as
differentials of functions. Their associated vector fields are called conservative, and can be
expressed as the gradient of a potential function. In this section we see that line integrals of
such one-forms are very nice and satisfy beautiful properties. This leads us to the Fundamental
Theorem of line integrals, which is a natural generalization of the Fundamental Theorem of
Calculus.

Objectives
You should be able to:

o State the Fundamental Theorem of line integrals for line integrals of exact one-forms,
and use it to evaluate line integrals.

e Show that the Fundamental Theorem of line integrals implies that line integrals of exact
one-forms only depend on the starting and ending points of the curve.

e Show that the Fundamental Theorem of line integrals implies that line integrals of exact
one-forms over closed curves vanish.

e State these results in terms of conservative vector fields and their associated potential
functions.

e Use the Fundamental Theorem of line integrals and its consequences to show that a
given one-form cannot be exact.
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3.4.1 The Fundamental Theorem of line integrals

Recall from Section 2.2 that an exact one-form is a one-form that can be written as the
differential of a function: w = df. Conversely, its associated vector field F can be written as
the gradient of a function, F = V f; we say that F is conservative and that f is its associated
potential.

Theorem 3.4.1 The Fundamental Theorem of line integrals. Let w = df be an exact
one-form on an open subset U C R"™, and « : [a,b] — R™ be a parametric curve whose image

a([a,b]) =C C U. Then:

[w= [ dr = sa®) - f(ata).

The integral thus only depends on the starting and ending points of the image curve C.

Proof. You have probably noticed that this theorem is similar in flavour to the Fundamental
Theorem of Calculus for definite integrals; in fact it follows from it, as we will see.
First, by the definition of line integrals, we have:

A#zéwﬂm-

Next, we can use one of the fundamental properties of the pullback, which is that o*(df) =
d(a*f). So we can write:

[dr=[ dap.
@ [a,b]

If we introduce a parameter ¢ for the parametric curve, i.e. «a(t) = (z1(t),...,z,(t)), then
a*f(t) = f(a(t)), and we can write the integral as:

b d
[ar= [ ) a.

But then, the right-hand-side is just a standard definite integral of the derivative of a function.
By the Fundamental Theorem of Calculus (part 2), we know that the right-hand-side is simply
equal to f(a(b)) — f(a(a)). We thus get:

[ dr = 1@ (®) - flata)).

|

This result makes it very easy to evaluate line integrals for exact one-forms. But it also

has deeper implications. Since the integral only depends on the starting and ending points on

the image curve, this means that it does not actually depend on the choice of curve itself!

Pick any two parametric curves whose images start and end at the same place: the integral
will be the same. This is rather striking!

Corollary 3.4.2 The line integrals of an exact form along two curves that start
and end at the same points are equal. If a and 8 are two parametric curves whose
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image share the same starting and ending points, and w = df is exact, then:

Jo= e

Another direct consequence of the Fundamental Theorem of line integrals is that the
integral of an exact one-form over a closed curve always vanishes! Indeed, the curve is closed if
a(b) = a(a) (so that the image curve is a “loop”), and so the right-hand-side in Theorem 3.4.1
vanishes.

Corollary 3.4.3 The line integral of an exact one-form along a closed curve
vanishes. Let w = df be an exact one-form on an open subset U C R™, and « be any closed
parametric curve whose image C C U. Then

/w:().

We sometimes write ¢, w for the line integral of a one-form along a closed parametric curve.

Example 3.4.4 An example of a line integral of an exact one-form. Suppose that
you want to integrate the one-form w = y?z dx + 2zyz dy + ry? dz over the line segment
joining the origin to the point (1,1,1) € R3. In principle, to evaluate the line integral, you
would need to find a parametrization for the line, and use the definition of line integrals
Definition 3.3.2 to evaluate the integral. However, we notice here that w is exact! Indeed, if
you pick the function f(z,y,z) = zy?2, then

6f dx +? dy +8—f dz = y?z dx + 2zyz dy + z° dz,

which is w. Thus we can use the Fundamental Theorem of line integrals to evaluate the line
integral. Let o be any parametrization of the line segment joining the origin to the point
(1,1,1). We get:

df =

/w:f(l,l,l)—f(0,0,0):1—0:1.

What is neat as well is that you know that the line integral of w along any curve joining
the origin to the point (1,1,1) will be equal to 1! The curve does not have to be a line. It
could be a parabola, the arc of a circle, anything! For instance, just for fun let us pick the
following parametric curve 3 : [0,1] — R3 with B(t) = (¢,¢,#3), whose image curve joins the
origin to (1,1,1). Let us show that this works. By definition of line integrals,

/B w= / 1 (22 (1) + 20)() (%) 20) + 1(P)*(37)) d
—/ (7 + 44"+ 317 dt
—8/ t7 dt

-

=1.

0

Neat!
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One thing that we did not explain however here: how did we know that w was exact? This
is not always so easy to figure out. We will discuss this further in Section 3.6. O

3.4.2 The Fundamental Theorem of line integrals for vector fields
To end this section, let us rewrite the Fundamental Theorem for line integrals in terms of the
associated vector fields.

Theorem 3.4.5 The Fundamental Theorem of line integrals for vector fields. Let
F = Vf be a conservative vector field on an open subset U C R"™, and « : [a,b] — R" a
parametric curve whose image o([a,b]) = C C U. Then:

[ Plate) T dt = [V flat) - T@) di = §(a0) - flata)

In the notation introduced in Remark 3.3.8, we can rewrite this integral as

/CF.dr:/CVf-dr=f<P1>—f<Po>,

where Py = r(a) and Py = r(b) are the starting and ending points respectively of the curve C
with direction of travel specified by the position function r.

Note that from Corollary 3.4.2 and Corollary 3.4.3, we know that:

o the line integral of a conservative vector field does not depend on the path chosen
between two points;

o the line integral of a conservative vector field along a closed curve is always zero.

3.4.3 Exercises

1. Consider the one-form w = (y + ze%) dx + (x + €¥sin z) dy + (2 + e + €Y cos z) dz on R3.

Show that w is an exact form, and use this fact to evaluate the integral of w along the
parametric curve « : [0, 7] — R? with a(t) = (¢, ef,sint).
Solution. To show that it is exact, we simply find a function f(x,y, z) such that w = df
by inspection (we can also do that by integrating the partial derivatives as we did a
number of times already). We guess that f(x,y,2) = zy+ ze® +eYsin z 4+ %22, and check
that it works. Its differential is:

df = (y+ ze®) dx + (x + eYsinz) dy + (2 + €* + Y cos 2) dz,

which is indeed w. So our guess is correct, and we have shown that w is exact.
Using the Fundamental Theorem of line integrals, we can integrate w directly along

/a w=f(a(r)) — f((0))
=f(m e",0)— £(0,1,0)

=me”.
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2. Recall from Example 2.2.13 (see also Example 3.6.5) that the one-form w = —ﬁ dx +
=z dy on R2\ {(0,0)} is closed. However, we said that it was not exact. Use the

integral of w along one turn counterclockwise around the unit circle to show that w
cannot be exact.

Solution. We parametrize the unit circle as usual by « : [0,27] — R? with a(t) =
(cost,sint). The pullback one-form is

afw = (—Smt(—sint) + COSt(cost)) dt
cos?t + sin?t cos?t + sin?t
=(sin? ¢ + cos? t) dt
=dt.

The line integral thus simply becomes:

27
/w: dt = 2.
a 0

In particular, it is non-zero. This proves that w cannot be exact on R?\ {(0,0)}, since if
it was exact its line integral along a closed curve would have to vanish.

3. Suppose that F is a conservative vector field in R? and that its integral from point (1,0)
to (—1,0) along the upper half of the unit circle is 5. What should the integral from
(1,0) to (—1,0) but along the lower half of the circle be?

Solution. It should be 5! Indeed, since F is conservative, we know that its line integral
does not depend on the path chosen between two points. Since both paths here start
and end at the same points, the line integrals along these paths must be equal.

4. Consider the one-form w = df on R? with f(x,%) = sin(x + ). Find a parametric curve
« that is not closed but such that

w=0.

Solution. The one-form w = df is obviously exact. By the Fundamental Theorem for
line integrals, we know that

[ &= (a) - fata).
If we write a(t) = (x(t),y(t)), then this becomes
/aw = sin(z(b) + y(b)) — sin(z(a) + y(a)).

Now we want this integral to be zero. Thus we want

sin(z(b) +y(b)) = sin(z(a) +y(a)).

But we don’t want a closed curve, so we must choose our curve such that a(b) # a(a).
There are of course many possible choices. Here is one example:

a(a) = (0,0), a(b) = (m,0).
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Then
sin(z(a) + y(a)) = sin(0) = 0, sin(z(b) + y(b)) = sin(m) = 0.

/w:O

for any parametric curve that starts at (0,0) and ends at (7, 0). For instance, we could
pick a straight line between the two points.

5. Let w be a one-form that is defined on all of R2. Let Py, Pi, P}, P| be any four points in

/ w = / w
C] CQ

for any two curves C; and C5 that start at Py and end at P;. Show that it implies that

Joyo= Ly
/ !
1 2

for any two curves C] and CY% that start at P} and end at P;.
In other words, if the line integral of a one-form between two given points is path
independent, then it is path independent everywhere.

Thus

Solution. The proof is fairly intuitive. Fix Py, P; € R?, and pick any two other points
P}, P] € R%. Let Dy be a fixed curve from Py to P}, and D; a fixed curve from Pj to Pj.
Suppose that C] and CY are two curves from P} to P;.

On the one hand, the curve C; = Dy U C{ U D, is curve from Py to P;. The line
integral of w along C is

/ w:/ w + w + w.
C1 Do o Dy

On the other hand, the curve Co = Dy U C4 U Dy is also a curve from Py to P;. The line

integral of w along C is
/ w = / w+ w+ / w.
Co Dy C Dy

[o=]
Cq Ca

Equating the two expressions for these line integrals, and simplifying, we end up with
the statement that
/ w= / w.
1 5

Since this must be true for any points Pj and Pj, and any curves C] and C4 from P} to
P{, we conclude that the line integral of w is path independent everywhere.

But we know that
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3.5 Applications of line integrals

We mentioned in Subsection 3.3.2 that line integrals are sometimes called “work integrals”. In
this section we explain why, and work through an example where line integrals can be used to
calculate the work done. In this section we use vector field notation instead of one-forms, as
this is what is most commonly encountered in such applications.

Objectives
You should be able to:

e Determine and evaluate appropriate line integrals in the context of applications in
science, in particular for evaluating the work done while moving an object in a force
field.

3.5.1 Work

If you pick something off the ground, you expend energy. In physics, this is called “work”,
because you move an object that is under the influence of a force field. If you move an object
along a given path in a force field, how can you find the work done?

The idea is to use the well known “slicing” principle that turns a problem into an integration
question. Suppose that there is a force field F(z,v,2) in R?, and that we move an object
along a path specified by a position vector r(¢) with a < ¢ < b. If the force field was constant
and did not depend on the position (z,vy, z) of the object, from general physics principles
the work done on the object moving along the path would be F - (r(b) — r(a)), i.e. the dot
product of the force and the displacement (in other words, it is the magnitude of the force
times the displacement in the direction of the force). However, as the force field depends on
the position of the object, we cannot easily calculate the work directly. But we can slice the
problem and sum over slices to rewrite the calculation as an integral.

We slice our time interval [a, b] into small slices of width At. Over a small time interval
At, the object moves from position r(t) to position r(¢) + Ar, where Ar = (Az, Ay, Az). If
the time interval is small, we can assume that the force is constant, and the work done during
this time interval can be calculated, to first order, by F(r(¢)) - Ar. Now we sum over slices,
and take the limit where we have an infinite number of infinitesimal time intervals; this turns
the calculation into a definite integral:

b b
W:/F~dr:/F-drdt.
a a dt

We of course recognize the line integral of a vector field as defined in Lemma 3.3.7. This is
why line integrals are called work integrals: if the vector field is a force field, the line integral
over a parametrized curve calculates the work done when the objects moves along this curve.

Example 3.5.1 Work done by a (non-conservative) force field. Consider the force
field in R? given by F(x,y) = (y, 5x). We will calculate the work done when moving an object
along two closed curves:

1. going once around the unit circle counterclockwise, starting and ending at (1,0);

2. going once around a square counterclockwise, with vertices (1,1), (1,-1),(—-1,—-1), (=1, 1),
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and starting and ending at (1,1).

Let us start with the circle (call it C'). We parametrize the circle by r(t) = (cost,sint),
with 0 <¢ < 2m. The velocity vector is then % = (—sint,cost). To calculate the work done,
we evaluate the line integral along the circle:

W = / F-— dt /027T ((sint)(—sint) 4+ (5cost)(cost)) dt
2

(— sin? t 4+ 5 cos? t) dt
21
(

Il
S— 5— S— &5—

6cos’t — 1) dt

7301+ cos(2t) — 1) dt

27
(24 3cos(2t)) dt

—9(27) + %sin(47r) _ gsin(O)

=47,

We see that even if the curve is closed (i.e. it starts and ends at the same point), the work
done is non-zero: this is because the force field is not conservative. If it was conservative, by
Corollary 3.4.3 the work would have been zero.

Now consider the square (call it S). It is a piecewise parametric curve, so we need to
parametrize the four line segments separately. We use the following parametrizations:

e (L1) From (1,1) to (—1,1) : r(t)=(1-1t1),0<t<2

o (Ly) From (—1,1) to (=1,—1):  ro(t) = (-1, 1—1), 0<t < 2;

e (L3) From (—1,-1) to (1,-1): r3(t) =(—-1+1¢-1),0<t <2

e (Ly) From (1,-1) to (1,1): ri(t) = (1,—1+1),0<t <2

The work done is then calculated by summing the four line integrals:
W= /F =t
:/L1 %dt+ LQF (Zth—k/Lg %dt+ L4F %dt
—/ 1)+ 5(1 — £)(0)) dt+/02((1 —4)(0) 4+ 5(=1)(=1)) dt
+/ +5(—1+)(0)) dt+/02((—1+t)(0)+5(1)(1)) dt

=—-2+10—-2+10
=16.

We see that the work is again non-zero, and in fact it is not the same as the work done when
going around the unit circle. This is as expected: as the force is non-conservative, the work
done should depend on the path chosen. O
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3.5.2 Conservation of energy

A force field that can be written as the gradient of a potential is called “conservative” for a
reason. The name comes from physics, as it is related to conservation of energy, as we now
see.
Let F be a force field in R?, and suppose that an object moves along a parametrized path
r(t) from t = a to t = b (let’s call this parametric curve «). By Newton’s law, we know that
d’r
F = m@,
where m is the mass of the object. From the discussion above, we see that the work done by
the force on the object is:

W:/F-dr
[
), di? dt

/b d (dr dr) it bdr d’r it

=m _— —_— . — —m —_— . — .

o dt \dt dt o dt dt?

We notice that the second integral on the last line is the same as the integral on the previous
line, so we end up with the statement that

o dt2 dt 2 ), dt \dt dt

My g2 My (2
=—|r'(b)]” — — .
")~ T (o)
Since r'(t) = v(t) is the velocity of the object, we recognize the expression Zt|r'(¢)|? as being
the kinetic energy of the object at the point parametrized by ¢ on its path C, which we will
denote by T'(t). Thus we conclude that the work is the difference in kinetic energy

W = T(b) — T(a)

between the kinetic energy T'(b) of the object at the ending point of the path and its kinetic
energy T'(a) at the starting point.

Now assume that F is a conservative force field. It can then be written as the gradient
of a potential. We now change our conventions (only for this section), to be consistent with
the physics literature, and introduce a minus sign. We write: F = —VV for some potential
function V. By the Fundamental Theorem of line integrals, the work can then be evaluated
as follows:

W:LF-dr
:—/abVV-dr
== (V(r(b)) -

) = V(r(a)).
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Comparing with our previous calculation of the work, we conclude that
T(b) —T(a) = =(V(r(b)) — V(r(a))),
or, rearranging,
)+ V(r(b) =T(a)+ V(r(a)).
This statement is the well known law of energy conservation in physics! Indeed, the potential
V' is interpreted as the potential energy, and the equality says that the total sum of the

object’s kinetic and potential energies remains constant as the object moves along the path.
This is why such forces are called “conservative”!

3.5.3 Exercises

1. The force exerted by an electric charge at the origin on a charged particle at a point
(z,y,2) € R is
K

(22 + 32 + 22)3/2
where K is a constant. Find the work done as the particle moves along a straight line
from (1,0,0) to (2,2,3).

Solution. We parametrize the line as « : [0,1] — R3 with «(t) = (1 +¢,2t,3t). The
tangent vector is T(¢) = (1,2, 3). The line integral thus becomes

F(z,y,2) = (z,y,2),

! 1
/aF = K/o (T+1)2+ (202 + (3)2)32

We do the substitution u = (14#)2+(2t)%+(3t)?, with du = 2 (1 + t) + 2(2t) + 3(3t)) dt,
and u(0) =1, u(1l) =444+ 9 = 17. The integral becomes

17
/F-dr—K/ w32 du
«@ 2 1

o+ (1= )

2.  True or False. A force field F(x,y, z) = k(x,y, z), with k any constant, does no work on
a particle that moves once around the unit circle in the zy-plane.

((1+1) +2(2t) + 3(3t)) dt.

Solution. This is true, since the force field is conservative, and the integral of a
conservative vector field around a closed curve is always zero. To show that the force
field is conservative, consider the potential f(z,y,z) = (2% + y? + 22). Then

Vf=kxy,z) =F.

While the above is a sufficient solution, let us compute the line integral for fun, to
see that we get zero indeed. We parametrize the circle as a : [0,27] — R3, a(t) =
(cost,sint,0), with tangent vector T(t) = (—sint, cost,0). The line integral becomes

27
/F-dr :k/ (—sintcost +sintcost + 0) dt
a 0

as expected.
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3. Find the work done by the force field F(z,y,2) = (#? + 3,2 + y,0) when moving an
object from (1,1,1) to (0,0,0).
Solution. The question does not specify the path taken between (1,1,1) and (0,0,0);
so we can only calculate the work if the force is conservative, in which case its line integral
does not depend on the path chosen.
. . . . 3 2
Fortunately, the force is conservative. Pick the potential f(z,y,2) = & + 2y + %
Then
Vf= (662 +y,:v+y,0) =F.

Then, using the Fundamental Theorem for line integrals, we calculate the work:

/F dr—/Vf dr

=£(0,0,0) — f(1,1,1)

I
3 2
__u
.

3.6 Poincare’s lemma for one-forms

We left one question unanswered: how do we determine whether a one-form is exact? How
do we know whether a vector field is conservative? With the Fundamental Theorem of line
integrals under our belts, we will be able to answer this question, which is known as Poincare’s
lemma.

Objectives
You should be able to:

o Show that a one-form defined on all of R? or R? is exact if and only if it is closed
(Poincare’s lemma). Understand the extension to simply connected domains.

¢ Rephrase Poincare’s lemma in terms of conservative vector fields.

e Use Poincare’s lemma to determine whether a one-form is exact or a vector field
conservative.

3.6.1 One-forms defined on all of R"

Recall the definition of closed one-forms from Definition 2.2.9 and Definition 2.2.14. We know
that exact one-forms are necessarily closed, see Lemma 2.2.10 and Lemma 2.2.15. But is the
converse statement true? Are closed one-forms necessarily exact? We know that this cannot
always be true, as we have already studied an example of a closed one-form that was not
exact (see Exercise 3.4.3.2). So when are closed forms necessarily exact?

This is an important question, because showing that a one-form is closed is much easier
than showing that it is exact: one only needs to calculate the partial derivatives of its
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cooordinate functions and show that they satisfy the requirements in Definition 2.2.9 and
Definition 2.2.14.)

It turns out that the answer to the question is fairly subtle. There is one simple case
however when the statement is always true: it is when the one-form is defined (and smooth,
by definition) on all of R™.

Theorem 3.6.1 Poincare’s lemma, version I. Let w be a one-form defined on all of R™.
Then w is exact if and only if w is closed.!

The corresponding statement in terms of the associated vector field F is that, if F is defined
and has continuous partial derivatives on all of R or R3, then F is conservative if and only
if it passes the screening test from Lemma 2.2.11 and Lemma 2.2.16. In the language that we
will introduce in Section 4.4, in the case of R? one can say that F is conservative if and only
if it is curl-free:

V xF =0.

Proof. The proof is rather interesting, and in fact constructive, as it provides a way of
calculating the function f such that w = df if w is closed. We will write the proof only for R?,
but a similar proof works in R™.

First, we notice that one direction of implication is clear: we already know from Lemma 2.2.10
that exact one-forms are closed. So all we need to show is the other direction of implication,
namely that closed one-forms are exact.

Assume that w = f(z,y) dx + g(z,y) dy is defined on all of R?, and that it is closed. From
Definition 2.2.9, this means that 8—5 %

Let us now construct a function ¢ as follows. We take our one-form w, and we integrate it
along a curve in R? which consists of, first, a horizontal line from the origin (0,0) to the point
(x0,0) for some fixed xy > 0, and then a vertical line from the point (¢, 0) to the point (xg, yo)
for some fixed yo > 0. This is a piecewise-parametric curve, but we can easily parametrize
each line segment. For the line segment from (0,0) to (xg,0), we use the parametrization
a1 : [0, 0] — R? with a1 (¢) = (¢,0), and for the second line segment from (x¢,0) to (zo,yo),
we use the parametrization ag : [0,90] — R? with as(t) = (w0,t). The pullbacks of the
one-form w are ajw = f(t,0) dt and ajw = g(zg,t) dt. We construct our new function as g as
the line integral of w along this curve:

q(xo,yo):/alw+/a2w:/0mof(t,0) dt—l—/oyog(xo,t) dt.

q is a function of (xg,yp). Now we rename the variables (xg,yp) to be (z,y), and extend the
function to all (x,%y) € R?, not just positive numbers, as the integrals on the right-hand-side
remain well defined. So we get the function

o(z,y) = /(ff(t,@) dt—l—/oyg(x,t) dt

defined on R?.
Our claim is that this new function ¢(z,y) is in fact the potential function for w, i.e.,
w = dq, which would of course show that w is exact. So let us compute dq. To do so, we need

gq and 8q First,
T

ay 8y/ft0dt+/ (x,t)
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:g(xa y)

where we used the Fundamental Theorem of Calculus part 1 for the second integral (recalling
that z is kept fixed when we evaluate the partial derivative with respect to y) and the fact
that the first integral does not depend on y at all. As for the partial derivative with respect
to z, we get:

o Y
3m 83:/ f(t,0) dt+6f/0 g(x,t) dt
=f(x,0) + / 99(= ) dt by FTC Part 1 for the first term

ox
y
f(z,0) +/ 8f (,) since 99(z,1) = 8f(3;,t)’ as w is closed,
ox ot
:f($70) + f(l',y) - f(lE,O)
=f(z,y).
Therefore,
dg =29 4w+ 2% 4y f(a,y) do+ gla,y) dy = w
q ax a y - b y g 9 y y - )
and we have shown that w is exact. Moreover, we found an explicit expression for the potential
function as a line integral of w. |

So we now have a clear criterion to determine whether a one-form on R” is exact: we
simply need to show that is closed. In terms of vector fields, all we have to do is show that it
passes the screening test.

Example 3.6.2 Closed forms are exact. Consider the example from Example 3.4.4. The
one-form was w = y?z dx + 2zyz dy + xy? dz, and we know that it is exact, as it can be
written as w = df for f(z,y,z) = xy?z. But suppose that we don’t know that. How can we
determine quickly whether it is exact or not?

First, we notice that w is well defined on all of R?. So to determine that it is exact, all
that we need to do is show that it is closed.

Let us write w = f1 dxr + fo dy + f3 dz. We calculate partial derivatives:

ay y Y 82 y Y az y7
and
o, O O,

The statement that w is closed is just that the partial derivatives in the first line are equal
to the partial derivatives in the second line, which is indeed true. Thus w is closed, and by
Poincare’s lemma we can conclude that it must be exact.

That doesn’t tell us how to find the potential function f though. To find f, we proceed as
usual. Let us do it here for completeness.

1To be precise, we only defined closeness for one-forms in R? and R? at this stage. But the statement holds
in R™ using the general definition of closed one-forms in Definition 4.6.1 -- see Theorem 4.6.4.
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We want to find a function f = f(z,y,2) such that df = g—g dr + % dy + %J; dz =
v’z dr + 2xyz dy + xy? dz. First, we want:

of _ .2,
or 7%

We can integrate the partial derivative -- the “constant of integration” here will be any function
9(y, z) that is independent of x. Thus we get:

f= / y2z dx + g(y, 2) = zy’z + g(y, 2).
0

Next, we want

af 5

— = 2xyz.

oy Y
Using the fact that f = zy%z + g(y, 2), this equation reads

0 0
2zyz + 575 = 2zyz & a—g =0.
Integrating, we get:
g(yvz) = h(Z),

where h(z) is a function of z alone. Putting this together, we have f = 23?2 + h(z). Finally,
we must satisfy the remaining equation:

o,
0z '

Using the fact that f = zy?z + h(z), this becomes

dh dh
zy? + — = xy? = — =0 & h=C,
dz dz
for some constant C. As we are only interested in one function f such that df = w, we can set
the constant C' = 0. We obtain that w = df with f(x,y, 2) = zy%2, as stated in Example 3.4.4.
O

In fact, we can go a little further and state the following theorem, which gives equivalent
formulations of what it means for a one-form to be exact (or a vector field to be conservative)
on all of R™.
Theorem 3.6.3 Equivalent formulations of exactness on R". Let w be a one-form
defined on all of R™, and F its associated vector field. Then the following statements are
equivalent:

1. w is exact (F is conservative).
2. w is closed (F passes the screening test).
3. The line integral [, w =0 for any closed parametric curve o.

4. Line integrals of w are path independent.
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In other words, if one of these statements is true, then all four statements are true.

Proof. We want to prove equivalence of the four statements. To do so, it is sufficient to prove
that (1) = (2), (2) = (3), (3) = (4), and (4) = (1). We will write a proof only for R2.

(1) = (2). All exact one-forms are closed, see Lemma 2.2.10.

(2) = (3). By Poincare’s lemma, Theorem 3.6.1, we know that closed one-forms defined on
all of R™ are exact, so (1) < (2). We also know that if w is exact, then its line integral along
closed curves always vanishes: this is Corollary 3.4.3, which follows from the Fundamental
Theorem of line integrals. So (2) = (3).

(3) = (4). This follows from Exercise 3.4.3.5. Indeed, suppose that Py is on the closed
curve that you are integrating along. Pick P, = Py. Then we know that the line integral of
w is path independent for all curves starting at Py and ending at P; = Py, since by (3) the
line integrals all vanish. It then follows from Exercise 3.4.3.5 that the line integrals are path
independent everywhere, which is (4).

(4) = (1). For this one we need to do a bit more work. We want to show that if the line
integrals of w = f dx + ¢g dy are path independent, then w is exact. We proceed like in the
proof of Theorem 3.6.1. First, consider a curve C'; which consists in a horizontal line from
(0,0) to a fixed point (xp,0), and then a vertical line from (z, 0) to a fixed point (z¢, yo), with
To,yo > 0. We parametrize it by aj : [0,29] — R? with a1(¢) = (¢,0), and as : [0, yo] — R?
with aa(t) = (x0,t). The pullbacks are ajw = f(¢,0) dt, ajw = g(xo,t) dt. The line integral

then reads
q(o, yo) /w—/ f(t,0) dt+/ g(xo,t

Next, we consider a second curve Co which consists in a vertical line from (0,0) to (0,yo),
and then a horizontal line from (0,yo) to (zo, o). A parametrization is 81 : [0, yo] — R? with
B1(t) = (0,t), and B : [0, 9] — R? with Ba(t) = (t,v0). The pullbacks are Sjw = g(0,t) dt,
and f5w = f(t,yo) dt. The line integral reads

(0, Y0) /w—/ Otdt+/ ft,y) d

Note that the two curves C; and C; start at (0,0) and end at the same point (xo,yo). Since
by (4) we know that the line integrals are path independent, we know that

q(z0,y0) = p(wo, Yo)-

As in the proof of Theorem 3.6.1, we then rename the variables (zg,y9) — (z,y) and extend
the domain of definition of the function ¢(z,y) = p(z,y) to all (z,y) € R?, since the integrals
on the right-hand-side remain well defined.

Since q(z,y) = p(z,y), the partial derivatives of ¢ and p are also equal. In particular,

dq 0

Y
o= ay/O g(x,t) dt = g(x, y),

and
dq  Op

Y / fty) dt = f(z,y),
where in both cases we used FTC part 1. We conclude that

dq:—xdwr—ydy—f(:v y) de+g(z,y) dy = w,
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and hence w is exact, which is (1). [ |

3.6.2 One-forms on simply connected subsets of R"

Going back to Poincare’s lemma, the proof of Theorem 3.6.1 relied on the fact that we could
take x and y to be any two real numbers, which was possible because w was assumed to be a
(smooth) one-form on all of R2. But if the one-form is defined on an open subset U C R?,
does the proof still work? The answer is: not always. For instance, it would work if U is an
open rectangle in R?; however, it wouldn’t work if U is R?\ {(0,0)}, that is R? minus the
origin.

In other words, it isn’t always true that closed one-forms are exact. The precise statement
is that it is true if w is a one-form defined on an open subset U C R that is “simply connected”.
What does this mean?

We say that a set U is path connected if any two points can be connected by a path (or
a parametric curve). In other words, the set contains only one piece. Then, we say that it is
simply connected if it is path connected, with the extra property that any simple closed
curve (loop) in U can be continuously contracted to a point. Intuitively, a simply connected
region in R? consists of only one piece and has no holes.

For instance, open rectangles and open disks in R? are simply connected. However, if you
consider U = R? \ {(0,0)}, while it is path connected as you can connect any two points by
a path, it is not simply connected, since loops around the origin cannot be contracted to a
point within U (there is a hole at the origin).

We will state the more general Poincare’s lemma here for completeness, but without a
proof, as it would go beyond the scope of this course.

Theorem 3.6.4 Poincare’s lemma, version II. Let w be a one-form defined on an open
subset U C R™ that is simply connected. Then w is exact if and only if it is closed.

Example 3.6.5 An example of a closed one-form that is not exact. We saw in
Example 2.2.13 an example of a one-form that is closed but not exact. The one-form was

y x
= — d"L‘
g Ty

dy.

We showed that it is closed. But we also showed in Exercise 3.4.3.2 that it is not exact,
since its line integral around a closed curve is non-vanishing. Does that contradict Poincare’s
lemma? No. The reason is that w is not defined on all of R%. Indeed, its coefficient functions
are only defined for (z,y) € R?\ {(0,0)}, as at the origin one would be dividing by zero. As
(z,y) € R?\ {(0,0)} is not simply connected, Poincare’s lemma does not apply. O

3.6.3 Exercises
1. Determine whether the one-form w = y?e™ dx + (1 + xy)e®™ dy is exact. If it is, find a
function f such that w = df.

Solution. First, we notice that the component functions are smooth on R?, so we know
that w is exact if and only if it is closed. We calculate the partial derivatives of the
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component functions:

2 zy

o o
5, Woe™) = 2ye™ + zy?e™ — (1 +zy)e™) = ye™ + y(1 + zy)e™
y

ox

We see that the two expressions are equal. Thus w is closed, and hence it is also exact.
We are looking for a function f such that

f dz + o1 dy = y*e™ dx + (1 + zy)e™ dy.

daf = 3y

Integrating the partial derivative in x, we get
f=ye™ +9(y).
Substituting in the partial derivative for y, we get
e+ aye™ + ¢'(y) = (14 zy)e™

from which we conclude that ¢’(y) = 0, i.e. g(y) = C, which we set to zero. We thus
have found a function f such that w = df:

fz,y) = ye™
2. Determine whether the field F(z,y) = (e® + ¥, ze¥ + x) is conservative. If it is, find a
potential function.

Solution. The component functions are smooth on R?, so the vector field is conservative
if and only if it passes the screening test. We calculate the partial derivatives:

;y(equey):ey, %(:Uey+1:):ey+l.

As these two expressions are not equal, we conclude that the vector field is not conservative
on R?.

3. Determine whether or not the following sets are (a) open, (b) path connected, and (c)
simply connected:

(a) S={(z,y) eR* | y >0}
(b) U ={(z,y) eR?| (z,y) # (1,1)}
(¢) T={(z,y) e R? | y # 0}
(d) The unit circle in R?
(e) The unit sphere in R3

)

(f) V =R\ {(0,0,0)}

Solution. Recall that a set is open if for all points in the set, there is an open ball
centered at that point that lies within the set. It is path connected if any two points in
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the set can be connected by a path. It is simply connected if it is path connected, and
all closed curves can be contracted to a point within the set.

(a)

S consists in the upper half of the zy-plane, including the z-axis. First, it is not
open, since any point on the z-axis cannot be the centre of an open disk within S
(as points below the z-axis are not in S). It is however path connected, as any two
points can be connected by a path, and it is simply connected, as all closed curves
can be contracted to a point within 5.

U is the zy-plane minus the point (1,1). It is certainly open and path connected,
but it is not simply connected as any closed curve surrounding (1,1) cannot be
contracted to a point in U (as there is a hole at (1,1)).

T is the zy-plane with the z-axis removed. It is an open set. However, it is not
path connected, since two points on both sides of the z-axis cannot be connected
by a path within 7T". It then follows that it is also not simply connected.

The unit circle in R?, i.e. the solutions to the equation z? + 3% = 1, is not open
in R2. Indeed, there is no point on the unit circle that can be surrounded by an
open disk within the circle itself (note that we are considering only the circle itself
here, not the disk). It is path connected, as you can connect any two points on the
circle by a path on the circle (the arc between the two points). But it is not simply
connected, as the circle itself (which is a closed loop) cannot be contracted to a
point (recall that the interior of the circle is not part of our set).

The unit sphere in R? is not open, just as for the circle in R?. It is path connected,
and in this case it is also simply connected, as all closed loops on the sphere can be
contracted to a point within the sphere.

V is R3 minus the origin. It is certainly open, as we are just removing one point
from R3, and it is path connected, as any two points can be connected by a path
within the set V. Is it also simply connected? The answer is yes, it is simply
connected. Indeed, pick any closed curve within V'; you can always contract it
to a point in V. The hole at the origin does not create any issue here, because
we are in R?; informally, the point is that even if you pick, say, a closed curve in
the xy-plane that surrounds the origin, then you can still contract it to a point
within the set V', since you can move up in the z-direction while you contract (you
don’t have to stick to the xy-plane in the contraction process, as V' is a subset in
R?). The upshot here is that it’s important to keep in mind that the interpretation
of simply-connectedness as meaning “no holes” is only true in R?. For instance,
in R3, you can convince yourself that the requirement that all closed curves can
be contracted to a point within the set could instead be interpreted as meaning
that there are no “missing lines” in the set. Ultimately, it is easier to just use the
definition of simply connectedness, i.e. that the set is path connected and that all
closed curves can be contracted to a point within the set, to check whether a set is
simply connected.
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4. Consider the one-form w = 2% dx — Z—; dy on the open subset U = {(z,y) € R? | y < 0}.
Determine whether w is exact, and if it is find a function f such that w = df.

Solution. Since we are restricting to y < 0, we can replace |y| = —y. The one-form is

then

1.2

f,u:—2E dr — — dy.
Yy Yy

Since U is simply connected, Poincare’s lemma applies. We calculate partial derivatives:

9 <_2w> L <_$2> _ o7

Iy \ 'y y? Oz \ y? y?
As the two expressions are not equal, we conclude that w is not closed on U, and thus it
cannot be exact.

We remark here that the choice of U was very important. If we had instead defined
the one-form on the open subset V = {(z,y) € R? | y > 0}, then we would have obtained
a different result! Indeed, on V', |y| = y. It then follows that w is closed, and since
Poincare’s lemma applies as V is simply connected, it is also exact on V. Indeed, one
can check that w = df with f(x,y) = %2 onV.

In fact, the largest domain of definition for w would be U UV, i.e. the set {(x,y) €
R? | y # 0}. However, this is not a simply connected set, so we cannot apply Poincare’s

lemma. In any case, w is not exact on this larger set, as it cannot be written as w = df

onallof UUV.



Chapter 4

k-forms

In this section we go beyond one-forms and introduce the general theory of differential forms,
with a focus on R3.

4.1 Differential forms revisited: an algebraic approach

Now that we are familiar with one-forms, we take a step back, and revisit the definition. We
introduce a more algebraic approach to one-forms, which will allow us to generalize it and
introduce the concept of k-forms.

Objectives
You should be able to:

¢ Define basic one-forms as linear maps, and basic two- and three-forms as multilinear
maps.

e Define k-forms in R3.

Prove the antisymmetry propeties of basic k-forms.

Relate two-forms to vector fields.

4.1.1 An algebraic approach to one-forms

When we introduced one-forms in Definition 2.1.1, we said that the objects dz,dy and dz
could be understood a placeholders. We paused briefly in Remark 2.2.4 to relate these objects
to the differentials of “projection functions” on R3, but this wasn’t entirely satisfactory. Now
we go back and give a more rigorous definition of what these objects stand for.

Definition 4.1.1 The basic one-forms. The basic one-form dx;, with i € {1,...,n}, is
a linear map dz; : R” — R which takes a vector u = (uy,...,u,) € R™ and projects it onto
the x;-axis:
dzi(uy, ..., up) = u;.
O

65
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Remark 4.1.2 When we are working on R3, it is customary to write (z,v, 2) for (21, x2,3),
and we write the basic one-forms as dz, dy, and dz (instead of dz1,dze and dx3).

This gives a rigorous meaning of these placeholders. Using this definition, we can write a
general linear map M : R? — R as

M=Adx+ Bdy+C dz,

where A, B,C € R are just constants. In other words, it is an arbitrary linear combination
of the three projection operators. In general, given an abstract vector space V', the set of
linear maps M : V — R forms a vector space itself, which is called the “dual vector space”
and denoted by V* (see for instance https://en.wikipedia.org/wiki/Dual_space).

Let us now look back at the definition of one-forms in Definition 2.1.1, focusing on R? for
simplicity. A (differential) one-form was defined as a linear combination of basic one-forms
with coefficients that are smooth functions on an open subset U C R3. That is, we can write
a one-form as:

w=fdr+gdy+hdz,

for smooth functions f,g,h : U — R. With our new understanding of the placeholders
dx,dy,dz, we can make sense of this object. For any point P € U, the one-form w defines a
linear map R? — R (or equivalently an element of the vector space dual to R?). This is the
dual concept to vector fields: a vector field is a rule that assigns to all points on U a vector in
R3, while a one-form is a rule that assigns to all points on U a linear map R3 — R (that is, a
“dual vector”). Nice!

4.1.2 Basic k-forms

This algebraic understanding of the basic one-forms as linear maps allows us to define a
natural generalization. Instead of looking only at linear maps R™ — R, we now also define
multilinear maps R” x R” — R, and R” x R” x R” — R, and so on. The definition relies on
the determinant.

Definition 4.1.3 Basic two-forms. The basic two-form dz; Adzx;, for i,j € {1,...,n}is
a multilinear map! dz; A dz;j : R" x R™ — R which takes two vectors (u,v) € R" x R", with
u= (u1,...,u,) and v = (v1,...,v,), and maps them to the following determinant:

dz; A dxj(u,v) = det <u2 Ui) .

uj  Yj

In the same way we can define the notion of basic three-forms.
Definition 4.1.4 Basic three-forms. The basic three-form dx; A dx; A dxy, for
i,7,k € {1,...,n} is a multilinear map dx; A dz; A dzry : R" x R® x R” — R which takes
three vectors (u,v,w) € R” x R" x R", with u = (uy,...,u,) and v = (v1,...,v,), and

! A multilinear map is a function of several variables that is linear separately in each variable.
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w = (wy,...,wy), and maps them to the following determinant:

Ui Uy W
dz; Ndxj Ndrp(u,v,w) =det | u; v; w;
U UV Wk

¢

We wrote the definition of basic one-, two-, and three-forms explicitly for clarity, but in
fact they are just special cases of the more general definition of basic k-forms. We now define
basic k-forms, for completeness, but don’t worry if the notation is confusing you: as we will
see, in R? all basic k-forms with k& > 4 automatically vanish, so the above definitions are
sufficient.

Definition 4.1.5 Basic k-forms. The basic k-form dx;, A ... Adx;,, with i1,...,7; €

{1,...,n}, is a multilinear map dz;, A ... A dz;, : (R")* — R which takes k vectors
(ul,...,u*) € (R")* with w/ = (u},...,u), and maps them to the following determinant:
1 k
uil .. ull

drgy A ... Adzg, (ub,. .. u®) = det

¢

It looks like there are many possibilities here, but many of them either vanish or are related

to each other. More precisely, basic k-forms satisfy the following antisymmetry relations,
which significantly reduce the number of non-zero basic forms R3.

Lemma 4.1.6 Antisymmetry of basic k-forms. The basic two-forms satisfy the following
properties. For any i,j € {1,...,n},
dx; N\ d.’E]’ = *d:Ej A dx;.
In particular,
dx; ANdx; =0, ie{l,...,n}.

Similarly, the basic k-forms pick a sign whenever we exchange the order of two of the dx;’s,
and vanish if two of the dx;’s are the same.

It follows that the only non-vanishing basic k-forms in R™ are for 1 < k < n. In particular,
in R3 we only have basic one-, two-, and three-forms. The independent basic two-forms in R3
are (using the x,y, z notation for R3):

dy N dz, dz A\ dzx, dx N dy,
and the only independent basic three-form in R3 is

dx ANdy A dz.

Proof. This follows directly from the property of the determinant. If we exchange a dx; with
dx;, we exchange two rows in the matrix that we take the determinant of, and hence the
determinant picks a sign. Similarly, if two of the dx;’s are the same, then the matrix that we
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take the determinant of has two equal rows, and hence the determinant is zero. |

Remark 4.1.7 We note here that the basic k-forms can be given a geometric interpretation.
We focus on R3 for simplicity. It’s easier to start with the basic three-form in R?. The three
vectors u,v and w in R3 span a three-dimensional parallelepiped. Then the basic three-
form dz A dy A dz(u, v, w) calculates its oriented volume, since this is what the determinant
calculates.

As for the basic two-forms, the two vector u and v in R? span a parallelogram. The basic
two-form dx A dy(u, v) calculates the oriented area of its projection on the xy-plane, while
the two-forms dz A dz(u,v) and dy A dz(u, v) calculate the oriented area of its projection on
the xz- and yz-planes respectively.

4.1.3 k-forms in R3

We are now ready to introduce the concept of k-forms, with k € {0,1,2,3}, in R3, which
naturally generalizes the one-forms introduced in Definition 2.1.1.

Definition 4.1.8 k-forms in R3. Let U C R3 be an open subset.
1. A zero-form is a smooth function f: U — R.

2. A one-form is an expression of the form
fdr+gdy+hdz,
for smooth functions f,g,h: U — R.

3. A two-form is an expression of the form
fdyndz+gdzANdx+ h de A\ dy,

for smooth functions f,g,h: U — R.

4. A three-form is an expression of the form
fdxNdy Ndz,

for a smooth function f: U — R.

O

Of course there is no point in defining k-forms with k& > 4 in R3, as those would necessarily
vanish, by Lemma 4.1.6. But we note that this definition of k-forms can naturally be
generalized to R™ using the general definition of basic k-forms in Definition 4.1.5.

Remark 4.1.9 Our definition of two- and three-forms involves a specific choice of basic two-
and three-forms. For instance, we used dx A dy A dz instead of dz A dz A dy. When we express
the differential forms with the choice of basic form in Definition 4.1.8, we say that the k-forms
are in standard form. We generally want to present differential forms in standard form, to
simplify things.

With this being said, you may wonder why we chose this particular choice of ordering for
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the basic two-forms, i.e. why we wrote
fdyndz+gdzNdx+hdxNdy

instead of, say,
fdeNdy+gdeNdz+ hdyNdz.

The reason behind this choice will become clear in the next section, when we relate the wedge
product of differential forms to the cross-product of vector fields.

An easy way to remember this choice of ordering is to rename in your head (z,y, z) —
(z1,x2,23), and to denote the component functions by fi, fa, f3. Then the proper choice of
ordering is

fidxzo A dzs + fodxs A dry + fadry A dao,

which runs through the three cyclic permutations of (1,2, 3)), namely (1,2, 3),(2,3,1) and
(37 17 2).

Remark 4.1.10 Using the algebraic interpretation of the basic one-, two-, and three-forms
in the previous subsections, we can give a geometric meaning to k-forms: a 0-form assigns a
number to all points in U, while a k-form (with k& > 1) assigns a multilinear map (R*)* — R
to all points in U. In other words, if we act on a given set of vectors, a k-form assigns a
notion of k-dimensional oriented volume for the corresponding projection of the k-dimensional
parallepiped generated by the k vectors.

4.1.4 k-forms and vector calculus

As has become customary, we end this section by relating our construction in the world of
differential forms to the traditional concepts in vector calculus. In Principle 2.1.3, we saw that
we can naturally associate to a one-form a corresponding vector field. This correspondence
can be generalized to k-forms in R3. We get the following table, which provides a dictionary
between differentials forms in R? and vector calculus concepts. Note that to establish the
dictionary, we write the k-forms on the left-hand-side of the table in standard form (see
Remark 4.1.9).

Table 4.1.11 Dictionary between k-forms in R? and vector calculus concepts

Differential form concept Vector calculus concept
O0-form f function f

l-form fdr+gdy+hdz vector field (f,g,h)
2-form fdyAdz+gdzANdx+ hdzAdy | vector field (f,g,h)
3-form f dx AdyAdz function f

4.1.5 Exercises

1. Show that dz Adx Ady = dz Ady A dz.
Solution. We know that dz Adx = —dx Adz, and dz Ady = —dy Adz. So we can write

dzNdx Ndy = —dz ANdz Ndy =dx Ndy Ndz.
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2. List the independent non-vanishing basic k-forms in R%.

Solution. Because of anti-symmetry, we know that the only non-vanishing basic k-forms
in R* are for k < 4. Let us write the basic one-forms by

d.%l, de, d$3, dl’4.

Then the basic two-forms are obtained by pairing those two-by-two, up to anti-symmetry.
We get the basic two-forms:

dx1 N dxo, dxr1 N dzrs, dx1 A dxy, dxo N dzs, dxro N dxy, dxg A dxy.

For the basic three-forms, we pair the one-forms three-by-three, without repeated factors
(otherwise they would vanish). We get:

dx1 A dxo A dxsg, dxi1 A dxo A dxy, dri1 N dxg N\ dzxyg, dro N dxg N\ dzy.

Finally, there is only one independent basic four-form, since there cannot be repeated
dz; factors. (There is always only one independent basic “top-form”, i.e. basic n-form in

R™ ). It reads:
dx1 A dxo Adxg A dxy.

3.  Write down the vector field F : R? — R? associated to the two-form

w=zy dx Ady+ zyz de A dz + z?dy A dz.

Solution. Before we extract the vector field we need to make sure that we write the
one-form in the correct form according to the dictionary Table 4.1.11. We have:

w=2%dy ANdz — zyz dz A dx + zy dz A dy.
Then the associated vector field is:

F(ZL‘, Y, Z) = (127 —XYz, l'y)

4. Let w = dx A dz be a basic two-form on R?, and u = (1,2,3) and v = (3,2, 1) be vectors
in R3. Evaluate
w(u,v).

Solution. By definition of a basic two-form (and recalling that we use the standard
notation here that dx A dz = dzq A dxs), we have:

dx N dz(u,v) = det <u1 Ul) .
uz v3

Substituting the entries for the vectors u and v, we get:

dx A dz(u,v) = det <; ?) =1-9=-8.
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5. Let w = dx Ady A dz be the basic three-form on R3.

(a) Show that w(u,v,w) =1, with u = (1,0,0), v = (0,1,0) and w = (0,0, 1) basis
vectors in R3.

(b) Show that w(v,u,w) = —1.

(c) In general, show that there are three choices of ordering of the basis vectors for
which w evaluates to 1, and three choices for which it evaluates to —1.

Solution. (a) By definition of a basic three-form, we get:

1
dx Ndy N dz(u,v,w) =det | 0
0

S = O

0

0| =1.
1

(b) We changed the ordering of the basis vectors here. We get:

dx Ndy A dz(v,u,w) = det

O = O
S O =

0
0] =-1.
1

(c) In general, it is easy to see that the following three orderings give 1:
dx Ndy Ndz(u,v,w) =dx ANdy Ndz(w,u,v) =dz Ady ANdz(v,w,u) =1,
while the following three orderings give —1:
dx Ndy Ndz(v,u,w) =dx Ady ANdz(w,v,u) =dz Ady Adz(u,w,v) = —1.

The reason is that whenever we permute two basis vectors, we exchange two columns in
the matrix that we are taking the determinant of. But we know from properties of the
determinant that swapping two columns of matrix changes its detereminant by —1. So
we conclude that doing an even number of two-by-two swaps of basis vectors does not
change the determinant, while doing an odd numbers of two-by-two swaps changes the
determinant by —1.

FYI: in the language of group theory, the group of permutations of three objects
is called the “symmetric group” Ss, whose elements are the permutations. We call a
permutation that is a swap of two objects a “transposition”. All permutations can be
obtained by doing a finite number of transpositions (i.e. by swapping objects two-by-two
a finite number of time). We define the “sign” of a permutation as being positive if
the permutation can be obtained by an even number of transpositions, and negative if it
requires an odd number of transpositions. The statement above would then be that the
determinant is unchanged if the basis vectors are related by a positive permutation, and
picks a sign if they are related by a negative permutation.
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4.2 Multiplying k-forms: the wedge product

With the introduction of k-forms we can now introduce a new operation: we can multiply
differential forms. This operation is called the “wedge product”, which is what we study in
this section.

Objectives
You should be able to:

o Determine the wedge product of two k-forms in R3.

¢ Relate the wedge product of two one-forms to the cross-product of the associated vector
fields, and the wedge product of a one-form and a two-form to the dot product of the
associated vector fields.

o State and use general properties of the wedge product for k-forms.

4.2.1 Multiplying k-forms: the wedge product

When we introduced one-forms in Section 2.1, we explained how we can add two one-forms
to get another one-form, and how we can multiply a one-form by a function to get another
one-form. Let us first state that the addition property obviously holds for two- and three-forms
as well: the sum of two two-forms is a two-form, and the sum of two three-forms is a three-form.
Note that it doesn’t really make sense to add a one-form with a two-form, etc.

When we introduced one-forms we did not however talk about multiplying two one-forms
together. To do this, we need the full theory of k-forms, as multiplying two one-forms will
give us a two-form. The operation of multiplying k-forms is called the “wedge product”, and
denoted by A, to which we now turn to.

Definition 4.2.1 The wedge product. Consider a simple k-form w and a simple m-form
1 on an open subset U C R"™ of the form:

w=fdx;y N...Ndx;,, n=gdrj N...\Ndx;,,

for smooth functions f,g : U — R. Then the wedge product w A7 is a (k + m)-form defined
by:
W/\’I?:fg dl‘il /\.../\dl‘ik /\dﬂ?jl /\.../\da:jm.

Note that the order is important here on the right, since we know that exchanging two dx;’s
will pick a sign, by the definition of basic forms.
The wedge product of arbitrary k- and m-forms is then defined by linearity, i.e. by
distributing the wedge product term by term in the expression of the forms as sums of terms.
O
This definition looks complicated, but in the end it is fairly simple. It is easier to understand
it by working through some examples.

Example 4.2.2 The wedge product of two one-forms. Consider the wedge product of
the two one-forms w = x dx + = dy + €* dz and n = y dx + = dy + z dz on R3. By definition,
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the result is the two-form given by:

wAn=(zdxr+zdy+e* dz)A(ydx+x dy+ z dz)
=y do Ndx + 22 de AN dy + zz de A dz + zy dy A de + 22dy A dy + 2z dy A dz
+ye® dz Ndx + xe® dz Ndy + ze* dz AN dz
=(xz — ze®)dy A dz + (—x2 + ye*)dz A dx + (2 — xy) dz A dy,

where in the last line we used the fact that de Adr =dy ANdy = dz Adz =0 and dx A dy =
—dy Ndx, dx Ndz = —dz Ndx, and dy A dz = —dz A dy. O

Example 4.2.3 The wedge product of a one-form and a two-form. Consider the
wedge product of the one-form w = 2y dx + y dy and the two-form 7 = z dy A dz on R3. The
result is the three-form:

wAn=(xy dr+ydy) A (z dy Adz)
=xyz de Ndy Ndz +yz dy Ndy AN dz
=zyz dx Ndy N dz,

where we used the fact that dy A dy A dz = 0 since it has repeated factors. U

Example 4.2.4 The wedge product of a zero-form and a k-form. The wedge product
with a zero-form is just a standard product, since a zero-form is just a function. For instance,
given the zero-form f = x and the two-form w = ydy A dz on R3, the wedge product is the
two-form:

fAw=2xydyANdz.

We usually write fw, without the A symbol, when we multiply with a zero-form, since it is
just a function.

Note that this generalizes the statement that a one-form mutiplied by a function is another
one-form; this is also true for a two-form and a three-form. O

Remark 4.2.5 These examples pretty much exhaust the possible non-zero wedge products in
R3. Indeed, since we know that k-forms with k& > 4 necessarily vanish in R3, this means that
the only possible non-zero wedge products are:

o A zero-form (i.e. a function) with a k-form, with k£ € {0, 1, 2, 3};
¢ A one-form with a one-form, which gives a two-form;
e A one-form with a two-form, which gives a three-form.

All other wedge products will necessarily vanish.

Now that we are familiar with the wedge product, a natural question is whether it is
“commutative”. Pick two differential forms w and 7. Is w A 1 equal to n A w? The answer is
no, not quite! The precise statement is the following lemma.

Lemma 4.2.6 Comparing w A7 to n Aw. Let w be a k-form and n be an m-form. Then
wAn= (=" Aw.

In other words:
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e If either k or m is even, then w An =nAw, and the wedge product is commutative.
e If both k and m are odd, then wAn = —nAw, and the wedge product is anti-commutative.

In particular, if w is a k-form with k odd, then w A w = 0.
Proof. This statement follows from the fact that exchanging two dz;’s in a basic form picks a
sign. More precisely, let us first assume that w and n take the simple forms:
w=fdxy A...dz;, n=gdxr; A...\Ndxj,.
Then
wAn=fg (de;, N...dxg,) A (dxj, Ao ANdxj,,),

while
nAw=fg (dej N...Ndxj,) N (deg, A...odxg,) .

To relate the second expression to the first, we need to move the dz;’s to the left of the dx;’s.
We first move dx;, to the left. Each time we pass a dx;, we pick a sign. So in the end we get:

nAw= fg(=1)" dx;; A (dzj, N...Ndxj,) A (dzi, A .. dxg,) .

We do the same thing with dx;,, moving it pass all the dz;’s, and so on all the way to dx;, .
The final result is

nAw=fg(=1)F™ da;) A odxg, A (dzj A ... Adxg,)
=(=1)kmw A .

Finally, the statement is proved for general differential forms by doing this manipulation term
by term after distributing the wedge product. |

4.2.2 The wedge product and vector calculus

In Table 4.1.11 we established a dictionary between differential forms in R? and vector calculus
concepts. We can extend this dictionary to understand the concept of wedge product in vector
calculus.

As we saw, there are really only three types of non-zero wedge products in R3:

1. The wedge product of a zero-form with a k-form with k& € {0, 1,2, 3};
2. A one-form with a one-form;

3. A one-form with a two-form.

Let us now translate each of those operations in the language of vector calculus.

First, multiplying a zero-form by a k-form is just multiplying the k-form by a function.
So the same is true in vector calculus: we multiply the corresponding vector field or function
by a function. No big deal.

Multiplying two one-forms is interesting though. Let w = fidx + fo dy + f3 dz and
n = g1 dx + g2 dy + g3 dz. Then the wedge product is

wAN = (fagz — fag2)dy N dz + (fag1 — fig3)dz A dx + (fig2 — fag1)dz A dy.
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In terms of the associated vector fields

F:(flaf2uf3)a G:(glng)g?))v

what we are doing is constructing a new vector field, let’s call it H for the time being,
associated to w A7, with component functions given by (according to the dictionary established
in Table 4.1.11 for relating a two-form to a vector field):

H = (fog3 — f392, f391 — f193, f192 — fa91) .

What is this vector field? It is nothing but the cross-product of the vector fields F and G!
Indeed,

F x G = (f293 — f392, f391 — f193, f192 — fag1) .
Therefore, we end up with the following statement:

Lemma 4.2.7 The wedge product of two one-forms is the cross-product of the
associated vector fields. If w and n are two one-forms on U C R3, with associated vector
fields F and G, then the vector field associated to the two-form w A n via the dictionary in
Table 4.1.11 is the cross-product F x G.

Finally, we consider the wedge product of a one-form and a two-form. Let w = f; dx +
fody+ f3dzand n= g1 dy ANdz+ g2 dz A dxz + g3 dz A dy. Then the wedge product is the
three-form:

wAn=(fig1 + fag2 + f393) dx Ndy A dz.

According to the dictionary in Table 4.1.11, we thus conclude that the function associated
to the three-form w A 7 is nothing but the dot product of the two vector fields F and G
associated to w and n respectively:

F -G = figi + fag2 + f393.

Neat! So we get the following result:

Lemma 4.2.8 The wedge product of a one-form and a two-form is the dot product
of the associated vector fields. If w is a one-form and n a two-form on U C R3, with
associated vector fields F and G via the dictionary in Table 4.1.11, then the function associated
to the three-form w A n is the dot product F - G.

These two lemmas justify the ordering in the definition of two-form mentioned in Re-
mark 4.1.9.

We can summarize the dictionary between the wedge product and vector products in the
following two tables:

Table 4.2.9 Dictionary between the wedge product of two one-forms in R? and
vector calculus concepts

Differential form concept | Vector calculus concept

1-form w vector field F
1-form 7 vector field G
2-form wAn vector field F x G
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Table 4.2.10 Dictionary between the wedge product of a one-form and a two-form
in R? and vector calculus concepts

Differential form concept | Vector calculus concept
1-form w vector field F

2-form 7 vector field G

3-form wAn vector field F -G

4.2.3 Exercises

1.

Let w=¢€* dr +y dz and n = zy dz + 2z dy + y dz. Find w A n, and write your result in
standard form.

Solution. We find (using the fact that dz A dx = dy A dy = dz A dz = 0):

wAn=(€"dr+ydz)\(zy de + z dy +y dz)
=ze” dx A dy + ye® dr A dz + zy? dz Adx +yz dz A dy
= —yz dy Adz + (zy® — ye®) dz Adx + ze® dx A dy.

Let w=axdyAdz+y dzNdx+zdx ANdy and n =2 dx +y dy + z dz. Find w A n, and
write your result in standard form.

Solution. We find (using the fact that any wedge product with two repeated dzx, dy or
dz is zero):

wAn=(@dyNdz+ydzANde+zdxNdy) A (x de+ydy+zdz)
=22 dy Ndz Adx +y? dz ANdx Ady + 22 doe Ady A dz
:(gg2+y2—|—22) dx Ndy A dz,

where we used the fact that dy A dz Adx = dz Adx Ady = dx Ady N dz.

Let w = f1 dz + f2 dy and = g1 dx + g2 dy be one-forms on R?, with associated vector
fields F = (f1, f2) and G = (g1, g2). Show that

w A n=det oo dx N dy.
2 g2

Solution. Let w = f; dx + fo dy, and n = g1 dx + g2 dy. The associated vector fields
are F = (f1, f2), G = (g1, 92). We calculate the wedge product:

wAn=(f1 de+ fo dy) A (91 dz + g2 dy)
=f192 dx N dy + fag1 dy A dx
=(f192 — fag1)dx A dy

=det <f1 gl) dx A dy.
f2 g2

We note that this determinant could be taken as a “definition” of what “cross-product”
of vector fields means in R2. Note that the result however is a function, not a vector
field. From the point of view of differential forms, we could define the “cross-product” of
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vector fields in R™ as follows: take two one-forms w and 1 on R", with associated vector
fields F and G. We would define the “cross-product” of the vector fields as being given
by the two-form w A 1 in R™. Note that only on R? can we associate to the result a new
vector field (this is because of Hodge duality between one-forms and two-forms in R3,
see Section 4.8). For instance, in R* a two-form has 6 component functions (there are 6
independent non-vanishing basic two-forms in R*), so it cannot be associated to a vector
field.

4. Let w = f dx+ g dy + h dz be an arbitrary one-form on R3. By doing an explicit
calculation, show that w A w = 0.

Solution. We find:

wAw=(fdex+gdy+hdz)\(f de+gdy+ h dz)
=fgdeNdy+ fhdxANdz+ gf dy Ndx + gh dy Ndz+ hf dz ANdx + hg dz N\ dy
=(gh — hg) dy Ndz+ (hf — fh) dz Ndx + (fg — gf) dx A dy.

Since functions commute with each other, i.e. gh = hg, hf = fh, fg = gf, we conclude
that w Aw = 0.

5. Find the cross-product of the vectors F = (1,1,0) and G = (0,2, 3) in R by computing
the wedge product of the associated one-forms.

Solution. The one-forms associated to F and G are w = dz + dy and n = 2dy + 3dz.
We calculate the wedge product:

wAn=(dx+ dy) A (2dy + 3dz)
=2dx N dy + 3dx N dz + 3dy A dz
=3dy A dz — 3dz A dz + 2dx A dy

According to the dictionary Table 4.1.11, the vector field associated to this two-form is
H=F x G = (3,-3,2).

This is indeed the cross-product, as you can calculate using standard formulae from
linear algebra. For instance, you may have seen the formula:

i j k
F x G =det F1 F2 F3
G1 G2 Gz
ij k
=det (1 1 O
0 2 3
=3i — 3j + 2k,

which, in component notation, reads (3,—3,2).

6. Let A,B,C be vectors in R3. In your linear algebra course you may have seen that

A- BxC)=B:-(CxA)=C-(A xB).



CHAPTER 4. k-FORMS 78

Prove this property by looking at the wedge product of the three one-forms w,n, A
associated to the vectors A, B, C.

Solution. As discussed in Lemma 4.2.7 and Lemma 4.2.8, we know that
WwANAA=A-(Bx C)dzANdyANdz,

NAAAw =B - (C x A)dx ANdy N\dz,

and
ANwAn=C- (A xB)dx Ady N dz.

But since A\, w,n are one-forms, we know that w An = —-nAw, nAX=—-AAn, and
w A X ==X Aw. Therefore,
WANAA=NAANW=AAwWAD,

and the statement is proved. In other words, it follows directly from anti-commutativity
of the wedge product of one-forms.

4.3 Differentiating k-forms: the exterior derivative

We know how to add k-forms, and now also how to mutiply k-forms, thanks to the notion
of wedge product. In this section we study how we can “differentiate” k-forms, using the
notion of exterior derivative, which generalizes the differential of a function introduced in
Definition 2.2.1.

Objectives
You should be able to:

o Define the exterior derivative of a k-form, focusing on zero-, one- and two-forms in R3.
e State and use the graded product rule for the exterior derivative.

o Show that applying the exterior derivative twice always gives zero.

4.3.1 The exterior derivative

Let us start by recalling the definition of the differential of a function f : U — R, with U C R?,
from Definition 2.2.1. The differential df is the one-form on U given by
of of of

df = == dz + = dy + = d=z.

f ar “* oy N Pl
Since we now think of f as a zero-form, we see that the operator d takes a zero-form and
outputs a one-form. Our goal is to generalize this operation, which we will now call the
“exterior derivative”, to take a k-form and ouput a (k + 1)-form.

Definition 4.3.1 The exterior derivative of a k-form. The exterior derivative of a
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zero-form f on U C R" is the one-form df on U given by:

df :iﬁ dx;,

= O

which is the same thing as the differential introduced in Definition 2.2.1.
The exterior derivative of a k-form w = Z fireipdxgy N~ ANdx;, on U C R™
1<ii << <n
is the (k + 1)-form dw on U given by:

dw = Z d(lezk) A dmil VANERIVAN d.%'ik,

1<i1 << <n

where d(fi,...;,) means the exterior derivative of the zero-form (function) f;..;,. In other
words, we are applying the exterior derivative d to the component functions of w. O

This definition may seem a little daunting because of the summations, so let us be more
explicit for k-forms in R3.

Lemma 4.3.2 The exterior derivative in R3.

1. If f is a zero-form on U C R3, then its exterior derivative df is the one-form:

_Of g 9 g 9
df = o dac—l—ay dy + 92 dz.

2. Ifw=fdr+gdy+hdzis a one-form on U C R3, then its exterior derivative dw is
the two-form:

dw =d(f) Ndx +d(g) Ndy + d(h) N dz

_(9h_ 99 W_%) <%_W)
_(8y 8z>dy/\dz+(8z 9 dz N dx + 9r Oy dx N dy.

3. Ifn=fdyndz+gdzANdx+hdeAdy is a two-form on U C R3, then its exterior
derivative dn is the three-form:

dn =d(f) Ndy Ndz+d(g) N dz ANdx + d(h) A dz A dy.

_(Of ~0g Oh
(a$+ay+az)d:c/\dy/\dz.

And that’s it. In particular, the exterior derivative of a three-form on R® must vanish, since it
would give a four-form, but all k-forms with k > 4 necessarily vanish on R® by Lemma 4.1.6.

Proof. We start with Definition 4.3.1 restricted to the case with n = 3. For the exterior
derivative of a zero-form, the statement is obvious. For the exterior derivatives of a one-form
and a two-form, all we have to do is evaluate the exterior derivatives d(f),d(g) and d(h) of
the zero-form f, g, h, and rearrange terms using Lemma 4.1.6. |

Note that you certainly should not aim at learning these formulae by heart. The whole
point is precisely that you don’t need to learn these formulae! All you need to remember is
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that, to evaluate the exterior derivative of a k-form, you act with the exterior derivative on
the component functions of the k-form. This may be clearer with examples.

Example 4.3.3 The exterior derivative of a zero-form on R3. We are already familiar
with the calculation of the exterior derivative of a zero-form, since this is the same thing as
the calculation of the differential of a function that we defined in Definition 2.2.1. But let us
give an example here for completeness.

Let f(z,y,2) = yIn(x) + 2z be a smooth function on U = {(z,y,2) € R® | z > 0}. TIts
exterior derivative is the one-form df on U given by:

_of of af
Af =5y dot 5, i+, &2

A In(z) dy + d=.
x

O

Example 4.3.4 The exterior derivative of a one-form on R3. Let w = 2y dx + (2 +
y) dy + zyz dz be a one-form on R3. Its exterior derivative is the two-form dw on R3 given by:

dw =d(zy) N dx + d(z + y) Ndy + d(zyz) A dz
=(y dx+x dy) Ndx + (dy + dz) Ndy + (yz dez + xz dy + xy dz) Adz
=x dyNdr+dzNdy+yzde Ndz+zz dy ANdz
=(xz—1)dy Ndz — yz dz ANdx — x dz A dy.

0

Example 4.3.5 The exterior derivative of a two-form on R3. Let w = (22 + y?) dy A
dz + sin(z) dz A dx + cos(zy) dx A dy be a two-form on R3. Tts exterior derivative is the
three-form dw on R? given by:

dw =d(x? + y?) ANdy A dz + d(sin(2)) A dz A dx + d(cos(zy)) A dz A dy
=(2z dx + 2y dy) Ndy A dz + (cos(z) dz) ANdz A dx + (—ysin(zy) de — xsin(zy) dy) Adz A dy
=2z dx A dy N dz.

We see that going from the second line to the third line, most terms vanish, since anytime we
take the wedge of dx with itself we get zero, and same for dy and dz. O

To end this section, we note that the exterior derivative is linear. If w and n are two
k-forms, and a,b € R, then
d(aw + bn) = adw + bdn.

This is proven in Exercise 4.3.4.3.

4.3.2 The graded product rule

One of the most fundamental properties of the derivative is the product rule:

d . df  dg
%(fg) = %g+f%~
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Now that we have defined the exterior derivative for differential forms, and that we know how
to multiply differential forms using the wedge product, we could ask whether the exterior
derivative satisfies a similar product rule with respect to the wedge product. It turns out that
it does, but with a twist (or more precisely a sign). We call this the “graded product rule” for
the exterior derivative.

Lemma 4.3.6 The graded product rule for the exterior derivative. Letw be a k-form
and n be an l-form on U CR"™. Then:

d(w An) = dw) An+ (=D)Fw Ad(n).

Proof. First, we show that it is true for zero-forms. If w and n are zero-forms (that is
k =1=0), that is functions w = f and n = g, then

d(w An) = (fg)

8:{]2 fg dx’t

S (2oert) o
)g + fd(g).

To prove the general statement we unfortunately need to use lots of summations. Let us
introduce the following notation for the k-form w and the [-form 7:

w = Z wi1---ikdxi1 VANEEIVA dl’ik, n= Z hjl"'jldle VANERRIVA d{L‘jl.

1<) << <n 1<jii<<ji<n

(

The exterior derivative of the wedge product is:

d(w VAN 77) = Z Z d(wil"'ikhjl"'jl> ANdxiy N A da:ik VAN d$j1 VANKIERIVA dl‘jl

1< < <ip<n 1<j1 < <51 <n

= Z Z (d(wil"'ik)hjl'”jl + wil"'ikd(hjl"'jz)) A d$i1 VANCEAN d.l‘ik A dl’jl A

1<in < <ip<n 1<j1 <-<ji<n

To go from the first to the second line, we used the fact that the product rule is satisfied for
the exterior derivative of the product of zero-forms, as shown above.

Now let us study the terms on the right-hand-side of the equation we just obtained. First,
we get:

Z Z d(wil"'ik)hjl"'jl VAN dl‘il VAN dCL‘Zk VAN dCEjl VANEIERIVA d.le

1<i1 << <n 1<j1 << <n

1<iy < <ig<n
=d(w) An
All that we did to go from the first line to the second line is move the zero-form (or function)

hj,...;, to the right of the dx;’s, which we can do since it is a zero-form and hence commutes
with the dz;’s by Lemma 4.2.6.

1<j1<-<gisn

= ( Z d(w“zk) A d.l‘il VANERRIVA dxzk) A ( Z hjl"'jldle VANEEIVA dl‘jl)

c Ny,
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That takes care of the first set of terms. The remaining ones take the form

Z Z wil"'ikd(hh'“jl) ANdxiy N A d.%'ik VAN dZle VANIERAN d:Ejl.

1<i1 <<, <n 1<j1 < <51 <n

We would like to do the same and commute d(h;,...;,) to the right of the dx;’s, so that we can
identify this term as w A d(n). However, d(hj,...;,) is a one-form, and thus by Lemma 4.2.6
d(hj,...j;) Ndx; = —dx; Ad(hj,...5,). So every time we commute d(hj,...;) past a dx;, we pick a
sign. Since there are k dz;’s in this expression, this tells us that it is equal to

(=1)*w A d(n).
Putting all this together, we end up with the statement that
d(w Am) = d(w) A+ (=1)Fw Ad(n),

which is the graded product rule stated in the lemma. |
It is very important not to forget the sign in the graded product rule!
Example 4.3.7 The exterior derivative of the wedge product of two one-forms.
Let w = xy dz and = (y + 2) dx + 2dy be two one-forms on R3. Suppose that we want
to calculate the exterior derivative of the wedge product w A 7. There are two ways we can
do that: we can first find an explicit expression for the wedge product, and then take the
exterior derivative, or we can use the graded product rule. In this example we show that both
calculations give the same result, as they should.
Let us first calculate the wedge product explicitly and take its exterior derivative. We
have:

wAn=(zy dz) A ((y + 2) dz + 2 dy)
= —2zydy N dz + zy(y + z)dz A dx.

We then calculate the exterior derivative, which gives the following three-form:

dw A n) =d(—2zy) Ndy Ndz + d(zy(y + 2)) Ndz A\ dx
=(—2y dz — 2z dy) Ndy Ndz + (y(y + z) dx + (2zy + x2) dy + zy dz) Ndz A dx
=(—2y + (2zy + x2))dz A dy A dz,
where we used the fact that dy A dz Adx = dx Ady A dz.
Let us now calculate the same exterior derivative but using the graded product rule. Since

w is a one-form, we have:
dlwAn) =dw)An—wAdn).

We calculate:

d(w) =d(zy) Ndz
=ydx ANdz + zdy N dz,

and

d(n) =d(y + z) Ndz +d(2) N dy
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=dy Ndx + dz N dz,
since d(2) = 0. Putting this together, we get:

dwAn) =(ydx Ndz+zdy Ndz) A ((y + 2z) de + 2 dy) — (zy dz) A (dy A dx + dz A dx)
=(—2y+z(y+2) +xy)dx ANdy N dz,

which is indeed the same result as obtained above. O

Remark 4.3.8 In R?, the graded product rule can be split into the four following non-vanishing
cases.

1. If w = f is a zero-form (in which case we write f An = fn as usual when multiplying
with a function) and 1 = g is a zero-form, then

d(fg) = d(f)g + fd(g)-
2. If w= f is a zero-form and 7 is a one-form, then
d(fn) = d(f) An+ fd(n).
3. If w = f is a zero-form and 7 is a two-form, then
d(fn) = d(f) An+ fd(n).
4. If w is a one-form and 7 is a one-form, then

dlwAn) =dw)An—wAdn).

433 d>=0

There’s another fundamental property of the exterior derivative: if we apply the exterior
derivative twice, we always get zero. This may seem surprising, as this is certainly not true for
the ordinary derivative d/dx, but it is true for the exterior derivative because of antisymmetry
of the wedge product. More precisely:

Lemma 4.3.9 d? =0. Let w be a k-form on U C R™. Then
d(d(w)) = 0.

In other words, if we apply the exterior derivative twice on any differential form, we always
get zero. We often abbreviate this statement as d*> = 0, meaning that applying the exterior
derivative twice always gives zero.

Proof. We write w = 3 1<, <...ci, <p Wiy iy dTiy A -+ A dxi,. We have:

d(d(w)) =d ( S d(wiyeiy) Adig A A dxik)

1<i1 << <n
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=d ( 3 Z aw” TN G A dgy A A d:cik)

1<ii < <ip<na=1

= > Z (aw“ Zk)/\dxa/\dxil/\--~/\dxik

1<ii<-<ip<na=1

= Z (Z Z aamwlé;k dxg N da:a) Adxiy A+ Adag, .
B

1< << <n

If we can show that the term in brackets in the last line is zero, then clearly d(d(w)) = 0. We
have:

353 O Wi iy g 1 35 LTI RN
(e [e%
o 0x30xq o 0x,0x3
n n
0w
:—Zza Zé del‘a/\dl‘ﬂ
a=1p=1 9Ta
200 .

In the first, line, we used the fact that 8;”%3;”“ = aa;lzgg‘c';’“ by the Clairaut-Schwarz theorem,

since the coefficient functions wy,...;, are assumed to be smooth. In the second line, we used
the fact that dxg A dry = —dxo A dxg, by Lemma 4.1.6. Finally, in the summation on the
right-hand-side, we can simply rename « to be 5, and 8 to be «, since those are indices
that are summed over, and hence we can give them the name we want. We end up with the
statement that

n 2
Z Z %;Ulég:% drg Ndzy = Z Z & w“ K ——*dxg A dz,.
a—=1 3= B

= o a1/31 Ta

But the only two-form that is equal to minus itself is the zero two-form, that is

n n 821[)11 i
Z drg Ndry =0
aZihm 0xglxr,
Therefore we conclude that d(d(w)) = 0. [ |

4.3.4 Exercises

1. Letw=aydr+2Ldy+2dzonU={(z,y,2) € R®| 2 #0}. Find the two-form dw and
write your result in standard form. What is the vector field associated to dw?

Solution. From the definition, we find:
Y z
dw =d(zy) Ndx +d (x) Ndy+d (gc) Ndz
1 Y 1 z
=y dr ANdr+z dyNde+ —dyNdy — —sdz ANdy+ — dz Ndz — — dx Ndz
x x x x

2dz/\da:—< y2>d:v/\dy.
o x



CHAPTER 4. k-FORMS 85

Using the dictionary Table 4.1.11, the vector field associated to the two-form dw is

2 y
F =(0,=2,—z—2).
(x7y’z) <7x27 x x2)

2. Find the three-form dw if w = zyz(dy A dz + dz A dx + dx A dy), and write your result in
standard form.

Solution. We find:

dw =d(xzyz) A (dy Ndz + dz A dz + dz A dy)
=(yz dr+zz dy+xy dz) A (dy Ndz + dz A dx + dz A dy)
=yzdx Ndy Ndz+zz dy Ndz Ndx + xy dz Ndz A\ dy
=(yz +zz + zy)de AN dy N dz.
3. Show that the exterior derivative is linear. That is, if w and 7 are two k-forms, and

a,b € R, then
d(aw 4 bn) = adw + bdn.

Solution. First, we show that the property holds if w and 7 are O-forms. Since those
are simply functions, let us write them as f and g. Then:

"9
d(af +bg) =3 =—(af +bg) du;
i—1 9%i
P sz
—1 i=1 Oz
=adf + bdg.

For the second equality we used the fact that partial derivatives are linear.
Now we can prove the general case. Suppose that w and 7 are k-forms on U C R".

Let
w = Z fil...ikda}il VANEERWAN da:ik
1<i1 <-<ig<n
and
n= Z gi1~~~ikdfﬁz‘1 VANERIVA dl’ik.
1< << <n
Then

d(aw + bn) = Z d(afi i, +bgiy.i,) Ndxiy A - N dxg,

1<t << <n
= Z ((l dfil---ik +b dgh---ik) ANdxi, N A dfﬂik

1<i1 < <ip<n

=a Z dlezk A d.l‘il VANERRIVA d.%’ik

1<i < <ip<n
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+b Z dg,;l...ik AN da:,;l VANERRIA dxik
1<iy < <ig<n

=adw + bdn.

In the second equality we used the calculation above that showed that linearity holds for
0-forms.

4. Let w=ze¥ dx + z dy + ye® dz. Show by explicit calculation that d?w = 0.

Solution. Of course, we know that d?w = 0 since this is true for any differential form
w, as proven in Lemma 4.3.9. But let us show that it is true by explicit calculation for
this particular one-form w.

We first calculate the two-form dw:

dw =d(ze?) Ndx + dz A dy + d(ye®) A dz
=ze¥ dy Ndx 4+ e¥ de ANdx + dz ANdy + ye® de ANdz+ e* dy Adz
=(e® —1) dy Ndz — ye* dz Ndx — ze¥ dz A dy.

We then calculate the three-form d2w:

d*w =d(dw)
=d(e* — 1) ANdy ANdz — d(ye®) ANdz A dx — d(ze?) Adx A dy
=" de Ndy Ndz — ye® dxe ANdz ANdx — e dy Ndz Ade — xe¥ dy A dx A dy
—eY dr Ndx Ndy
=(e" —e")dx Ndy Ndz
-0,

as expected.

5. Letw= (22 —19?) dz+ydzand n=(22+9?) dy+ vy dz. By explicit calculation, show
that
dlwAn)=dwAn—wAdn,

which is consistent with the graded product rule Lemma 4.3.6 since w is a one-form.
Solution. We need to calculate d(w A7), dw An, and w A dn. First, we calculate w A n:

wAn=((2* —y?) de +y d2) A (2% + %) dy +y dz)
=(z* —yNdx A dy + y(a® — y?) de Adz + y(a® + %) dz A dy
= —y(@® +y?) dy Ndz — y(2? —y?) dz A dx + (2t — y)dz A dy.
Then
dwAn) =—d(y(z® +32) ANdy Adz — d(y(z* — ) Adz Adx + d(zt — y*) Adz A dy
= —2zy dz Ady Adz — (2? — 3y?) dy A dz A dx
=(3y° — 2zy — 2%)dx A dy A dz.
Next, we calculate dw A 1. We have:
dw =d(z* — y?) Nz + dy A dz
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=—2ydy Ndx +dy Ndz
=dy N\ dz + 2ydx N\ dy.

Then

dw An =(dy A dz + 2ydz A dy) A (2 + y?) dy + y dz2)
=2¢%dz A dy A dz.

Finally, we calculate w A dn. We have:

dn =d(z* 4+ ) A dy + dy A dz
=2z dx ANdy +dy Ndz
=dy Ndz + 2x dz N\ dy.

Then

wAdn =((z* —y?) dz +y dz) A (dy A dz + 2z dx A dy)
(22 — y)dx A dy A dz + 2xy dz Adx A dy
=(2? + 2zy — %) dx A dy A dz.

Putting all this together, we conclude that

dw An—wAdy=(3y* — 2zy — z°)dx A dy A dz
=d(w A ),

as expected from the graded product rule Lemma 4.3.6.

Let w be a k-form, n an m-form, and A a ¢-form, all on U C R™. Show that
dwAnAN) =dwAnAX+ (=1 wAdp AN+ (=1)F™w An A dA.
Solution. First, using the graded product rule Lemma 4.3.6, we get that
dwAn AN =dwA AN+ (=DFoAdnAN).
Next, again from the graded product rule we know that
dnAXN) =dp AN+ (=1)"n AdA.
Putting this together, we get:

dwAnAN) =dw Anp AN+ (=1)Fw Ady AN+ (=1DFT™w An A d.

87

Let w = (z + y) dr + zy dy be a one-form on R?, and let ¢ : R? — R? be given by

d(u,v) = (e"tV,e*"?). Find the two-form d(¢*w).
Solution. We first calculate the pullback one-form ¢*w. We get:

¢*w :(eu—i-v 4 eu—v) (eu—‘rv du + eu+v d’U) 4 eu+veu—v (eu—v du — e* ™V d’l))
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_ (62(u+v) + pedl + eSufv) du + (62(u+v) + 2 _ 63ufv) dv.
We can then calculate its exterior derivative. We get:

d(¢p*w) =d <e2(“+”) + et 4 63“_”> Adu+d (62(“+”) + e — 63“_”> A dv
= (262(“+v) — 63“_”) dv A du + (262(“'“’) + 2% — 363“_“) du A dv
=2 (eQu — 63"*”) du A dv.

8. Let f,g: U — R be smooth functions with U C R", and « : [a,b] — R™ be a parametric
curve whose image is in U. Using the product rule for the exterior derivative d(fg), show
that

Lf@zf@@ﬁ@@ﬂ—ﬂd@h@@ﬂ—émﬁ

One can think of this as the natural generalization of “integration by parts” to line
integrals of one-forms. Indeed, if the curve is just an interval in R, this reduces to the
standard statement of integration by parts for definite integrals.

Solution. From the graded product rule, we know that

d(fg) = fdg + gdf,

since f is a O-form (here we omit the wedge product symbol, since we are either multiplying
two functions or a function with a one-form). By the Fundamental Theorem of line
integrals, we know that

[ (1) = fa)g(@®) - fa(@)g(ala),

since d(fg) is an exact one-form. Using the graded product rule, we thus conclude that

[ dtrg) = [ tdg+ [ gd = sa®)gla®) - fal@)gla(@).

Solving for [ fdg, we get the desired statement.

9. Let w and n be one-forms that differ by the exterior derivative of a 0-form, that is,
n=w+df
for some function f. Show that
dlwAn) =dwAdf.
Solution. We have:
dwAn) =dwA (w+df)) =dwAw)+dwAdf).

The first term on the right-hand-side is zero, since w A w = 0 for a one-form (see
Lemma 4.2.6; the wedge product is anti-commutative for odd forms). As for the second
term, we use the graded product rule and the fact that d? = 0 to get:

dwAn) =doNdf —wAd>f = dw A df.
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4.4 The exterior derivative and vector calculus

In this section we continue developing our dictionary between differential forms and standard
vector calculus concepts. We introduce the vector calculus operations corresponding to the
exterior derivative.

Objectives
You should be able to:

« Relate the exterior derivative of a zero-form in R? to the gradient of a function.
o Relate the exterior derivative of a one-form in R3 to the curl of a vector field.
o Relate the exterior derivative of a two-form in R? to the div of a vector field.

e Derive various vector calculus identities from the graded product rule for the exterior
derivative and the statement that d? = 0.

4.4.1 Grad, div and curl

In R3, we saw that there are three possibilities to get a non-zero differential forms as a result
of acting with the exterior derivative: either we take the exterior derivative of a zero-form, a
one-form, or a two-form. All three of these operations are given separate names and notation
in the standard vector calculus language.

Definition 4.4.1 The gradient of a function. Let f be a zero-form (a function) on
U C R3. Its exterior derivative df is the one-form
of of of
df = — dzx+ == dy + = d=z.
f ox x+8y y+8z :
We define the gradient of f, and denote it by V f, to be the vector field associated to the
one-form df according to Table 4.1.11:

Note that the input of the gradient is a function, and the output is a vector field. %

Of course, we already knew the definition of the gradient of a function, and how it is the
vector field associated to the exterior derivative of a zero-form: this was already stated in
Fact 2.2.2. We include the statement here for completeness. From our point of view, we could

take this as the definition of the gradient of a function: it is the vector field associated to the
exterior derivative of a zero-form.

Definition 4.4.2 The curl of a vector field. Let w = f; dx + fo dy + f3 dz be a one-form
on U C R3, with its associated vector field F = (f1, f2, f3). Its exterior derivative dw is the
two-form

ofs  0fe ofi  0fs Ofa  Ofi
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We define the curl of F, and denote it by V x F, to be the vector field associated to the
two-form dw according to Table 4.1.11:

vp o (2 0% 0RO 0%

Note that input of the curl is a vector field, and the output is also a vector field. O
Finally, we can apply the exterior derivative to a two-form to get a three-form.

Definition 4.4.3 The divergence of a vector field. Let n = f; dy Adz + fo dz Ndx +
f3 dx A dy be a two-form on U C R? with its associated vector field F = (f1, fa, f3). Its
exterior derivative dn is the three-form
oft | 0fs 8f3>
dn=|—=—+——+4+ == |dzANdyNdz.
K <8:1: + oy * 5, ) AR

We define the divergence of F, and denote it by V - F, to be the function associated to the
three-form dn according to Table 4.1.11:

Oft  0fr  0Ofs
V-F=—"—+4 =4 —=,
Ox + oy * 0z
Note that the input of the diveregence is a vector field, and the output is a function. O

Remark 4.4.4 Now you can start to see the power of developing the framework of differential
forms. These three operators, namely grad, div, and curl, which appear as independent
operators in vector calculus, are just the action of the same operator, namely the exterior
derivative, but on zero-, one-, and two-forms respectively. Moreover, we don’t need to
remember these definitions by heart: all we need to remember is how to act with the exterior
derivative on k-forms, which simply amounts to acting with the exterior derivative on the
component functions. So much simpler!

Even more powerful is the fact that the framework of differential forms naturally extend
to any dimension, not only R3. However, the defintions of grad, curl, div, the cross-product,
etc. rely on the geometry of R?. The natural generalization to higher dimensions is just the
action of the exterior derivative as we defined it.

Remark 4.4.5 The introduction of the curl of a vector field allows us to rephrase the
screening test for conservative vector fields in R? in a nicer way. Looking at the screening test
in Lemma 2.2.16, it is clear that the screening test for a vector field F is satisfied if and only if

V xF =0.

In other words, the screening test was simply saying that the curl of the vector field vanishes.

Remark 4.4.6 Just as for the cross product of two vectors, in standard vector calculus
textbooks a determinant formula is usually given to remember how to calculate the curl of a
vector field F = (f1, f2, f3) in R3:

V x F =det

o S
& Hle =

i
0.
ox
fi
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where i, j, k are the unit vectors in the x,y, z directions. You can use this formula if you
want. Or you can remember that the curl is obtained by taking the exterior derivative of the
one-form associated to F.

Example 4.4.7 Maxwell’s equations. Maxwell’s equations form the foundations of
electromagnetism. It turns out that they are written in terms of the divergence and the curl.
More precisely, if E is the electric vector field, and B is the magnetic vector field, both defined
on R? (our space), Maxwell’s equations state that

V - E =4np,
V - B =0,
10B
E+-2 =
V x +08t 0,
VxB—la—E—zm,
c Ot c

where c is the speed of light, p is the total electric charge density, and J is the total electric
current density (which is a vector field). In particular, the equations simplify when there is
no charge or current (such as in vacuum), with p = J = 0.

Note that we are abusing notation a little bit here. Those equations are the “time-
dependent” Maxwell’s equations. What this means is that we think of E and B as vector
fields in R? (in space), but that also depend on another variable ¢ corresponding to time. This
is why the equations above include partial derivatives of E and B with respect to ¢. The
“time-independent” Maxwell’s equations, in which E and B are true vector fields on R? (with
no time dependence), would correspond to setting the two terms involving partial derivatives
with respect to t to zero. O

We can summarize the dictionary between the exterior derivative in R? and vector calculus
operations in the following table.

Table 4.4.8 Dictionary between the exterior derivative in R? and vector calculus
concepts

Differential form concept ‘ Vector calculus concept

d of a O-form df gradient Vf
dof a 1-form dw curl VxF
d of a 2-form dn divergence V -F

4.4.2 The graded product rule and vector calculus identities

The power of the formalism of differential forms is further highlighted by the following lemma.
We saw above that the standard concepts of grad, curl, and div, are just reformulations of the
exterior derivative. We showed in Lemma 4.3.6 that the exterior derivative satisfies a graded
product rule. In R3, this graded product rule can be split into two cases, as in Remark 4.3.8,
depending on whether w is a zero- or a one-form. Using the definition of grad, curl, and div
in Definition 4.4.1, Definition 4.4.2 and Definition 4.4.3, those statements can be translated
into vector calculus identities. The result is the following lemma.
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Lemma 4.4.9 Vector calculus identities, part 1. Let f,g be smooth functions on
U CR3, and F,G be smooth vector fields on U. Then the following identities are satisfied:

1.
V(fg)=(Vfg+f(Vyg),
2.
Vx(fF)=(Vf)xF+ fV xF,
3.
V- (fF)=(Vf)-F+ fV.F,
4.

V- FxG)=(VxF)-G-F-(V xG).

Proof. This is just the reformulation in terms of vector fields of the four different non-vanishing
cases of the graded product rule for differential forms in R? (see Remark 4.3.8). [

Now you may be starting to like this. Learning this kind of vector calculus identities by
heart is frustrating. But these are just reformulations of the one and only graded product
rule for the exterior derivative Lemma 4.3.6, which is all that you have to remember (sure,
there is an annoying sign in the graded product rule, but it’s much better than learning vector
calculus identities!).

4.4.3 d?> = 0 and vector calculus identities

Another key property of the exterior derivative is that d?> = 0, see Lemma 4.3.9. In R3,
this corresponds to two separate statements, namely that d(d(f)) = 0 with f a zero-form (a
function), and d(d(w)) = 0 with w a one-form. The corresponding vector calculus identities
are the following:

Lemma 4.4.10 Vector calculus identities, part 2. Let f be a smooth function on
U CR3 and F a smooth vector field on U. Then the following identities are satisfied:

1.
Vx(Vf)=0 (curl of grad is zero),

V- (VxF)=0 (div of curl is zero).

Proof. This is just the reformulation of the statement that d?> = 0 for a zero-form and a
one-form in R3. ]

The game of translating easy statements for the exterior derivative into complicated
statements for grad, curl, and div is fun, isn’t it? Let’s prove one more vector calculus identity
for now, which follows by combining the statement that d? = 0 with the graded product rule.

Lemma 4.4.11 Vector calculus identities, part 3. Let f, g, h be smooth functions on
U CR3. Then:
V- (f(Vgx Vh))=Vf-(VgxVh).



CHAPTER 4. k-FORMS 93

Proof. Consider the action of the exterior derivative on the two-form fdg A dh:
d(fdg A dh) = df A (dg A dh) + fd(dg A dh),

where we used the graded product rule and the fact that f is a zero-form. Using the graded
product rule again, we know that
d(dg A dh) =d(dg) A dh — dg A d(dh)
=0,

since d(dg) = d(dh) = 0. Thus
d(fdg N dh) =df A (dg A dh).
The translation for the associated vector fields is:
V- (f(Vgx Vh)=Vf-(VgxVh),

as claimed. |

4.4.4 Two more vector calculus identities

We end this section by noting that there are two more vector calculus identities involving grad,
curl and div. We will present the identities without proof here. To get them from differentials
forms, we would need to introduce the concept of Lie derivatives, which is beyond the scope
of this course.

Keep in mind that you certainly do not need to learn these identities by heart! We are
presenting them here just so that you are aware of them.

Lemma 4.4.12 Vector calculus identities, part 4. Let F and G be smooth vector fields
on U C R3. Then the following identities are satisfied:

1.
V(F-G)=Fx(VXxG)+(VXxF)xG+(G-V)F+(F V)G,

Vx(FxG)=F(V -G)— (V- -F)G+(G-V)F— (F-V)G.
Here (G - V)F means

0 0 0
(G . V)F = Gl%F + GQ%F + GgaF.

Finally, there are a few more vector calculus identities that involve the Laplacian operator,
which in the language of differential forms requires the introduction of the Hodge star operator.
We will come back to this in Section 4.8.
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4.4.5 Exercises

1.

Let F = (zy, yz,2z) be a vector field on R3. Find its curl V x F and divergence V - F.
Solution. The curl of the vector field is given by:
i j ok
0 0 o)
V x F =det 9z By 0z
xy Yz xz

=—yi—zj—zk.

In component notation, this reads V x F = (—y, —z, —x).
As for the div, we get:

0 0 0
V. F —%(xy) + %(yz) + a(xz)
=y+z+ux.

Note that we could have done these calculations using differential forms. To get the
curl, we associate to F a one-form w = xy dx + yz dy + xz dz and calculate its exterior
derivative:

dw =zdy N\ dx + ydz A dy + zdx N\ dz
=—ydy Ndz — zdz ANdx — xdx N\ dy

The curl V x F is then the vector field associated to this two-form, that is V x F =
(—y,—z,—x).

To calculate the divergence V - F, we associate to F a two-form n = zy dy A dz +
yz dz AN dx + xz dx N\ dy and calculate its exterior derivative:

dn =ydx Ndy N dz + zdy AN dz N dx + xdz N\ dx N dy
=(z+y+ z)dz Ndy A dz.

Therefore V-F =2 +y + z.

For the following two vector fields, find their curl and divergence:

1
(a‘) F(ar,y,z) = W(Z’,y,())
(b) G(x,y,z) = !

\/TTZ/Q(_% z,0).

Solution. Let’s solve this one using differential forms. You can do it directly using the
formulae for curl and div as well.
(a) To find the curl, we associated a one-form w to F:

1
w=————(z dx+y dy).
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We calculate its exterior derivative:
Ty
($2 + y2)3/2

Ty

o =~ (22 + y2)372

dy N\ dx — dx A dy

=0.
Thus we conclude that V x F = 0.

To find the divergence, we associate a two-form 7 to F:

1
= —(zdyNdz-+ydzNdx).
U x2+y2( Y y )

We calulate its exterior derivative:
dn = ((962 +y?) 72— 2?2 + yQ)‘?’/Z) dz A dy A dz

+ (@ + )2 = g2 (@ + D) ) dy A dz A da
_ ( 92 B 22 + o2

VaZ+y?2 o (22 + )

1
:ﬁdm ANdy N dz.

VAT

)dx/\dy/\dz

We conclude that 1

VaZ+y?
(b) To find the curl, we associate a one-form w to G:
1
w=———(—y de+z dy).

We calculate its exterior derivative:
dw = (—(x2 + yQ)*l/2 + % (2? + y2)*3/2) dy N dx

+ ((xz +?/2)—1/2 _ xQ(x2 +y2)_3/2> dz A dy

V.F=

- 2 2?4 y? do Ad

“\VZr 2 @2+ y2)pR TN ay
1

= ———dr A dy.

N

Thus we conclude that

1
VxG=(0,0—m|.
( vt + y2>
To find the divergence, we associate to G the two-form:
1

VRN

We calculate its exterior derivative:

(—y dy Ndz + x dz A dx).

Ty

Yy

=0
Therefore V - G = 0.

95
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3.

Find a vector field F = (0, fa, f3) such that V x F = (0, z,y).
Solution. Since F = (0, f2, f3), and using the definition of the curl, we know that

Vo (Y O 0k oh)

Thus we need to solve the equations

0fs 0fa 0 0fs dfa

oy 0z or Ox

Integrating the last two equations, we get:

f2:xy+g(y7z)7 fSZ—IL‘Z-f-h(y,Z),
for some functions g(y, z), h(y, z). The first condition then imposes that

0 0

There are many possible choices, but the simplest would be ¢(y, z) = h(y,z) = 0. We
would then conlude that
F = (0,zy, —zz)

is a vector field such that V x F = (0, 2, y).

Is there a vector field F on R? such that V x F = (z,y + 2, 2)? Justify your answer.

Solution. We know that V - (V x F) = 0 for any vector field F. So if there is a
vector field F such that V x F = (z,y + xz, z), then the divergence of the vector on the
right-hand-side (let’s call it G) must be zero. But

V-G=1+14+1=3,
which is obviously non-zero. Therefore, we conclude that there does not exist a vector

field F such that V x F = (z,y + 2z, 2).

Let F = (zy,y%, 2y + 2) and G = (zyz,yz, 2?) be smooth vector fields on R3, and
a : [0,27] — R? be the parametric curve given by a(t) = (sin(t), cos(t), t(t — 27)). Show
that the line integral of the vector field

Fx(VxG)+(VxF)xG+ (G-V)F+ (F-V)G
along « is zero.

Solution. Well, you certainly do not want to evaluate this line integral, it would be
painful!
First, we notice that the parametric curve « is closed, since

a(0) = (0,1,0) = a(2m).

Next, we notice that we can use the vector calculus identity 1 from Lemma 4.4.12, which
states that

V(F-G)=Fx (VxG)+(VxF)xG+ (G V)F+(F-V)G.
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So the vector field that we want to evaluate the line integral of is V(F - G). As this is
the gradient of a function, this means that the vector field is conservative. Therefore, its
integral along any closed curve vanishes. We conclude that the integral along « is zero!

6. Suppose that you study a vector field F in a lab. You measure that

for some constants «, 8 that you are not able to determine experimentally. However, from
theoretical considerations you know that F must be divergence-free (i.e., its divergence is
zero). Find the values of o and /3.

Solution. We know that
V- F :%(mz +yz + 2%y) + aaay(yz +2%2) + ﬁ%(myz +v)
=z + 2zy + az + Bxy.

Since we know that V - F = 0, and that o and (8 are constants (i.e. do not depend on
x,y, z), we conclude that we must have

a=-—1, B =-2.

7. Let F(x,y,2) = (f(x),9(y), h(z)) for some smooth functions f(x),g(y), h(z) on R (note
that those are functions of a single variable), and let ¢(x,y, z) be an arbitrary smooth
function on R3. Show that

V.- (FxVgq)=0.

Solution. Let us first solve it using vector calculus identities, and then provide an
alternative but equivalent solutions using differential forms. Identity 4 of Lemma 4.4.9
states that

V- FxG)=(VxF)-G-F-(V xG).

Applying this to the case at hand, we get:
V. (FxVq=(VxF) Vg—F - (VxVg).
We then calculate the curl of F. We get:

Oh(z) 9g(y) O0f(x) Oh(z) 9g(y) 6f(a;))
oy 0z = Oz or = Ox oy

V xF = (

=0.

Moreover, from Identity 1 of Lemma 4.4.10, we know that
V xVqg=0.

Therefore
V. (F xVgq)=0.

Let us now solve the question using differential forms. Let w = f(z) dz + g(y) dy +
h(z) dz be the one-form associated to F. Then V - (F x Vgq) is the function associated
to d(w A dg). So we want to show that

d(w A dg) = 0.
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Using the graded product rule, we have:

d(w A dq) =dw A dg — w A d?q
=dw A dgq,

where we used the fact that d? = 0. But

dw =df (x) A dx + dg(y) AN dy + dh(z) N dz
=0,

since by evaluating the differentials we only get terms involving the vanishing basic
two-forms dxz A dr = dy A dy = dz N dz = 0. We thus conclude that

d(w A dg) = 0.

4.5 Physical interpretation of grad, curl, div

In this section we pause for a moment and explore further the physical interpretation of the
vector calculus operations of gradient, curl, and divergence.

Objectives

You should be able to:

o Interpret the gradient of a vector field as giving the direction and magnitude of fastest
increase.

o Interpret the curl of a vector field in terms of a rotational motion in a fluid.

¢ Interpret the divergence of a vector field in terms of expansion and contraction of a fluid.

4.5.1 The gradient of a function
Let f:U — R be a smooth function with U C R3. We start by reviewing the interpretation
of the gradient
of of o0
vi- (2L,
ox’ Oy’ 0z
which as we saw is the vector field associated to the exterior derivative df. At a point p € U:
e The direction of the gradient is the direction in which the function f increases most
quickly at p;
e The magnitude of the gradient is the rate of fastest increase at p.
This may be most easily understood with an example.

Example 4.5.1 The direction of steepest slope. In this example we work with a function
on R? instead of R3, but the interpretation is the same.

Suppose that the function H(z,y) = —z? — y? + 1000 gives the height above sea level
at point (z,y) on a surface. The height is highest at the origin, where H(0,0) = 1000, and
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decreases as we move away from the origin, until it reaches sea level on the circle with radius
4/1000. So we can think of this altitude function as representing in a circular mountain centred
at the origin.
The level curves of H are the curves of constant elevation, i.e.
H(z,y) = —2% —y> + 1000 = C o z? + 9% = 1000 — C
for constant elevations 0 < C' < 1000. Those would correspond to the level curves of elevation

on a topographical map. In this case, they are all circles centred at the origin.

The gradient of H is
OH OH

VH= <%,8—y) = —2(x,y).

For any point (z,y) on the surface, this is a vector that points towards the origin, which says
that the direction of steepest increasing slope is towards the origin, as expected from a circular
mountain centred at the origin. Moreover, we see that the magnitude of the gradient vector is

|VH| = 2\/22 + 2.

This says that the slope is steeper far away from the origin, and becomes less and less steep
as we get closer to the origin.

Here is below the contour map for this function (the graph of its level curves), and also a
3D plot (both produced using Mathematica).

o T T T ]

501

-100

Figure 4.5.2 A contour map of the function H(z,y)

and —100 < y < 100.

-100

-50

]

50

100

x? —y? 41000, for —100 < z < 100
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—SEDD:
-10000"
-15000]

=100

Figure 4.5.3 A 3d plot of the function z = —x? — y? 4 1000 (i.e. thinking of H(x,y) as
representing the height of the surface above sea level), for —100 < z < 100 and —100 < y < 100.

O

4.5.2 The curl of a vector field

Let F : U — R3 be a smooth vector field with U C R3, with component functions F =
(f1, f2, f3). Tts curl is given by the vector field

vapo (Yoo 220 0% oh_Ohy

What is it actually computing? How can we interpret the vector field V x F?

It is easiest to understand the meaning of the curl of a vector field by thinking of F(z,y, z)
as the velocity field of a moving fluid in three dimensions. So let us call it v(z,y, z) instead.
The curl is related to rotational motion induced by the fluid.

Consider an infinitesimally small ball (sphere) located within the fluid, and centered at a
point p € U. Assume that the ball has a rough surface. The fluid moving around the ball will
generally make it rotate. Then:

o The direction of the curl V x v at p gives the axis of rotation (according to the right
hand rule);!

o Half the magnitude of the curl V X v at p gives the angular speed of rotation.

In particular, if V x v = 0 at a point p, the fluid does not cause the sphere centered at p to
rotate. Because of this interpretation, we say that the velocity field of a fluid is irrotational
if it is curl-free at all points on U, that is V x v=0on U.

!The “right hand rule” means that if you align the thumb of your right hand along the vector, the fingers of
your right hand will “curl” around the axis of rotation in the direction of rotation.
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Example 4.5.4 The curl of the velocity field of a moving fluid. Suppose that a
moving fluid has velocity field given by

v(z,y,z) = (—y,x,0).

Sketching the vector field (see Exercise 2.1.3.2), one sees that at any point, the fluid is rotating
counterclockwise around the z-axis. Using the right-hand-rule, we thus expect the curl V x v
to point in the positive z-direction, since it is the axis of rotation. We calculate:

V xv=1(0,0,2).

Indeed, it points in the positive z-direction, as expected. Furthermore, half the magnitude of
the curl is

1
§]V><v\:1,

which means that the angular speed of rotation of the ball would be 1 radian per unit of time.
O

Example 4.5.5 An irrotational velocity field. Conside a moving fluid with velocity field
given by
Vi@, 2) = (.9, 2).

Sketching the vector field, we see that this would be a fluid in expansion. As the fluid is
expanding, regardless of where the small sphere is located, it should not cause it to rotate (try
to visualize this yourself). So we expect the velocity field to be curl-free. From the definition
of the curl, we calculate:

V xv=1(0,0,0).

Thus it is curl-free, as expected, and this is an example of an irrotational velocity field. [

Example 4.5.6 Another irrotational velocity field. Irrotational fluids do not have to
be necessarily spherically symmetric. Consider for instance a moving fluid with velocity field

v(z,y,z) = (0,0,1).

This would be a fluid that is moving uniformly in the positive z-direction. If you think about
it for a little bit, it should not induce any rotation either, regardless of where the small sphere
is located. So we expect the velocity field to be curl-free again. Indeed, from the definition we
V x v =(0,0,0), which says that the velocity field is irrotational. O

4.5.3 The divergence of a vector field

Let F : U — R? be a smooth vector field with U C R?, with component functions F =
(f1, f2, f3). Its divergence is the function:
Ofi  Ofs Ofs
V- F=—" 4+ =4 ==,
oz + y + 0z
What is its intepretation?
As for the curl, it is easiest to interpret the divergence by thinking of the vector field as
being the velocity field v(z,y, z) of a moving fluid or gas. The divergence is then related to
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expansion and compression of the fluid.
More precisely, consider an infinitesimally small sphere around a point p € U:

e The divergence V - v at p measures the rate at which the fluid is exiting the small sphere
at p (per unit of time and unit of volume).

The key here is that if the divergence at a point is positive, it means that more fluid is
exiting the small sphere centered at this point then entering the sphere, and vice-versa if the
divergence is negative. If it is zero, this means that the fluid may still be moving, but there is
exactly the same amount of fluid entering and existing the sphere.

For instance, if a gas is heated, it will expand. This means that for any small sphere
in the gas, there will be more gas exiting then entering. So the divergence will be positive
everywhere. Conversely, if a gas is cooled, it will contract, and its divergence will be negative
everywhere.

Motivated by this interpretation, we say that the velocity field of a fluid is incompressible
if it is divergence-free everywhere, i.e. V - v = 0 everywhere on U. We also call such vector
fields solenoidal.

Example 4.5.7 The divergence of the velocity field of an expanding fluid. Consider
a fluid/gas with velocity field

v(z,y,2) = (2,9, 2).

The velocity field is pointing outwards in all directions. This corresponds to an expanding fluid.
If we first think of a small sphere centered at the origin, then the fluid is moving outwards in
all directions, exiting the sphere, and thus we expect the divergence to be positive. In fact,
even if the small sphere is located elsewhere, we still expect the divergence to be positive, as
there will be more fluid exiting the sphere than entering the sphere. From the definition, we
calculate

V.v=14+1+1=3,

which is indeed positive everywhere, as expected. O

Example 4.5.8 An imcompressible velocity field. Consider a fluid with velocity field

v(z,y,z) = (—y,z,0).

As we have seen (see Exercise 2.1.3.2), the fluid is rotating counterclockwise around the z-axis.
It is not so obvious to see whether more fluid is existing or entering small spheres in the fluid.

It is easiest to consider first a sphere centered around the origin. Because of the rotational
motion, we see that actually no fluid is entering or leaving the sphere at all. So we expect the
divergence to be zero, at least at the origin.

It is not so obvious to see why the same should be true for all spheres not centered at the
origin, but you can try to visualize it. In the end, through direct calculation, we get that
V - v =0, and hence the velocity field is divergence-free (that is, incompressible). O

Example 4.5.9 Another incompressible velocity field. Consider the fluid with velocity
field
v(z,y,z) = (0,0,1),

which has uniform velocity in the positive z-direction. Here, if you pick a small sphere centered
anywhere, there is certainly fluid entering and exiting the sphere because of the linear motion
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of the fluid, but the exact same amount of fluid will enter and exit the sphere. Therefore we
expect the divergence to be zero everywhere, and indeed, V - v = 0. Another example of an
incompressible velocity field.

Comparing with Example 4.5.6, we see that this velocity field is both irrotational and
incompressible, since it is both curl-free and divergence-free. O

4.5.4 Exercises

1. Show that any vector field of the form

F(z,y,2) = (f(z),9(y), h(2))

is irrotational.

Solution. To show that F is irrotational, we need to show that
V xF =0.

We can use directly the formula for the curl, or we can use the language of differential
forms. In the latter, we associate a one-form w to the vector field F:

w= f(z) de+ g(y) dy + h(z) dz.
We want to show that dw = 0. But this is clear true, as taking the exterior derivative

gives
d d dh
dw:—fda:/\dx—i-fgdy/\dy—l—fdz/\dz:o,
dx dy dz

since f(x),g(y), h(z) are only functions of x,y, z respectively. Therefore F is irrotational.
2.  Show that any vector field of the form

F(z,y,2) = (f(y,2),9(z, 2), h(z,y))

is incompressible.

Solution. To show that F is incompressible, we need to show that
V- -F=0.

This is the statement that
of 09 oh _,
or Oy 0z

But each of those partial derivatives vanishes, since f(y, z) does not depend on x, g(z, 2)
does not depend on y, and h(z,y) does not depend on z. Therefore F is incompressible.

3. Consider a vector field F(z,y, 2) = (fi(x,y), f2(z,y),0) on R3; it is independendent of z,
and its z-component is zero. A sketch of the vector field in the xy-plane is shown in the
figure below; as it is independent of z, it looks the same in all other horizontal planes.

(a) Is V - F positive, negative, or zero at the origin? What about at the point (5,0,0)?
And (—5,0,0)?
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(b) Is V x F =0 at the origin? If not, in what direction does it point?

Lof j-—p-—l-l—l-—:l-—l-—l-l—l-—l-—l-—:l-l—:l-—:l-— =
e — e
e i — = — — — = = B
- e e e e e — P P
gl |

| i — o — — e — -

e e = - B B =
B i b e — — e —

- — - — % — e — =
0.0 ———— = i
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B e o i e —
- — i — | — - — - —
S S S — Rt S S T S
el e e e R R e e e s
— - — —
- - — — e
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Figure 4.5.10 A sketch of the vector field F in the xy-plane.

Solution. (a) First we see that all arrows point in the positive z-direction. The lengths
of the arrows appear to be symmetric about the y-axis. The arrows get longer and longer
as you move away from the y-axis.

If you picture a small sphere around the origin, then there is fluid entering and leaving
the sphere, and the arrows of the vectors entering and exiting have the same length. So
you expect the divergence to be zero at the origin. In fact, the same is true for all points
on the y-axis, i.e. with z = 0.

At the point (5,0,0), there are arrows entering and leaving the sphere as well. But
the arrows that leave the sphere are longer than those that enter, so there should be
more fluid exiting than entering. So we expect the divergence to be positive. This should
be the case for all points (z,y) with > 0.

As for (—5,0,0), the opposite happens; the arrows entering the sphere are longer
than those leaving. So there should be more fluid entering than leaving, and we expect
the divergence to be negative. The same is true for all points (z,y) with x < 0.

(b) At the origin, the arrows are all pointing horizontally. As such, it will not induce
any rotation on a sphere centered at the origin, and we expect the curl to be zero at the
origin. In fact, this will be the case everywhere, so the curl should be zero everywhere.

For your interest, this is the vector field F(z,y,z) = (22,0,0). Its divergence is
V - F = 2z. We see that it is zero when x = 0, positive for all x > 0, and negative for all
x < 0, as expected. The curl is V x F = (0,0,0), which vanishes as expected (the vector
field is irrotational).

4. Consider a vector field F(x,y, 2) = (fi(z,v), f2(x,y),0) on R3; it is independendent of z,
and its z-component is zero. A sketch of the vector field in the xy-plane is shown in the
figure below; as it is independent of z, it looks the same in all other horizontal planes.
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(a) Is V - F positive, negative, or zero at the origin? What about at (0,5,0)7

(b) Is V x F =0 at the origin? If not, in what direction does it point?
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Figure 4.5.11 A sketch of the vector field F in the xy-plane.

Solution. (a) We look at a small sphere around the origin, and we want to know
whether there is more or less fluid entering the sphere versus exiting the sphere. Around
the origin, we see that the arrows appear to be the same length on both sides of the y-axis,
and on both sides of the z-axis. The arrows are all pointing the positive z-direction.
Furthermore, the arrows above the z-axis point downwards, while the arrows below the
z-axis point upwards, in a symmetric way. If you think about it, this means that there is
more fluid entering the sphere than exiting (because the arrows above and below the
x-axis are pointing towards the z-axis). We thus expect the divergence to be negative at
the origin.

At the point (0,5,0), the fluid is moving downwards, and the arrows appear to be
bigger for y > 5 than for y < 5. So it looks like there is still more fluid entering the
sphere than exiting the sphere. So we expect the divergence to be negative at this point
as well.

(b) At the origin, all arrows point in the positive z-direction. Furthermore, the arrows
above the z-axis point downwards, while the arrows below the z-axis point upwards, in a
symmetric way. Therefore, if you imagine a small sphere around the origin, the motion
of the fluid would not induce any rotation. So we expect its curl to vanish.

For your interest, this is the vector field F(z,y,z) = (10, —y,0). Its divergence is
V - F = —1, which is negative everywhere. As for the curl, we get V x F = (0,0,0), so it
is zero everywhere (the vector field is irrotational).
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5. Consider a vector field F(z,y, 2) = (fi(x,y), fa(x,y),0) on R?; it is independendent of z,
and its z-component is zero. A sketch of the vector field in the xy-plane is shown in the
figure below; as it is independent of z, it looks the same in all other horizontal planes.

(a) Is V - F positive, negative, or zero at the origin? What about at (0,5,0)?

(b) Is V x F =0 at the origin? If not, in what direction does it point?
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Figure 4.5.12 A sketch of the vector field F in the xy-plane.

Solution. (a) Arrows that are diametrically opposite around the origin appear to have
the same length but point in opposite directions. As a result, the same amount of fluid
should be entering and exiting a small sphere around the origin, and hence we expect
the divergence to be zero at the origin.

As for the point (0,5,0), we see that at this point (just like for any point with z = 0)
all arrows are pointing horizontally. Furthermore, the length of the arrows on both sides
of the y-axis appear to be the same, so we expect the same amount of fluid entering and
exiting the sphere. Again, the divergence should be zero at this point.

(b) It is clear from the figure that the moving fluid would make a sphere centered at
the origin rotate clockwise. We thus expect the curl to be non-zero at the origin. Using
the right hand rule, we expect it to point in the negative z-direction. In fact, looking at
the figure, we expect this to be true at all points. So we expect the divergence to be zero
everywhere.

For your interest, this is the vector field F(x,y,2) = (y°, —25,0). Its divergence is
V - F = 0,, which is zero everywhere, as expected (the vector field is incompressible). Its
curl is V x F = (0,0, —52* — 5y%). We see that it points in the negative z-direction for
all values of x,y, as expected.
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6. Consider a vector field F(z,y, 2) = (fi(x,y), fa(x,y),0) on R?; it is independendent of z,
and its z-component is zero. A sketch of the vector field in the xy-plane is shown in the
figure below; as it is independent of z, it looks the same in all other horizontal planes.

(a) Is V - F positive, negative, or zero at the origin? What about at (0,5,0)?
(b) Is V x F =0 at the origin? If not, in what direction does it point?
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Figure 4.5.13 A sketch of the vector field F in the xy-plane.

Solution. (a) We see that all arrows point away from the origin, in a way that is
spherically symmetric (the lengths of all arrows on a circle of a fixed radius about the
origin appear to be the same). As such, the fluid is all exiting the sphere, so we expect
the divergence to be positive at the origin.

At the point (0,5,0), there are arrows coming in and arrows coming out, but the
arrows coming out are longer than the arrows coming out, so we expect again the
divergence to be positive since more fluid is exiting the sphere than entering. In fact,
this will be the case at all points in the figure. So we expect the divergence to be always
positive.

(b) At the origin, the fluid is all pushing outwards in spherically symmetric way, so it
will induce no rotation on a sphere centered at the origin. We thus expect the curl to be
zero at the origin. While it may not be as obvious, you can probably convince yourself
that this should be true at all points in the figure, so the curl should be zero everywhere.

For your interest, this is the vector field F(z,y,z) = (z,y,0). Its divergence is
V - F = 2, which is positive everywhere, as expected. Its curl is V x F = (0,0,0), which
is zero everywhere as expected (the fuild is irrotational).
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4.6 Exact and closed k-forms

We define exact and closed k-forms using the exterior derivative. We show that exact forms
are always closed, and determine when closed forms are exact. We rephrase these statements
in the language of vector calculus.

Objectives
You should be able to:

e Define closed and exact k-forms using the exterior derivative.

¢ Determine when a k-form is closed or exact, focusing on one-, two-, and three-forms in
R3.

e Show that the general definition of closeness for one-forms reduces to our previous
definition in terms of partial derivatives.

e Show that exact k-forms are always closed.
¢ Recall the statement of Poincare’s lemma.

¢ Rephrase and use these statements in the language of vector calculus.

4.6.1 Exact and closed k-forms

We introduced the notion of exact one-forms in Definition 2.2.5, using the concept of differential.
We also introduced closed one-forms in R? in Definition 2.2.9 and in R? in Definition 2.2.14,
but our definition was rather ad hoc. These concepts are much more natural now that we
have introduced the exterior derivative.

Definition 4.6.1 Exact and closed k-forms. Let w be a k-form on U C R™. We say that
w is closed if dw = 0. We say that it is exact if there exists a (k — 1)-form 1 on U such that
w = dn. %

Example 4.6.2 Exact and closed one-forms in R3. Before we move on, let us show
that this reproduces the definitions that we used in Definition 2.2.5 and Definition 2.2.14 for
one-forms in R3.

First, if w is a one-form, according to Definition 4.6.1 is it exact if there exists a zero-form
f such that w = df. As we know that the exterior derivative of a zero-form is the same thing
as the differential of a function introduced in Definition 2.2.1, this is precisely the definition
of an exact one-form that we gave in Definition 2.2.5.

As for closeness, according to Definition 4.6.1 a one-form w is closed if dw = 0. If w is a
one-form on U C R?, we can write w = f dx + g dy + h dz. Then

oh  0Og of Oh dg 0f>
dw=|(———="] dynd — —— | dzAd —= — — ) dx Ady.
“ <6y 82) yAdaz+ (62 630) Fhdr <6w oy v Ady

Thus dw = 0 if and only if
Oh  0Og of 0oh 99 _Of

dy 9z’ 9z Ox’ or 0Oy’
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which is precisely the condition stated in Definition 2.2.14. In fact, this explains where this
strange condition comes from! O

As for one-forms, it is easy to show that exact forms are always closed: it follows directly
from the fact that d> = 0, which is a key property of the exterior derivative proved in
Lemma 4.3.9.

Lemma 4.6.3 Exact k-forms are closed. If a k-form w on U C R" is exact, then it is
closed.

Proof. This is a direct consequence of the fact that d? = 0. If w is exact, then there exists a
(k — 1)-form 7 such that w = dn. But then

dw=d(dn) =0

by Lemma 4.3.9. Therefore w is closed. |

As for one-forms, the converse statement is much more subtle. When are closed k-forms
exact? The answer depends on the domain of definition of the k-form. However, there is a
simple case for which closed k-forms are always exact, as in Theorem 3.6.1. This is called
“Poincare’s lemma” for k-forms. We will state the result here without proof.

Theorem 4.6.4 Poincare’s lemma for k-forms, version 1. Let w be a k-form defined
on all of R™. Then w is exact if and only if it is closed.

In fact, the theorem can be generalized slightly, as in Theorem 3.6.4. What matters in the
proof is not so much that w is defined on all of R", but rather that it is defined on a domain
U that is contractible, which intuitively means that it can be continuously shrunk to a point
within U. A more precise statement of Poincare’s lemma could then be formulated as follows.

Theorem 4.6.5 Poincare’s lemma for k-forms, version II. Let w be a k-form defined
on an open ball U C R™. Then w is exact if and only if it is closed.

It is important to note however that if U is not an open ball or the whole of R™, then
closed forms may not necessarily be exact.

Remark 4.6.6 We should note that contrary to Poincare’s lemma for one-forms in The-
orem 3.6.4, for k£ > 2 it is not true that closed k-forms on simply connected open subsets
U C R" are necessarily exact. This is only true for one-forms; simple-connectedness is not
sufficient for £ > 2. What we need is a higher-dimensional analog of simple-connectedness;
this is why it was replaced by the statement that U is an open ball in Theorem 4.6.5. (Slightly
more generally, one could say that U must be “contractible”. Every contractible space is
simply connected, but not the other way around. This is the kind of thing that is studied in
cohomology and homology, see Remark 4.6.7.)
Just to highlight the subtlety here, consider the two-form

1
B (22 + 92 + 22)3/2

(x dy Ndz +y dz Ndz + z dx A dy),

which is defined on U = R3\ {(0,0,0)}, which is simply connected. One can check that w is
closed, but not exact. Does that contradict Poincare’s lemma? Fortunately it doesn’t, as U
is not an open ball in R? (as it does not contain the origin). But it shows that there exists
k-forms with & > 2 defined on simply connected open sets that are closed but not exact.
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Remark 4.6.7 The world of cohomology (this is just for fun and beyond the
scope of this class!). In fact, the relation between closed and exact forms is quite deep.
As we have seen, it is closely connected to the existence of “holes” in a space, which is the
subject of topology. In fact, studying when closed forms are not exact gives rise to the topic of
cohomology, which is an important branch of geometry and topology. Believe me, cohomology
is all over the place. You wouldn’t believe it, but it is even used to describe gauge theories in
physics!

While describing cohomology is way beyond the scope of this course, let me explain in a few
words what it is about, just for fun, in the context of differential forms. Suppose that w and 7
are closed k-forms on U. If they differ from each other by an exact form, that is w —n =dp
for some (k — 1)-form p, then we say that w and 7 are “equivalent” (or “cohomologous”).
In this way, we construct equivalence classes of closed k-forms that differ by an exact form.
Those equivalence classes (which are called “cohomology classes”) form a vector space, which
is called the “de Rham cohomology space” H*(U).!

If U is the whole of R™, or an open ball in R™, then all closed k-forms are exact, and hence
they are all equivalent to the zero k-form. The de Rham cohomology spaces H*(U) (with
k > 1) are then all trivial (the zero vector space). So the de Rham cohomology spaces H*(U)
with k£ > 1 control, in a sense, how topologically non-trivial U is.

For instance, if we consider U = R?\ {(0,0)}, one can show that

HYU)=R, H*U)=0.

The fact that H2(U) = 0 says that all (closed) two-forms on U are exact. However, the
interesting fact here is that H!(U) = R, which says that not all closed one-forms are exact;
indeed, we saw one example of such a one-form in Example 2.2.13, which was closed but not
exact. Since H'(U) is one-dimensional, this means that all closed one-forms that are not
exact differ from the one we saw in that example by an exact form (they are in the same
cohomology class), up to overall rescaling.

4.6.2 Translation into vector calculus for R?

Focusing on R3, we can rephrase the notions of exactness and closeness in terms of vector
calculus objects, using Table 4.1.11. In R3, we focus on zero-, one-, two-, and three-forms. In
fact, the interesting statements are for one-forms and two-forms.

We already translated the exactness and closeness statements for one-forms in the language
of vector calculus in Section 2.2, but let summarize the statements here.

1. A one-form w on R? is exact if and only if its associated vector field F is conservative,
which is the statement that
F=Vf

for some potential function f.

Mathematically, what we are doing here is constructing a quotient vector space. If we write Z ’“(U) for the
vector space of closed k-forms on U, and Bk(U) for the vector space of exact k-forms on U, then the de Rham
cohomology space is constructed as the quotient space H*(U) = Z*(U)/B*(U).
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2. A one-form w on R? is closed if and only if its associated vector field F is curl-free,
that is
VxF=0

(see Remark 4.4.5).

3. The fact that exact one-forms are closed is the statement that if F is conservative, then
it is curl-free, namely V x F = 0. We call this the “screening test for conservative vector
fields”. However, while conservative vector fields are curl-free, curl-free vector fields are
not necessarily conservative.

4. Poincare’s lemma translates into the statement that if F is defined and has continuous
first order partial derivatives on all of R? (or an open simply connected subset therein),
then F is conservative if and only if it is curl-free.

We can do a similar translation for two-forms. The result is the following four statements.

1. A two-form w on R3 is exact if and only if its associated vector field F has a vector
potential, which is a vector field G such that

F=VxG.

2. A two-form w on R3 is closed if and only if its associated vector field F is divergence-
free, that is
V-F=0.

3. The fact that exact two-forms are closed is the statement that if there exists a vector
potential for F, then F is divergence-free, namely V - F = 0. We call this the “screening
test for vector potentials”. However, while vector fields with a vector potential are
divergence-free, divergence-free vector fields do not necessarily have a vector potential.

4. Poincare’s lemma translates into the statement that if F' is defined and has continuous
first order partial derivatives on all of R? (or an open ball therein), then F has a vector
potential if and only if it is divergence-free.

Remark 4.6.8 Suppose that a vector field F on R? has a vector potential G. This means
that there exists a vector field G such that

F=VxG.

Finding G is not always obvious, as one would need in principle to integrate fairly complicated
partial differential equations. Moreover, G is far from unique.

It turns out that there is a nice result that drastically simplifies calculations. One can
show that, if F has a vector potential G, then we can always choose G to have vanishing
z-component function. In other words, if F has a vector potential, then there always exists a
G = (g1, 92, 0) such that

F=VxG.

This is very helpful when trying to find a vector potential.
In the language of differential forms, this corresponds to the statement that if w is an
exact two-form on R3, then there exists a one-form 7 = f dx + g dy (with vanishing third
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component function) such that w = dn. We prove this statement in Exercise 4.6.3.6.

4.6.3 Exercises
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1. Let w be the following two-form on R3:
w=(e"+y) dy Ndz + (ye* + €*) dz Ndz + (" TV — 2z¢%) dx A dy.

Determine whether w is exact. If it is, find a one-form 7 such that dn = w.
Solution. First, we notice that w is defined on all of R?, so Poincare’s lemma applies.
So we know that it is exact if and only if it is closed. Let us first determine whether it is
closed.

We calculate:

dw :ﬁ(em +y) dz Ndy Ndz + g(ye” +€*) dy Ndz A dx

Ox oy
d
+ a(e”ﬂ/ —2z€") dz ANdx N dy
=(e" 4+ ¢e" —2¢e") dex Ndy ANdz

=0.

Thus w is closed, and hence, by Poincare’s lemma, it is also exact.
We now want to find a one-form 7 such that dn = w. We assume that 7 takes the
form
n=fdr+gdy.

Its exterior derivative is

99 of 99 Of )
dn=—=—"dyANdz+ = dzNd —= — — | dzr Ady.
I 0z yhazt 0z SR (8:10 oy vy
So we need to solve the three equations:
dg af dg Of ty
Iz A T z Jy9 2z — 956"
92 e’ +y, b yer + €7, oz Oy e ze

Integrating the first one, we get:
9(@,y,2) = —ze" —yz + a(z,y)
for some function a(z,y). Integrating the second one, we get
f(@,y,2) = yze® + € + B(x,y)

for some function B(z,y). Substituting these expressions in the third equation, we get:

ag 8f _ x aa(x,y) x aﬁ(:ﬂ?y) _ L xty x
9z~ By = —ze' 4 o ze ay =e 2ze”,
so we must have
8a(m,y) _ 85(.’1],y) — e:c+y
ox oy '

We can choose any function a and § that work. So why not choose 8 = 0, and
a(x,y) = e*Y. Then we get that the one-form

n = (yze® +¢€°) dv + (—ze® —yz + ") dy
is such that dn = w.

2. Let w be the following two-form on R3:

w=aydyNdz+yz dz Ndx + zx dz A dy.
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Determine whether w is exact. If it is, find a one-form 7 such that dn = w.

Solution. w is defined on all of R3, so Poincare’s lemma applies. Thus w is exact if
and only if it is closed. Let us determine whether it is closed.
We calculate:

0 d 0
dw _%(:Uy) dr Ndy N\ dz + 8—y(yz) dy Ndz N dx + &(zx) dz Ndx A dy

=(y+z+z) de ANdy Adz.

As this is non-zero, w is not closed. We then conclude that w is not exact.

3. Let F be the following vector field on R3:
F = (yz,xz,xy).

Determine whether F has a vector potential G. If it does, find such a vector potential.

Solution. Since the component functions of F are smooth on all of R3, Poincare’s
lemma applies. So F will have a vector potential if and only if it is divergence-free. We
calculate its divergence:

w2) + 2 (az) + 2 (ay)

V-F Ay 0z

~ oz
=0,

and thus we conclude that there exists a vector potential G such that V x G = F.
Now we need to find G. We assume that G = (g1, g2,0). Then the condition that
VxG=Fis
992 091 Ogo 391)
VxG=|——"=, 2, 2= — | =(yz,zz,29).
< 0z’ 0z Ox oy (y v)
So we get three equations to solve. We integrate the first one (equality of the z-component
functions) to get:

2,2

Y
QQ(x,y,Z) = _7 + Oé({ll,y).

We integrate the second one (equality of the y-component functions) to get:
22
gl($,y, Z) = 7 + B(:an)

Substituting in the third one (equality of the z-component functions), we get:

992 991 _ Oa(z,y) 0B(z,y)

ox oy  Ox y

= 2y.

We need to find any two functions a and [ that satisfy this condition. We choose 5 = 0,

2
a = %Y. As a result, we have found a vector potential

z22 vy
G<$7y7'z) = (2,2(1'2 _22)70 .
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4. Consider the two-form

1
B (22 + o2 + 22)3/2

(x dy Ndz +y dz ANdx + z dx A dy),

which is defined on U = R?\ {(0,0,0)}. Show that w is closed.

Solution. We want to show that dw = 0. First, we calculate
9 - _(x2 Ty? 4 z2)3/2 —322(2? + 4 + 22)1/2
oz (22 + y2 + z2)3/2 o (22 4 y2 + 22)3
(2% + y? + 2?) — 322
(xQ +y2+z2)5/2

Similarly,
0 Y (22 +y* + 2%) — 3y?

0y (m2+y2+z2)3/2 - ($2+y2+22)5/2

and
0 z (22 +y? + 22) — 322

Oz (12 + 2 + 22)32 (22 + 2 + 22)7/2

Now, we get:

_2 ’ dr A dy A dz+ 2 Y
Oz (22 + 92 + 22)3/2 Y y (22 4 y? + 22)3/2

2 ©
Oz (22 + y? + 22)3/2
3(x? + y? + 22) — 322 — 3y? — 322

= CEREEwEE de Ndy N\ dz

dw

dy Ndz A\ dz

dz ANdx A dy

=0.

We conclude that w is closed.

What is interesting with this example is that w is closed, but one can show that it is
not exact. This doesn’t contradict Poincare’s lemma, as w is not defined on all of R? (or
an open ball thereof). But it is interesting since w is defined on a simply connected subset
of R3, so it shows that there exists k-forms with & > 2 defined on simply connected
subsets that are closed but not exact.

5. Consider the vector field

F(z,y,2) = ( i ° > .

- ) y %
$2+y2 $2+y2

(a) Find the domain of definition of F. Is it path connected? Simply connected?

(b) Determine the divergence of F.

(c) Determine the curl of F.

(d) Does F have a vector potential? Justify your answer. If it does, find such a vector
potential.
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()

Is F conservative? Justify your answer. If it is, find a potential function.

Solution.

(a)

F is defined (and in fact, is smooth) wherever the denominator is non-zero. This is
wherever (z,y) # (0,0). So the domain of definition of F is

U={(z,y,2) R’ | (z,y) # (0,0)}.

This is R? minus the z-axis. It is path connected, since any two points in U can
be connected by a path. It is however not simply connected, since a closed curve
around the z-axis cannot be continuously contracted to a point within U (it would
hit the z-axis, which is not in U).

We calculate the divergence of F':

0 Y 0 x 0
V-E =5 <_m2+y2) * dy <m2 +y2> * 8z(z>

2y B 2xy

T (@24 2)2 (224 92)2 +1

=1.

We calculate the curl of F:

(0 0 x 0 Y 0
VX F= <8y(2) 02 (a:2+y2> "0z (_xQ—i—yQ) B 8x<z)’

0 x 0 Y
D <m2 +y2> oy (_9:2 +y2>>
_<Oox2+y2—2x2 x2+y2—2y2>
T (22 4 2)2 (22 + y2)2
=(0,0,0).

So F is curl-free.

We found in (b) that the divergence of F is non-zero. This means that F cannot have
a vector potential, since vector fields that have a vector potential are divergence-free.

We found in (c) that F is curl-free, so it passes the screening test for conservative
vector fields. However, since its domain of definition U is not simply connected,
Poincare’s lemma does not apply. We thus cannot conclude whether F is conserva-
tive from the statement that it is curl-free.

In fact, we can show that it is not conservative by showing that its integral along a
closed loop is non-zero, as in Exercise 3.4.3.2. Let w be the one-form associated to

F:
w = Ldm—i—

T
—I2+y2 7y2dy+2d2

x2 4+
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Consider the parametric curve a : [0, 27] — R3 with a(t) = (cos(t),sin(t),0), which
is the unit circle (counterclockwise) around the origin in the zy-plane. The pullback
of w is:

o = (_ sin(t)
cos?(t) + sin?(t)
=dt.

cos(t)
cos?(t) + sin?(t)

(—sin(t)) +

cos(t)) dt

The line integral of w along « is thus:

2 27
/w:/ afw = dt = 2.
e 0 0

Since this is non-zero, by Corollary 3.4.3 (or, in other words, the Fundamental
Theorem for line integrals), w cannot be exact, since the line integrals of exact
one-forms along closed curves vanish. Equivalently, the vector field F is not
conservative.

6. Let w be an exact two-form on R3. Show that there exists a one-form 7 of the form
n=fde+gdy

(i.e. with a vanishing z-component function) such that dn = w.

In other words, in the language of vector calculus, if a vector field F has a vector
potential G, then G can always be chosen to take the form G = (g1, g2,0).
Solution. Since w is exact, we know that there exists a one-form [ such that dg = w.
Suppose that we find such a 3:

8 = b1 dx + by dy + b3 dz,

for some component functions by, b2, b3. 5 is certainly not unique; there are many one-
forms such that their exterior derivative equals w. In fact, since d> = 0, we can add to 3
any exact one-form dF for a function F', and we get another one-form whose exterior
derivative is w. That is, if we define

f=p—dF

for any function F, then df = df — d*F = w.
In particular, since

dF:aa—I; dm+aa£ deraa—Z: dz,
if we can choose F' such that
or _,
B 35
then we see that i OF OF
8= (bl_ﬁx> dx + (b2—8y> dy,

and hence it is of the form that we are looking for (no z-component function). But this
is easy to do; simply pick

F(xvyvz) = /bS(x7yaz) dZ7
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Le. any antiderivative in the z-variable will do. So we conclude that we can always find
a one-form (8 with no z-component and such that df = w.

4.7 The pullback of a k-form

In Section 2.4 we defined the pullback of a one-form. We now generalize this concept to
k-forms. We first do it using an axiomatic approach as for one-forms, and relate the result
to the concept of Jacobian. We also introduce a more direct definition of pullback using
the algebraic approach to basic k-forms introduced in Subsection 4.1.1, and show that it is
consistent with our axiomatic approach..

Objectives
You should be able to:

e Determine the pullback of a k-form.

o Show that the pullback of a 2-form in R? and a 3-form in R? is given by the Jacobian
determinant.

4.7.1 The pullback of a k-form: an axiomatic approach

In Section 2.4 we defined the pullback of a one-form. We used an “axiomatic” approach: we
first defined the properties that we wanted the pullback to satisfy, and showed that there is a
unique construction that satisfies these properties. The properties that we specified were, in
words:

1. The pullback of a sum of one-forms is the sum of the pullbacks.
2. The pullback of a product of a zero-form and a one-form is the product of the pullbacks.

3. The pullback of the exterior derivative of a zero-form is the exterior derivative of the
pullback.

In this section we define the pullback of a k-form using a similar approach. All we need to do
is generalize the first and second properties to k-forms.

More precisely, let ¢ : V. — U be a smooth function, with V' C R™ and U C R" open
subsets. We want the pullback ¢* to satisfy the following properties:

1. If w and 7 are k-forms on U, then
¢"(w+n) = w+ .
2. If wis a k-form and 7 an ¢-form on U, then
¢ (wAnN) = (W) A (9™n).
3. If f is a zero-form (a function) on U, then

¢ (df) = d(¢" )
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The third property is unchanged, and the first two are naturally generalized to k-forms.
Imposing these properties gives us a unique definition for the pullback of a k-form.

Lemma 4.7.1 The pullback of a k-form. Let ¢ : V — U be a smooth function, with V C
R™ and U C R™ open subsets. We write t = (t1,...,tm) €V, and ¢(t) = (z1(t), ..., z,(t)).
Let w be a k-form on U, with

w= Z flllk dxi, N A dacik,

1<ir<...<ig<n
for some functions fi,..;, : U — R. Then the pullback ¢*w is a k-form on V given by:

0 71 15) i1
¢'w = > fil---ik(aﬁ(t))(aﬁ dty + ...+ o dtm)

1<i1 <. <ig<n Ot

Ox;,, ox; )
A A dt ko dtm | .
(8t1 Lt

Proof. Start with a basic k-form
dl’il VANEIVAN dacl-k.

Since we impose (Property 2) that ¢*(w An) = (¢*w) A ¢*n), we know that

But we already calculated how basic one-forms transform in Lemma 2.4.4; they transform as
differentials would. This calculation followed from Property 3, which we still impose here, so
it is still valid. This gives us the pullback of basic k-forms.

Then we use Property 2 to extended it to a function times a basic k-form, and then
Property 1 to extend it to linear combination of such terms, to get the final result for the
pullback of a generic k-form. [ |

This formula certainly looks ugly, but it is really not that bad. Concretely, all you need to
do is compose the component functions with ¢, and transform the basic one-forms one by one
in the wedge product as in Lemma 2.4.4, i.e. they transform as you would expect differentials
transform. That’s it! This will certainly be clearer with examples.

Example 4.7.2 The pullback of a two-form. Consider the following two-form on R3:
w=2ay dyNdz+ (xz+y) dz Ndz + dx A dy,
and the smooth function ¢ : R? — R? given by
P(u,v) = (uv,u*,v*) = (z(u,v), y(u,v), 2(u, v)).

To calculate ¢*w, let us start by calculating the pullback of the basic one-forms. We get:

. ox or

¢*(dx) a—duqt%dv v du+u dv,
. 9y Y 4

o (dy) = 7 du + == 90 dv = 2u du,

o (dz) = _% du + 9z dv = 2v dv.

ou ov
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Putting this together, we get:

¢*w =(uv)(u®)¢" (dy) A ¢*(dz) + ((u0) (v?) + u?)¢"(d2) A ¢" (dz) + ¢"(dz) A &" (dy)
=u v(2u du) A (20 dv) + (uv® + u?)(2v dv) A (v du + u dv) + (v du 4+ u dv) A (2u du)
=4u'v? du A dv + 2uv? (v + u) dv A du+ 2u* dv A du
=(4utv? — 2uv® — 2u*v® — 2u?)du A dv.

Note that we used the fact that du A du = dv A dv =0, and dv A du = —du A dwv. O

Example 4.7.3 The pullback of a three-form. Consider the following three-form on R3:
w ="V dx A dy A dz,
and the smooth function ¢ : R3 20 — R3 given by
d(u,v,w) = (In(uv), In(vw), In(wu)).

The pullback of the basic one-forms is:
1 1
¢*(dx) =— du+ — dv,
u v

1 1
¢*(dy) == dv+ — dw,

v w

. 1 1
¢*(dz) =— dw + — du.
w

u

We get:
1 1 1 1 1 1
¢*w =) Hin(vw)+in(wu) ( du + — dv) A ( dv + — dw> A ( dw + — du)
u v v w w u

1 1
=u?v?w? ( duNdvNdw+ —— dv Adw A du)
) VW

=2uvw du A dv A dw,

where we used the fact that the basic three-forms vanish whenever one of the factor is repeated,
and dv A dw A du = du A dv A\ dw since we need to exchange two basic one-forms twice to
relate the two basic three-forms. (]

Good, so we are now experts at computing pullbacks! Calculating the pullback of a k-form
is not more difficult than calculating the pullback of a one-form, but the calculation may be
longer, and you need to use the anti-symmetry properties of basic k-forms in Lemma 4.1.6 to
simplify the result at the end of your calculation.

Property 3 in our axiomatic definition states that the pullback commutes with the exterior
derivative for zero-form. It turns out that this property, which is very important, holds in
general for k-forms. Let us prove that.

Lemma 4.7.4 The pullback commutes with the exterior derivative. Let ¢: V — U
be a smooth function, with V.C R™ and U C R™ open subsets. Let w be a k-form on U. Then:

¢*(dw) = d(¢"w).
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Proof. Recall the definition of the exterior derivative Definition 4.3.1. Let w = Z fiyeigdaig A
1< < <ip<n
-+ ANdx;,. Then

dw = Z d(lezk) ANdxi N A Cl.%'ik.

1<i < <ip<n
Using Properties 1 and 2, we can write

Sdw)= Y $(dfiei) NG (i) A A G (day,).

1< < <ip<n

Now we can use Property 3, which states that

since the f;,..;, are just functions (zero-forms). Thus we have:

¢*(dw)y = D A" fiyi) NG (di) Ao A (dayy)

1<i1 << <n

=d ( Z (¢*flllk)¢*(d$zl) JANRRIWAN qb*(dxlk))

1<y < <ip<n

=d(¢*w),

where the last line follows from Properties 1 and 2 again. |

4.7.2 The pullback of a top form in R" and the Jacobian determinant

There is a special case for which the pullback takes a very nice form. This case will play a
role shortly in our theory of integration, as it will be related to the transformation formula
(the generalization of the substitution formula) for multiple integrals.

Let us start by recalling the definition of the Jacobian of a smooth function.

Definition 4.7.5 The Jacobian. Let ¢ : V — U be a smooth function with U,V C R"
open subsets. Let us write t = (t1,...,t,) € V, and

o(t) = (z1(t), ..., zn(t)).

6($17---7$n)

The Jacobian of ¢, which we denote by By OF Jy or D¢ (lots of different notations!),
is the n x n matrix of first partial derivatives:

Oz ., Om
z,...,xn) | Oin
D¢ = J¢) = —a ; ; = : :
(b1, ) dzn .. Ozn
ot1 Otn
Its determinant is called the Jacobian determinant. O

It turns out that if we pullback an n-form with respect to such a ¢, we can write ¢*w in
terms of the Jacobian determinant. First, let us introduce the common name “top form” for
n-form on open subsets U C R".
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Definition 4.7.6 Top form. We call an n-form on an open subset U C R" a top form. ¢

Such forms are called “top forms” because all forms with k > n necessarily vanish on R"™.
Going back to the pullback, we get the nice following result when we pullback a top form:

Lemma 4.7.7 The pullback of a top form in R” in terms of the Jacobian determinant.
Suppose that w is a top form on U CR™, and ¢ : V — U a smooth function with V C R™. As
above we write

¢(t) = (xl(t)7 B xn(t))

with t = (t1,...,t,) €V, and
w=fdri N... Ndxy,

for some function f:U — R. Then
P w = f(o(t))(det Jy) dtr A ... Adtp,

where det Jy is the Jacobian determinant.

Proof for R? and R3. It is not so easy to write a general proof for R” using the computational
approach for the pullback that we have used so far. We will be able to write down a general
proof easily in the next subsection after having introduced a more algebraic approach to the
pullback. For the time being, let us prove the statement explicitly for R? and R3.

For R?, our function ¢ takes the form

o(t1,t2) = (z1(t1,t2), z2(t1, t2)).
What we need to show is that

¢*(d$1 A dIL’Q) = (det J¢)dt1 A dts,

where 5 5
o ori Oz Ox Oxo Ox
o ] ] . 1 2 2 1
et Jo = de (6 8) O ot oL o
8t1 8t2 1 2 1 2
But

83/}1 8.1‘1 0%2 6$2
*(d d = —=—dt — dt —= dt —= dt
¢*(dxy A do) (8751 1+6t2 2)/\(8751 1+8t2 2>

(8:61 (9332 axg 81’1)

oty Oty Oty Ot

and the lemma is proved.
The calculation is similar but more involved for R?. We have:

(b(tla t?? t3) = (1'1 (tla t27 t3)7 CCQ(tl, t27 t3)7 $3(t17 t27 t3))
What we need to show is that

d)*(da:l Adxo A dl‘g) = (det J¢)dt1 A dty A dts,
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where
dzy  dry  dxy
ot Oto Otg
det J4 = det g—ff g—f; g—f;
Ovg  Owg Oy
ot1 Oto Ots
_ 0210y O3 | On1 Oy Oz | Oy Oy Oy
Ot Oty Oty Oty Otz Ot; Otz Oty Oty
_ 011 Oxz Ory Oy Oz Oy Oy Oz Oy
Oty Ot] Ot Oty Otz Oty Otz Oty Ot
But
Oxy Oxy 0x1
*(dzy Adzo Adxs) = | —— dty + —— dto + — dt
¢ (dxy A dxg A drs) (8151 1+8t2 2+6t3 3)
8x2 8952 8$2 )
A== dt) + == dtg + —= dt
((‘%1 1 5, M2t g, s
81’3 833‘3 01‘3 )
A =2 dty + =2 dig + —= dt
<8t1 1 gy, M2 gy, s

(0101934, Oy Oy Oy, Oy Oy O
Oty Otg Ots ~ Oty Ots Ot Otz Ot; Oty
_0nnln _Ondnln _0n0m0myy g n g,
Oty Ot1 Ots Oty Otz Oty Otz Oty Oty

which completes the proof in R3. Phew, this was painful. |

The appearance of the Jacobian determinant here is quite nice. It will be related to the
transformation formula for multiple integrals, when we integrate a top form over a bounded
region in R™. We note however that we obtain the Jacobian determinant here, not its absolute
value (in comparison to what you may have seen in previous calculus classes); this will be
related to the fact that our theory of integration is oriented.

4.7.3 The pullback of a k-form: an algebraic approach (optional)

In this section we introduce a direct definition of the pullback using the algebraic approach
to basic k-forms introduced in Subsection 4.1.1. We then show that the three fundamental
properties that we used to define the pullback are satisfied, thus justifying our original
axiomatic approach.

Recall from Definition 4.1.1 (naturally generalized to R™) that a basic one-form dz; is a
linear map dx; : R” — R which acts as

dzi(uy, ..., up) = uj,

i.e. it outputs the ¢’th component of the vector u € R™. As we are now thinking of the basic
one-forms dz; as linear maps, we can define their pullback by composition, as we originally
did for functions in Definition 2.4.1.

We first define and study the pullback when ¢ is a linear map between vector spaces. We
will generalize to the case of a smooth function afterwards.
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Definition 4.7.8 The pullback of a basic one-form with respect to a linear map.
Let dz; : R™ — R be a basic one-form, and let ¢ : R™ — R" be a linear map. We define the
pullback ¢*(dz;) : R™ — R by composition:

¢*(dz;) = dx;o ¢ : R™ — R.

Let us now give an explicit formula for the pullback of a basic one-form.

Lemma 4.7.9 An explicit formula for the pullback of a basic one-form. Let
dr; : R" = R, i=1,...,n be the basic one-forms on R", and dt; : R™ — R, j =1,...,m
be the basic one-forms on R™. The linear map ¢ : R™ — R™ can be represented by a matrix
A = (aij). Then we can write

qﬁ*(dwz) = Z aijdtj =andti + ...+ ajmdt,.
=1

Proof. Write v = (v1,...,0y) € R™. Then

¢*(dz;)(v) =dz;(p(v))
=dx;i(a11v1 + ... + Q1mUm, Q101 + - - . ApmUn;,)
=a;1V1 + ... + GimUm
=a;1dty (V) + ...+ aimdtm (V)
= (aildtl +...+ aimdtm) (V)
|

It is then easy to generalize the definition of pullback to the basic k-forms.

Definition 4.7.10 The pullback of a basic k-form with respect to a linear map.
Let dzi, A ... Adw;, : (R")* — R be a basic k-form, and let ¢ : R™ — R" be a linear map.
Let vi,...,vF € R™ be vectors. We define the pullback ¢*(dw;, A ... Adx;,): (R™)F — R by:

¢*(dxiy A Ndxy ) (VY. ) =dog A Ada (0(VY), L o(VF)).
¢

It follows directly from the definition that the pullback commutes with the wedge product:

Lemma 4.7.11 The pullback commutes with the wedge product. Under the setup
above,
gf)*(dl‘“ VANPAN dIZk) = qb*(dle) VAN (b*(dl‘lk)

Proof. By definition,
O (dxi)) A A (day, ) (VY. V) =dazy, A A dag, (0(VY), L d(VE))
=¢*(dziy A ... Aday ) (v .. V).

[ |
As a corollary, we obtain an explicit formula to calculate the pullback of a basic k-form.
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Corollary 4.7.12 An explicit formula for the pullback of a basic k-form. Let
dziy A ... Ndz, : (RM)* — R be a basic k-form, and let ¢ : R™ — R" be a linear map. Let
dtj :R™ = R, j=1,...,m be the basic one-forms on R™. The linear map ¢ : R"™ — R" can
be represented by a matriv A = (a;;). Then we can write

qb*(dx“ VANPIAN dl’lk) = (ailldtl + ...+ ailmdtm) VANERRIVAN (aikldtl + ...+ aikmdtm) .
We can also write down an explicit formula in terms of the determinant when we pullback

a basic n-form from R™ to R™.

Lemma 4.7.13 The pullback of a basic n-form in R". Let dx1 A--- Adzy, : (R")" = R,
and let ¢ : R™ — R™ be a linear map, which can be representated by an n x n matric A = (a;j).
Then

¢*(dxy A -+~ Ndxy) = (det A) dzy A -+ Aday,.

Proof. Let v',...,v" € R”. Then

¢ (dzy A - Adxy) (VY. V) =day A Adap(o(vY), .., d(VTY))

Appol + o+ Aput o Aol o Ape?
=det : :
Anlv% +oF Al e Aptl o+ Al
Ay oo Agy, v% el
=det : :
Al Ann v,ll vy
vi U1
=(det A) det | : :
Un i

—=(det A)dzy A ... Ndz, (V... V"),

which concludes the proof. |

This is all very nice, but so far we only looked at basic k-forms, and linear maps ¢ : R™ —
R™. How do we generalize this to general differential k-forms on U C R”, and to smooth
functions ¢ : V. — U with V C R™? The idea is simple. For any point t € V', the Jacobian
matrix of ¢ (i.e. the matrix of first partial derivatives), also called the “total derivative of ¢”,
provides a linear map R™ — R™.!

In other words, given a smooth function ¢ : V' — U, if we write ¢(t) = (z1(t), ..., zn(t)),
we can construct the pullback of k-forms exactly as above, but with the specific linear map
R™ — R"™ given by the Jacobian matrix:

A= (ay) = (Zf) .

Then we see that we recover all the formulae that we obtained previously, and that our

!This is called the “differential” or “total derivative” of the smooth function ¢: in fancier differential
geometry, one would say that it is a linear map from the tangent space of V' at t to the tangent space of U at

(t).
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three fundamental properties are satisfied! The pullback of a basic one-form becomes
as before. Property 1 is obviously satisfied by definition. Lemma 4.7.11 becomes Property 2,
and Corollary 4.7.12 becomes our general formula for the pullback of k-forms in Lemma 4.7.1.
It is easy to check that Property 3 is satisfied. Finally, we obtain a general proof of Lemma 4.7.7
on R", as this is simply Lemma 4.7.13. Neat!

dtp,

4.7.4 Exercises

1. Consider the basic two-form dz A dy on R?, and the polar coordinate transformation
a: R? = R? with
a(r,0) = (rcosf,rsind).

Show by explicit calculation that

o (dx ANdy) =r dr A df = (det Jy)dr A df.

Solution. Let us start by calculating the pullback two-form. We get:

o (dx N\ dy) =(cosO dr — rsin@ df) A (sinf dr + rcos 6 d)
=rcos® 0 dr Adf — rsin®6 do A dr
=r(cos?  + sin? )dr A df
=r dr A df.

Next, we show that det J, = r. By definition of the Jacobian matrix, we have:
Jr O
det J, =det (g’; gg)
or 00
_ det (cos f# —rsin 9)

sinf rcosf

=rcos? 0 + rsin® 0

=r.
Therefore,
o*(dz Ndy) =r dr Adf = (det Jy)dr A db
as claimed.
2. Let

w= (2?4 y*+2%) deNdyNdz
on R3, and a : R? — R? the spherical transformation
a(r,0,¢) = (rsin(0) cos(¢), rsin(f) sin(¢), r cos(d)).
(a) Show by explicit calculation that
o (dx A dy Adz) = r?sin(0) dr A df A do = (det Jo)dr A df A dé.
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(b) Use this to find a*w.

Solution.

(a) We calculate the pullback:

o (dx A dy A dz) =(sin(0) cos(¢p)dr + r cos(f) cos(¢)df — rsin(f) sin(¢p)de)
A (sin(0) sin(¢)dr + r cos(0) sin(¢)df + rsin(0) cos(¢)do)
A (cos(8)dr — rsin(0)d6)
=(r?sin®(0) cos?(¢) + r% sin(0) cos?(0) cos?(¢) + r2 sin®(0) sin’ ()
+ 1% sin(0) cos?(0) sin?(¢))dr A db A dg
—=r%(sin3(#) + sin(0) cos®(8))dr A df A do
=rZsin(0)dr A df A dg.

Next we show that this det J, = 7?sin(f). By definition of the Jacobian matrix,

we get:
Oz  Ox Oz
or 00 06
det J, = det % % gg
9z 0z 0z
or 00 06
sin(f) cos(¢p) rcos(f)cos(¢p) —rsin(f)sin(ep)
=det | sin()sin(¢) 7cos(f)sin(¢p) rsin(6) cos(op)
cos(0) —rsin(0) 0
=r?sin(0) cos?(0) cos?(¢) + 72 sin®(0) sin?(p) + r% sin®(#) cos?(¢)
+ 1% sin(0) cos? () sin?(¢)
—=r?sin(6).
Therefore

o (dz A dy A dz) = r?sin(0) dr A d A de = (det Jo)dr A dO A de
as claimed.
(b) To find a*w we can use the result in (a). We get:
o*w =(r? sin?() cos?(¢) + 72 sin?(0) sin?(p) + r2 cos?(0))o* (dx A dy A dz)
=(r? sin?(8) + 72 cos?(#))r? sin(#)dr A dO A de

=rtsin(0)dr A df A de.

3. Let
w=(2?+9?) (x dy Ndz +y dz Adz + 2 dz A dy)

on R?, and « : R3 — R? be the cylindrical transformation

a(r,0,w) = (rcos,rsinf, w).
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(a) Find o*w.
(b) Show by explicit calculation that d(a*w) = o*(dw).
Solution.

(a) To simplify the calculation of the pullback, let us first calculate the pullback of the
basic two-forms:

o (dy A dz) =(sin(0)dr + r cos(0)df) A dw
=sin(f)dr A dw + r cos(0)df A dw,

a*(dz A dz) =dw A (cos(0)dr — rsin(6)dh)
= —cos(0)dr A dw + rsin(0)df A dw,

and
o (dz A\ dy) =(cos(0)dr — rsin(f)d) A (sin(0)dr + r cos(6)d0)

=rcos?(0)dr A df + rsin®(0)dr A df
=rdr N\ df.

We also observe that
o (2% + %) = 12 cos?(0) + r2sin?(0) = 2.
Putting this together, we get:
7w =a (22 +y?)a” (z dy Adz +y dz Adx + 2z dx A dy)
—=r%(r cos(#) (sin(#)dr A dw + r cos(0)dd A dw)

+ 7sin(@)(— cos(8)dr A dw + rsin(0)dd A dw) + rwdr A db)
=r3(rdf A dw + wdr A df).

(b) On the one hand, we calculated in (a) the pullback a*w = 73(rdf Adw-+wdr Adf).We
can calculate its exterior derivative:

d(a*w) =d(r*) A df A dw + d(rPw) A dr A df
=(4r® 4+ r3)dr A df A dw.
=5r3dr A df A dw.

On the other hand, we can calculate first the exterior derivative of w. We get:

dw =d((z* + y*)x) Ady A dz + d((z* + y*)y) Adz A de + d((2® +y?)2) Ade Ady
=((32% + %) + (3y* + 2%) + (a® + y?))dz Ady A dz
=5(z* 4+ y*)dx A dy A dz.
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We then calculate its pullback:

o* (dw) =5a*(x? + y*)a* (dx A dy A dz)
=512(cos(0)dr — rsin(0)df) A (sin(0)dr + r cos(0)df) A dw
=5r2(r cos?(0) 4 rsin?(0))dr A df A dw
=53 dr A df A dw.
We conclude that
d(a*w) = o™ (dw),

as claimed.
4. Let
w = ze™ dx N dy

on R3, and ¢ : (]R;,,go)2 — R3 with:

d(u,v) = (Z, Z,uv) .

Find ¢*w.
Solution. We calculate the pullback:

v

1 1
=uve < — ) du A dv

u v 1 1
o*w =uvevu (du — u2dv> A (—UQdu + dv)
v u u

uv U
=0.
5. Show that the pullback of an exact form is always exact.
Solution. Let w be an exact k-form on U C R”, and let ¢ : V — U be a smooth
function for V' C R™. We want to prove that the pullback of w is exact.

Since w is exact, we know that there exists a (k — 1)-form n on U such that w = dn.
Then

¢'w = ¢"(dn) = d(¢™n),
where we used the fact that the pullback commutes with the exterior derivative (see

Lemma 4.7.4). Therefore, the k-form ¢*w on V is the exterior derivative of a (k — 1)-form
¢*n on V, and hence it is exact.

6. Let w be a k-form on R", and Id : R — R" be the identity function defined by
Id(zy,...,xy) = (21,...,%,). Show that

Id*'w = w.
Solution. We can write a general k-form on R™ as
w = Z fil"'ikdxh VANERRIA dxik
1<t << <n

for some smooth functions f;,..;, : R™ — R. We know that Id*(dz;) = dx; for all
i € {1,...,n}, by definition of the identity map. Similarly, for any function f:R" — R,
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Id*f = f. As a result, we get:

Idw= Y Id*(fi.q ) Id" (dwy) A - A Td*(dag,)

1< << <n

= Z lezkdl'zl VANERIVAN dl’lk

1<i1 << <n
=Ww.

7. Let wbeak-formon U CR" Let ¢:V — U and o : W — V be smooth functions,
with V' C R™ and W C R’. Show that

(¢oa)'w=a"(¢'w).

In other words, it doesn’t matter whether we pullback in one or two steps in the chain of
maps
WSV AU

Solution. We can write a general k-form on U as

w= Z fil...ikdxil VANEERIVAN dazik

1<iy<--<ip<n

for some smooth functions f;,..;, : U — R. On the one hand, the pullback by ¢ o a is

(poa)yw= Y ($00) (fiwi)(0a) (dri) A--- A(d0a)(da):

1<ii << <n

On the other hand, pulling back in two steps, we get:

a*(Pp*w) = Z a*(Q* fiy iy ) (@ dxi ) N - Ao (¢Fday,).

1<ip<-<ip<n
So all we have to show is that
(¢oa)'f=a"(¢"f)
for any smooth function f: U — R, and
(¢ o) dr; = o™ (¢p*dx;)

for any i € {1,...,n}.
First, for any function f : U — R,

(poa)*f=fodoa,
while
(¢ f)=a (fop)=fogoa.
Thus
(poa)*f=a™(¢"f).
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As for the basic one-forms, let us introduce further notation for the maps ¢ : V — U
and a : W — V. Let us write z = (21, ..., 2¢) for coordinates on W;y = (y1,...,Ym)
for coordinates on V; and x = (z1,...,x,) for coordinates on U. We write ¢(y) =

(01(y, ..., On(y)), and a(z) = (a1(2), ..., am(z)). Then, we have:
tds — S 000
¢*dw; = ; oy, e

and
Oay,

y=a(z) 0z

(¢*da;) = Z Z i dz.

==t 9Ya

On the other hand, if we pullback by the composition of the maps, we get:
l
) .
(¢poa)de; = Z Mdzb

But the equality
Oay,

y=a(z) 02p

Ipoa) <~ 0¢;
oz ; 0Ya

is precisely the chain rule for multi-variable functions (written in terms of composition of
functions). Thus we conclude that

o (¢%dx;) = (¢ o )" du;.
Putting all of this together, we conclude that
(poa)'w=a"(p*w),

which is the statement of the question.

4.8 Hodge star

In this section we introduce one last operator on differential forms, called the “Hodge star”.
While we will not really use it in this course, it is an integral part of the theory of differential
forms, so it is worth being introduced to it briefly. The Hodge star can be used to recover the
Laplacian operator in the language of vector calculus.

Objectives
You should be able to:

e Define the Hodge star operator in R”.
o Determine the Hodge star of zero-, one-, two-, and three-forms in R3.

¢ Relate to the Laplacian operator in vector calculus.
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4.8.1 The Hodge star

The Hodge star is an operator that provides some sort of duality between k-forms and (n — k)-
forms in R™. It is easiest to define it in terms of the basic k-forms from Definition 4.1.5, and
then extend to general differential forms by applying it to each summand.

Definition 4.8.1 The Hodge star dual of a k-form in R". Let w = dx;; A--- Adx;,
be a basic k-form on R”. Then the Hodge star dual of w, which is denoted by xw,' is the
unique basic (n — k)-form with the property:

WA*w =dx1 A Ndxy,.

To define the Hodge star dual of a general k-form on U C R"”, we apply the Hodge star to
each summand. More precisely, if

n= Z flle da;il FANRERWAY da:ik

1<y <...<ip<n

is a k-form on U, then its Hodge star dual 7 is the (n — k)-form given by

*1 = Z Jireip * (dzig Ao Adxy,).

1<y <...<i<n

¢

To make sense of this definition, let us look at the Hodge star action on the basic k-forms
for low-dimensional space.

Example 4.8.2 The action of the Hodge star in R. There are only two basic k-forms
in R, namely the zero-form 1 and the one-form dz. From the definition, we want 1 A x1 = dx
and dzr A xdx = dx, from which we conclude that:

*1 = dux, *dxr = 1.

The Hodge star thus provides a duality between zero-forms and one-forms in R. ([

Example 4.8.3 The action of the Hodge star in R?. It becomes a little more interesting
in R2. The basic forms are the zero-form 1, the one-forms dz and dy, and the two-form dx A dy.
From the definition, we want 1 A x1 = dx A dy, dx A *dx = dx N dy, dy A xdy = dx A dy, and
(dx A dy) A *(dx A dy) = dz A dy. We conclude that

*1 = dx A dy, *(dx A dy) =1,
*dx = dy, *dy = —dzx.
It thus provides a duality between zero-forms and two-forms in R?, and a “self-duality” for

one-forms. Note that the sign is important here for the action on the basic one-forms. O

Example 4.8.4 The action of the Hodge star in R3. Things become even more
interesting in R3. The basic forms are the zero-form 1, the one-forms dx, dy, dz, the two-forms

!This standard notation should not be confused with the pullback of a differential form; those are very
different things.



CHAPTER 4. k-FORMS 133

dy ANdz,dz N\ dzx,dz A dy, and the three-form dx A dy A dz. From the definition, we get that:

*x1 =dx Ady A dz, *(dx Ndy Ndz) =1,
*dx = dy N dz, *dy = dz N dzx, *dz = dx A dy,
*(dy N dz) = dx, *(dz N dx) = dy, *(dx N dy) = dz.

Thus, in R3, it provides a duality between zero-forms and three-forms, and between one-forms
and two-forms. O

Example 4.8.5 An example of the Hodge star action in R3. Consider the two-form
w = xyz dy Ndz + €® dx A dy. Tts Hodge star dual is the one-form:

*w =zyz * (dy Ndz) +e* * (dz A dy)
=zyz dz + €* dz.

O

The action of the Hodge star in R? naturally justifies our dictionary to translate between

k-forms in R? and vector calculus objects in Table 4.1.11. Indeed, let w = f dz + g dy + h dz
be a one-form on R3. Then its Hodge dual is the two-form

*w = f dyNdz+ g dz Ndx + h dx A dy.

This is why we used this particular choice for the basic two-forms in Table 4.1.11; it’s because
this is what one gets through Hodge duality, which identifies one-forms and two-forms in R3.

In fact, what this means is that we really only needed the first two lines in Table 4.1.11.
Indeed, we can always transform a two-form into a one-form by taking its Hodge dual, and a
three-form into a zero-form. So, in the end, all that we need to establish a dictionary between
differential forms and vector calculus objects is to say that zero-forms are functions, and
one-forms correspond to vector fields.

For instance, if F is the vector field associated to a one-form w, we could have defined the
curl V X F to be the vector field associated to the one-form xdw. That is,

w+ F *dw < V x F.

Similarly, we could have defined the divergence V - F to be the function given by xd xw. That
is,
w« F *xdxw <+ V- F.

We could translate all vector calculus identities in Section 4.4 using the Hodge star, but in
the end, as far as we are concerned in this course, this is just a fancier way of saying the same
thing. :-)

Example 4.8.6 Maxwell’s equations using differential forms (optional). Recall
from Example 4.4.7 the statement of Maxwell’s equations, which form the foundations of
electromagnetism. They can be written in terms of the electric vector field E and the magnetic
vector field B on R3 as follows (I am now using units with ¢ = 1 as is standard in modern
physics, and I have rescaled the electric charge p and the electric current density J to absorb
the factor of 4r):

VE:pa
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V- B =0,
OB
VxE+ = =0
% +8t ’
oE
VxB-""=J
x ot

It turns out that there is a very nice way of rewriting Maxwell’s equations using differential
forms, which makes them manifestly relativistic (i.e. consistent with special relativity).
Moreover, this reformulation works in any number of dimensions! It defines the natural
generalization of Maxwell’s equations to higher-dimensional spacetimes, which is useful in
physics theories like string theory.

To write Maxwell’s equations in this form, we need to consider them as living on spacetime,
i.e. R*, with coordinates (,z,y, z). We first construct a two-form F on R* that combines the
electric field E and the magnetic field B as follows:

F=B,dyNdz+ By dzNdx + B, de Ndy + E, de Ndt + E, dy \Ndt + E. dz A dt.

We also construct a three-form which combines the electric current J and the electric charge
p as:
J=pdx NdyNdz —j, dt Ndy Ndz — j, dt Ndz Ndx — 5, dt Adx A dy.

Using these definitions, and the definition of the Hodge star on R*,? we can rewrite Maxwell’s
equations neatly as the following two equations (you can check this!):

dF =0,
dxF =J.

Isn’t that neat? The first equation is simply saying that the two-form F' is closed. The second
equation is the “source equation”; if there is no source (i.e. J = 0), it is simply saying that
the two-form %xF' is also closed. Moreover, not only is this formulation nice and clean, but it is
manifestly Lorentz invariant (as it is formulated in four-dimensional space time).
Furthermore, this formulation of Maxwell’s equation naturally generalizes to any number
of dimensions. In R", F' remains a two-form, but J becomes an (n — 1)-form. Then xF
is an (n — 2)-form, and the two equations make sense in R™. As mentioned above, this
higher-dimensional generalization is useful in modern physical theories such as string theory.
This is an example of the power of the formalism of differential forms! O

2To be precise, we need to modify the definition of the Hodge star operator a little bit here. The reason
is that spacetime is R*, but with a different definition of length as for standard Euclidean space. It is called
Minkowski spacetime; the definition of length is given by a metric, and in this case the metric is Lorentzian,
which is a bit different from the standard Euclidean metric (it has an extra sign). The reason is that the
fourth dimension of time behaves somewhat differently from the three space dimensions, which is reflected in
this choice of Lorentzian metric. In the end, the correct definition of the Hodge star operator on Minkowski
spacetime R* is the operator « that acts on basic k-form as

wA*xw = tdt ANdx A dy A dz,

with a plus sign whenever w does not contain dt, and a minus sign whenever w contains dt.
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4.8.2 The Hodge star and the Laplacian

We can combine the Hodge star with the exterior derivative to define a new operation on
differential forms, called the “Laplace-Beltrami operator”.

Definition 4.8.7 The codifferential and the Laplace-Beltrami operator. Let w be
a k-form on U C R™. We define the codifferential, which is denoted by d, as the operator
acting on w as:

dw=(—DFxd*w.

We define the Laplace-Beltrami operator, denoted by A, as the operator acting on w as:
Aw = —(dd + éd)w,

where d is the exterior derivative. O
This looks very fancy, but it is just the natural generalization of the Laplacian of a function
to differential forms, as we now see.

Lemma 4.8.8 The Laplace-Beltrami operator and the Laplacian of a function. Let
f be a zero-form (a function) on U C R3. Then

0? 0? 0?
Af:Vszv-szaxé+ay‘§ a—z‘ﬁ,
where V2 f is called the Laplacian of f.
Proof. First, we notice that if f is a function,
of =xdx f =0,

since xf is a three-form, and hence its exterior derivative vanishes in R3. Thus
Af = —ddf = xd* df.

We now translate into the language of vector calculus. The vector field associated to the
one-form df is the gradient V f. Its Hodge dual is a two-form, and taking its exterior derivative
means that we take the divergence of this vector field. So the result is that

Af=V . -Vf.
Expanding in coordinates (z,y, z), we get:

0*f 0*f O°f
ox?  Oy? 022’

Af=V-Vf=

which we write as the Laplacian V2f of the function f. |
The Laplace-Beltrami operator applied to a one-form in R? gives rise to another operation
in vector calculus, called the “Laplacian of a vector field”.

Lemma 4.8.9 The Laplace-Beltrami operator and the Laplacian of a vector field.
Let w be a one-form on U C R3, and F be its associated vector field. Then the vector field



CHAPTER 4. k-FORMS 136

associated to the one-form Aw is the Laplacian of the vector field ¥, which is denoted by
V2F. It acts on the vector field as

O*F N O*F N O°F
ox2 Oy 0227

V2F =

and satisfies the identity
VF=V(V-F)-V x (VxF).

Proof. If w is a one-form, by definition
Aw = —ddw — ddw = d* d * w — xd * dw,

which is also a one-form. Let us now extract its associated vector field. Let F be the vector
field associated to w.

We look at the first term on the right-hand-side. xw is a two-form associated to F. dxw
then takes the divergence V - F. xd x w maps this to a zero-form, and then d x d x w take
the gradient of the resuling zero-form. The result is that the vector field associated to the
one-form d * d * w is

V(V -F).

Let us now look at the second term on the right-hand-side. dw takes the curl V x F. xdw
then maps it to a one-form associated to the vector field V x F. d % dw then takes the curl
again, V x (V x F), and finaly xd * dw maps it back to a one-form. The result is that the
vector field associated to the one-form *d * dw is

V x (V xF).
We conclude that the vector field associated to the one-form Aw is
V(V-F)-V x (VxF),

which we can take as the definition of the Laplacian of the vector field F. To show that it
takes the form

O°’F N O°F N O°F

ox2 = Oy 022’

one only needs to do an explicit calculation in R3, see Exercise 4.8.4.5. |

V2F =

4.8.3 Two more vector calculus identities

To end this section, let us prove two more vector calculus identities, this time involving the
Laplacian of a function.

Lemma 4.8.10 Vector calculus identities, part 5. Let f and g be smooth functions on
U C R3. Then it satisfies the identities:

1.
V3(fg) = fV?g+2Vf - Vg+gVf,
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2,
V- (fVg—gVf)=[fVig—gVf.

Proof. These two identities follow from the graded product rule for the exterior derivative.

dF =0,
dxF =J.

We start with the first one:

V3(f9) =A(fg)
=xdx*d(fg)
=xdx(gdf + f dg)
=xd(g xdf + f *dg)
=x (dg AN*df + g d*df + df N*dg+ fd*dg)
=Vg-Vf+gVif+Vf-Vg+ fV3
=fV2g+2Vf-Vg+ gV2f.

In the proof we used the fact that V2f = xd x df as in the proof of Lemma 4.8.8.
For the second identity, we get the following:

V- (fVg—gV[)=xdx(fdg — gdf)
=% d(fxdg — g*df)
=x (df ANxdg + fdxdg — dg N\ *df — gd  df)

To proceed we need to use a result which we haven’t proved. For any two k-forms w and
n on R3, there’s a general result that says that

WA XN =*xw A 7.

Note that it is important that w and n are both k-forms (same k), otherwise it wouldn’t apply.
It it not difficult to prove this statement, but since we do not need it anywhere else, we leave
the proof as an exercise (see Exercise 4.8.4.4).
Now in our previous expression we had the terms df A xdg and —dg A *df. Since df and
dg are both one-forms,
df N *dg = xdf A dg,

and these two terms cancel out. Thus

V- (fVg—gV[)=f(xd*dg) — g(xd*df)
=fV?g —gV>f.
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4.8.4 Exercises

1.

Let w be the two-form
w=aydyNdz+zyz dzNdx +y de N\dy

on R3. Find *w.

Solution. We calculate the one-form xw using the action of the Hodge star on basic
two-forms in R3:

*w =xy * (dy AN dz) + zyz * (dz A dx) + y * (dx A dy)
=zy dr +zyz dy +y dz.
For any k-form w on R™, show that

*okw = (—1)F=k)y,,

Solution. We only need to prove the statement for basic k-forms as by definition of the
action of the Hodge star operator in Definition 4.8.1 it will then follow for all k-forms.

Let a be a basic k-form on R”. By definition of the Hodge star, we know that *« is
the unique basic (n — k)-form such that

aAN*xa=dri A ANdxy,.

Now consider the basic (n — k)-form *«. By definition of the Hodge star, x x & will be
the unique basic k-form such that

*ax Ax*a=dxri A ANdx,.
As the right-hand-side for both equations is the same, we get
a N+ = xa N\ x*x Q.

Using graded commutativity of the wedge product as in Lemma 4.2.6, we can rewrite
the right-hand-side as:
aAxa = (—1DFOF) wwa A xa.

Finally, given xa, we know that the left-hand-side uniquely defines « (by definition of
the Hodge star), while the right-hand-side uniquely deefines x x & (again by definition of
the Hodge star), and therefore we must have

o= (=R 4 sa,
Let w and n be one-forms on R™, and F and G be the associated vector fields. Show that
*(wA*n) =F-G.

Solution. We can write the one-forms w and 7 as:

=1
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n
n=>_ gidx;,
i=1

for smooth functions f;, g; : R™ — R. Since xn is an (n — 1)-form, w A xn is an n-form on
R™. It then follows that the only non-vanishing terms in w A %1 are those of the form
dx; N\ *dz;, as all other “cross-terms”, i.e. terms of the form dxz; A xdx; with i # j, will
necessarily vanish since xdx; necessarily contains a dx;. Thus we get:

n
wA*n = Z figidx; N\ xdx;
i=1

= (Z fi9i> dxy A+ ANdxy,
i=1

where we used the definition of the Hodge star for basic one-forms. Finally, since
*(dxy A -+ -dzy) = 1, we get:

*(w/\*n):Zfigi*(da:l/\-"/\da:n):Zfigi:F'G,
=1 =1

where the last equality is for the associated vector fields F = (fi,..., f,) and G =
(917 cee agn)
4. Let w and n be k-forms on R"™. Show that

k(n—k)

wA*n=(—1) *w A .

Note that it is important that w and 1 are both k-forms (same k), otherwise this property
wouldn’t apply.
Solution. The proof is similar in spirit to the solution of the previous problem. Since w

and 7 are both k-forms on R", we can write both as linear combinations of basic k-forms
in R™:

w = Z lezkdle FANCIIVAN d:l}ik,
1< << <n
n= Z gil---ikdxil FANKIRIIVAN dl’ik,

1<ig < <ip<n

for smooth functions f;,...;,, Gi;-..i, : R™ — R. Then

*1 = Z Giq-vig ¥ (dmll VANEIERIVA dmzk)
1<ip << <n
But x(dx;; A--- Adz;,,) is an (n — k)-form on R™, and thus w A xn is an n-form in R™. It
follows that the only terms in w A xn that will be non-vanishing are those involving the
wedge product of a basic k-form with its own Hodge star dual, as all other “cross-terms”
will necessarily involve the wedge products of repeated da’s which trivially vanish. So we
get:

wN\*n = Z fh"'ikgil'”ikdxil VANEERWAN d.’Eik A *(d:nil VANEERIVAN d:rzk)
1< << <n
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Similarly, we have:

*w A1 = Z firoinGiy iy, * (dxiy A--- ANdag,) ANdxg, A--- A dxg,
1<i1 << <n
—(—l)k(n_k) Z fil"'ikgir"ikdxil VANREIVAN d.f(}z'k AN *(dacil VANREIWAN d.%'ik),

1< << <n

where we used graded commutativity of the wedge product, Lemma 4.2.6. We thus

conclude that
wA*n = (—l)k("_k) *w AN.

5. Let F = (fi1, f2, f3) be a smooth vector field in R3. Show that

0’F  0°F O°F
V(V-F)—VX(VXF)—ax2—|—8y2+az2.

This is the definition of the Laplacian of the vector field V2F as in Lemma 4.8.9.
This is just an explicit and rather painful calculation. Let us do it step-by-

Solution.
step. First,
oft  O0fs 0Of3
V- F=—2>+ =4+ 2=,
ox + oy * 0z
Thus

Of | 0fy | 0fs O*fr  OPfa | 0*fs O*fi | 0*fr  O°f3
V(V-F)= ( Ox? + Oxdy * 0x0z’ Oydx + oy? + Oy0z’ 0z0x + 020y + 022 |’
Next, we move on to the curl. First, we have
(20 00 0% 0% k)
VXF_(@y 0z 0z Ox  dx 0Oy)
Taking the curl again, we get:

P PH PH | Pfs Pfs Pfh 0Pf n 9*fi

F) =
VX (VX F) (83/83: Oy?2 022 02027 020y 022 Ox%2  Oxdy’

Ffi Pfs Pfs n & fa
0xdz  0x2  Oy?:  Oyoz

Putting these two calculations together, and using the fact that partial derivatives
commute by Clairaut’s theorem (since the vector fields are assumed to be smooth), we

get:
V(V-F)-V x(VxF)

P Ph Pf Ph | P Pf Pfs  Pfz | Pf
(83;2 + oy? + 0227 0x? * dy? + 0227 0z2 * Oy? * 022

_WF+WF+WF
S 0x? 0 Oy? 0 022
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6. In this problem we prove the statement in Example 4.8.6 about Maxwell’s equations.

(a) Write down the action of the Hodge star operator on basic k-forms in Minkowksi
R* (see Footnote 4.8.2 ).

(b) Using your result in part (a), show that the two equations

dF =0,
d*xF =J,

with £ and J defined in Example 4.8.6, reproduce Maxwell’s equations.



Chapter 5

Integrating two-forms: surface inte-
grals

We study how two-forms can be integrated along surfaces, which leads us to introduce the
concept of surface integrals (also called “flux integrals”).

5.1 Integrating zero-forms and one-forms

Before we move on to two-forms, for completeness we start by defining how zero-forms
can be integrated over oriented points, and review how one-forms can be integrated over
oriented curves. We highlight the main steps of the construction, setting up the stage for the
development of surface integrals.

Objectives
You should be able to:

e Define the integral of a zero-form over oriented points.

¢ Rephrase the Fundamental Theorem of line integrals in terms of oriented integrals of
one- and zero-forms.

5.1.1 General strategy

Let us start by summarizing step-by-step how we are developing our theory of integration.
Suppose that we want to define integration of k-forms over k-dimensional spaces:

1. We define the orientation of a closed bounded region D C R¥ (such as a closed interval
in R), and the notion of canonical orientation. We define the induced orientation on the
boundary of the region 0D.

2. We define the integral of a k-form over an oriented region D in terms of standard
multiple integrals from calculus. To define the integral over a bounded region that has
many components, we sum over the integrals on each components.

142
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3. We define the notion of a parametric space, which maps a region D to a k-dimensional
subspace S C R™, with n > k. We show that the parametrization induces an orientation
on S.

4. To define the integral of a k-form in R™ on the subspace S C R" with a choice of
orientation, we use the parametrization to pullback the k-form to the region D C R¥,
and then we integrate as in (2) using standard calculus.

5. We show that the integral is invariant under orientation-preserving reparametrizations
and changes sign under orientation-reversing reparametrizations, thus ensuring that our
theory is oriented and reparametrization-invariant. We conclude that the integral is
defined geometrically in terms of the subspace S and a choice of orientation.

6. As a last step, we study what happens in the case of an exact k-form: this leads to
Stokes’ Theorem, which is the higher dimensional generalization of the Fundamental
Theorem of Calculus and the Fundamental Theorem of line integrals.

This summarizes the conceptual steps to construct our theory of integration. This is pretty
much exactly what we did for line integrals in Chapter 3; we will review these steps below.
But before we do that, let us apply this strategy to construct integrals of zero-forms.

5.1.2 Integrating zero-forms over oriented points

We consider first the very simple and particular case of zero-forms. We would like to integrate
a zero-form over a zero-dimensional space. What is a zero-dimensional space? It is just a
point (or a union of points). But let us construct the theory step-by-step.

STEP 1. We first need to define the orientation of a point.

Definition 5.1.1 Oriented points. Pick a point a € R". The orientation of a point
a € R™ is given by a choice of + or —. We write an oriented point as (a,+) or (a,—). The
canonical orientation is +. O

According to our recipe, we should talk about the induced orientation on the boundary,
but a point has no boundary, so this step is meaningless in this case.

STEP 2, 3, 4, 5. The next step is to define the “integral” of a zero-form on an oriented
point in R. Then we would define “parametrizations for points in higher-dimensional spaces”,
but this is all rather trivial here, so we can do steps 2 to 5 all at the same time and simply
define the integral of a zero-form on an oriented point in R™ directly.

Recall that a zero-form is just a function f. In this case, the integral is defined very simply
by just evaluating the function at the point.

Definition 5.1.2 Integral of a zero-form over an oriented point. Let f be a zero-form
on an open subset U C R™ and (P, %) a point in U with a choice of orientation. We define
the integral of f on (P,+) by:
f==xf(P).
(P£)

In other words, we just evaluate the function at P € R™, and multiply by the sign corresponding
to the chosen orientation.

To define the integral over a set of oriented points, we sum up the integrals over each point
separately. O
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For instance, in this language we can define the integral of a function f over two oriented
points {(Py, —), (P, +)} as:

/ § = 1P~ I(Ry).
{(Po,—),(P1,+)}

And that’s basically it, as far as zero-forms go. There’s no question of parametrization
here, and the integral is clearly oriented by definition. There’s no step 6, as there is no such
thing as an exact zero-form.

Example 5.1.3 Integral of a zero-form at points. Consider the function f(z,y,z) =
ry + 2 on R3. Pick the two points Py = (0,0,0) and P; = (1,1,1). Let’s give Py a negative
orientation, and P; a positive orientation. Then

/ f=f(P) = f(Ry) = F(1,1,1) — £(0,0,0) = 2.
{(Po,—),(P1,+)}

5.1.3 Integrating one-forms over oriented curves

We move to the case of one-forms, which was already covered in Chapter 3. Here we review
the construction to highlight how it fits within our general strategy.

STEP 1. We start by considering a closed interval [a,b] € R. We define its orientation as
in Definition 3.1.3. We also define an induced orientation on the boundary.

Definition 5.1.4 The orientation of an interval. We define the orientation of an
interval [a,b] C R to be a choice of direction. By [a,b]+, we mean the interval [a,b] with
the orientation of increasing real numbers (from a to b), and by [a, b]— we denote the same
interval but with the orientation of decreasing real numbers (from b to a). We define the
canonical orientation to be the orientation of increasing real numbers.

The boundary of [a,b] is the set of points {a,b}. To the interval [a,b] in canonical
orientation, we define the induced orientation on its boundary to be {(a,—), (b,+)}, and
vice-versa for the interval [a,b]_ in the reverse orientation. O

STEP 2. The next step is to define the integral of a one-form over an interval [a, b] with a
choice of orientation. This is what we did in Definition 3.1.1.

Definition 5.1.5 The integral of a one-form over an oriented interval [a,b]+. Let w
be a one-form on U C R, with [a,b] C U. We define the integral of w over the oriented

interval [a, b1 as:
b
/ w= i/ f(x) dx,
la,b]+ a

where on the right-hand-side we use the standard definition of definite integrals from calculus.
%

STEP 3. Next step: introduce parametric curves « : [a,b] — R™. This was done in Defini-
tion 3.2.1. We do not repeat the definition here, but simply restate that it induces an orientation
on the image curve C' = a([a, b]) C R"™, and on its boundary 9C = {(a(a), —), (a(b), +)} if it
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is not closed. ' We will write Oa to denote the boundary of the parametric curve with its
induced orientation.

STEP 4. We can then define the integral over a parametric curve o using the pullback.
This is Definition 3.3.2.

Definition 5.1.6 (Oriented) line integrals. Let w be a one-form on an open subset U of
R™, and let «: [a,b] — R™ be a parametric curve whose image C' = «([a, b]) C U. We define
the integral of w along « as follows:

/w:/ a*w,
e [a,b]

where the integral one the right-hand-side is defined in Definition 5.1.5. %

STEP 5. Then, in Lemma 3.3.5, we showed that the integral above is invariant un-
der orientation-preserving reparametrizations, and changes sign under orientation-reversing
reparametrizations. Thus we can think of the integral as being defined intrinsically in terms
of the image curve C' = a([a, b]) and a choice of orientation.

STEP 6. Finally we consider the case of an exact one-form w = df. In this case, the
integral simplifies drastically. Let us first look at what happens when we integrate an exact
one-form over an interval [a, b] C R.

Theorem 5.1.7 The Fundamental Theorem of Calculus. Let f be a zero-form on
U CR, and [a,b] C U with its canonical orientation. Let d([a,b]) = {(a,—), (b,+)} be the
boundary of the interval with its induced orientation. Then

a=[
[a.0] 9([a,])

which is the Fundamental Theorem of Calculus (part II).

It may not seem obvious that this is the Fundamental Theorem of Calculus, but it is! On
the left-hand-side, from our definition of integration, we have:

b
/ df :/ ar dx.
[a,b] a dx

On the right-hand-side, from our definition of integration of zero-forms over oriented points

(Definition 5.1.2), we get:
[ =10~ .
9([a.b))

" e~ ) - fla),

o dz

So the theorem above is

which is the Fundamental Theorem of Calculus (part II). Cool!
Now let us move on to integration of exact one-forms over parametric curves.

!This is clear since the domain of a parametric curve is always the interval [a, b] with its canonical orientation.
Since the canonical orientation induces the orientation {(a,—), (b,+)} on the boundary of the interval, it
induces the orientation {(a(a), —), (a(b),+)} on the boundary of the parametric curve.
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Theorem 5.1.8 The Fundamental Theorem of line integrals. Let f be a zero-form
on U CR", and « : [a,b] — R™ be a parametric curve whose image C = a([a,b]) C U. The
boundary of the parametric curve, with its induced orientation, consists in the two oriented
points da = {(a(a), —), (a(b),+)} if the image curve is not closed; otherwise it is the empty

set. Then:
/ aifr= [ t
« O

Again, the statement above may look different from Theorem 3.4.1, but it is really the
same thing. Indeed, the integral on the right-hand-side should be understood as the integral
of a zero-form as in Definition 5.1.2. We can thus write:

| =] £ = f(a(®) - f(afa).
da {(afa),=),(a(b),+)}

which is the statement in Theorem 3.4.1. In particular, if the curve is closed, da is the empty
set, and the right-hand-side vanishes, as in Corollary 3.4.3.

5.1.4 Exercises

1. Evaluate the integral of the zero-form f(z,y,z) = sin(z) + cos(zyz) + €™ at the set of
oriented points S = {(p, +), (¢, —), (r,+)} with

2
p=(0,0,5), qg= <7T 7r) , r=(m1,1).

277’

Solution. By definition, the integral is

S
:f(07075)_f(72rui7ﬂ- +f(7T7171)
=0+1+1)—(1—-1+¢e)+(0—-1+4€")
=1+¢e" —e¢

2. Let f be a zero-form on R", and suppose that a € R™ is a zero of the function f. Show
that the integral of f at the point a does not depend on the orientation of the point.

Solution. Let (a,+) be the point a € R™ with the positive and negative orientations.
The integral of f at (a,=+) is:

/ f == fla)
(a,%)
—0,

since a is a zero of f. Since the result is the same regardless of what orientation the
point a has, we conclude that the integral does not depend on the orientation of the
point. (That’s of course only because the point a is a zero of f, that wouldn’t be true for
an arbitrary point).

3. Suppose that f is a smooth function on R", and let p, ¢ € R™ be two distinct points such
that f(p) = f(q). Show that the line integral of df along any curve starting at p and
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ending at g is zero.

Solution. Let a be any parametric curve whose image starts at p and ends at ¢q. By
the Fundamental Theorem of line integrals, we know that

fa=[ =] . f=r@-fw=o

where the last equality follows since we assume that f(p) = f(q). Therefore, the line
integral of df along any such parametric curve « is zero.

4. Let f be a zero-form on R", and S = {(a,+), (—a, —)} for some point a € R" (—a denotes
the point in R"™ whose coordinates are minus those of a). Show that

/ o 0 if f is even,
s 2f(a) if fis odd.
Solution. The integral of the zero-form is

L= f = f(@) = f(=a).
S {(af‘i’):(*a»*)}
If f is even, f(—a) = f(a), and hence

1= 1@ = 1(=a) = f(@) = f(a) = 0.

If fis odd, f(—a) = —f(a), and hence

Af:fmy—ﬂ—@:fww—efw»:2ﬂ@.

5. Let w = 2xy dr + 22 dy be a one-form on R?. Suppose that

/w:5

for some parametric curve « : [a,b] — R?. Show that the image curve C' = «a([a, b]) is
not a closed curve, i.e. it must have boundary points.

Solution. First, we notice that w is exact. Indeed, let f(z,y) = 2%y. Then

df:g dx+a—f dy = 2xy de + 22 dy = w.
Ox y

But then, by the Fundamental Theorem of line integrals, we know that

o[- L

In particular, if the image curve is closed, then the boundary set is empty, i.e. da = 0,
and the right-hand-side is zero. But the question states that it is non-zero; it is equal to
5. Therefore, the image curve cannot be closed.
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6.

You want to impress your calculus teacher, and you tell her that “integration by parts”

can be rewritten as the “simple” statement that

(f9)==j/ fo.
[a,b] 9([a,b])

i.e. it is just the Fundamental Theorem of Calculus (part II) for a product of functions
(f, g are differentiable functions on R).
Explain why this is equivalent to integration by parts for definite integrals.

Solution. First, using the graded product rule for the exterior derivative, we know
that d(fg) = gdf + fdg. So we can write the left-hand-side as

9= [ o+ sdg)= [ oar+ [ rag

[a,b] [a,b]

As for the right-hand-side, the boundary of the interval is d([a,b]) = {(a, —), (b,+)}. So
it can be rewritten as

| o= f(e) - f(@g(o).
9([a,b])

Putting this together and rearranging a bit, we get

/abfdg = fg‘z - /:gdf,

which is the statement of integration by parts for definite integrals.

5.2 Orientation of a region in R?

We proceed with building our theory of integration for two-forms. Step 1: we define the
orientation of a closed bounded region in R?, the canonical orientation, and the induced
orientation on its boundary.

Objectives
You should be able to:

¢ Relate the orientation of R™ to a choice of ordered basis.

e Determine whether two choices of ordered bases on R"™ induce the same or opposite
orientations.

« Define the orientation of a closed bounded region in RZ.

e Determine the induced orientation on its boundary.

5.2.1 Orientation of R"

Recall that a choice of orientation on R is a choice of direction: either that of increasing real
numbers, or of decreasing real numbers. We defined the direction of increasing real numbers
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as being the positive orientation, and called it the canonical orientation. We now generalize
this to R"™.

Definition 5.2.1 Orientation of R™. An orientation of the vector space R" is determined
by a choice of ordered basis on R™. We think of the orientation as a “twirl”, which starts at
the first basis vector, then rotates to the second basis vector, to the third, and so on and so
forth. Ordered bases that generate the same twirl correspond to the same orientation of the
vector space. O

What this definition is saying is that to give an orientation to R", we pick a choice of
ordered basis. But not all ordered bases give rise to different orientations; if they generate the
same twirl, they correspond to the same orientation of the vector space. If you think about
it carefully (think about R? and R? first), you will see that for any R", there are only two
distinct choices of twirl, and hence only two distinct choices of orientation.

This is due to a basic fact in linear algebra. Any two ordered bases of R™ are related
by a linear transformation with non-vanishing determinant. One can see that two ordered
bases that are related by a linear transformation with positive determinant generate the same
twirl, while they generate opposite twirl if they are related by a linear transformation with
negative determinant. So we can group oriented bases into two equivalence classes, depending
on whether they are related by linear transformations with positive or negative determinants.
These equivalence classes of oriented bases correspond to the two choices of orientation on R"™.

Next we define the notion of canonical orientation.

Definition 5.2.2 Canonical orientation of R". Let (x1,...,x,) be coordinates on R",
and {e1,...,e,} be the ordered basis

e =(1,0,...,0), e =1(0,1,0,...,0), ..., e,=(0,...,0,1),

with e; the unit vector pointing in the positive x;-direction. We call the orientation described
by this ordered basis the canonical orientation of R"” with coordinates (z1,...,z,), and
denote it by (R™,+). We denote by (R", —) the vector space R™ with the opposite choice of
orientation. O

As always, the definition will be clearer with low-dimensional examples. First, let us show
that we recover our previous definition of orientation in R.

Example 5.2.3 Orientation of R and choice of positive or negative direction. If x
is a coordinate on R, the canonical orientation is specified by the basis vector e; = 1 in the
positive x-direction. Thus the canonical orientation corresponds to the direction of increasing
real numbers, as mentioned before. We denote it by (R, +).

Another choice of basis in R would be f; = —1. It is related to e; by the linear transfor-
mation f; = —ej, which has negative determinant. Thus f; generates the opposite orientation;
indeed, it points in the direction of decreasing real numbers, which correspond to the orientation
(R, —). So we recover our previous definition of orientation for R. O

Example 5.2.4 Orientation of R? and choice of counterclockwise or clockwise
rotation. Let (x,7) be coordinates on R2. The canonical orientation is specified by the
ordered basis {e1, ez}, with e; = (1,0) and ez = (0,1) being the unit vectors pointing in
the positive xz- and y-directions. In two dimensions, the twirl generated by an ordered basis
corresponds to a choice of direction of rotation, from the first basis vector to the second.
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So one can think of an orientation of R? as being a choice of direction of rotation. We
see that the canonical basis corresponds to the choice of counterclockwise rotation. Thus
(R2, +) corresponds to R? with the choice of counterclockwise rotation, which is the canonical
orientation.

One could have instead chosen the ordered basis {fi, fa} = {es,e;} on R? (the order of
the vectors is important). Rotating from es to e; corresponds to a clockwise rotation, so
this ordered basis should induce the opposite orientation (R?, —). Indeed, the two bases are
related by the linear transformation (writing basis vectors as column vectors):

f; = 01 €, det 01 = —1.
1 0 10

They therefore generate opposite orientations, as expected. O

Example 5.2.5 Orientation of R? and choice of right-handed or left-handed twirl.
Let (x,v,2) be coordinates on R3. The canonical orientation is specified by the ordered basis
{e1,e3,e3} with e; = (1,0,0), e2 = (0,1,0) and e3 = (0,0, 1) being the unit vectors pointing
in the positive z-, y- and z-directions. In three dimensions, the twirl generated by an ordered
basis corresponds to a choice of left-handed or right-handed orientation. We can think of
the first rotation from the first basis vector to the second as being represented by curling
your fingers, and then the rotation from the second basis vector to the third as being in the
direction of your thumb. The canonical basis thus corresponds to the choice of right-handed
twirl, which is the canonical orientation on R and denoted by (R3, +).

Another ordered basis on R3 could have been {f;, f2,f3} = {e2, e1, e3}. Following the twirl
with your fingers and thumb, you will see that this corresponds to a left-handed twirl. So
we expect it to correspond to the opposite orientation (R?, —). Indeed, it is related to the
canonical basis by the linear transformation (writing basis vectors as column vectors):

010 010
;=11 0 0]e, det|1 0 0| =-1.
0 0 1 0 0 1
The two ordered bases thus generate opposite orientations, as expected. O

5.2.2 Orientation of a closed bounded region in R?

Let us now focus on R2. Now that we defined the notion of orientation for the vector space
R?, we can define the orientation of a closed bounded region in R?, just as we did for closed
intervals in R. But let us first define more carefully what we mean by a closed bounded region
in R?. We use this to also recall the definition of path connectedness and simple connectedness
(see Subsection 3.6.2), which will be useful later.

Definition 5.2.6 Regions in R%. Let D C R? be a region in R2.

« A boundary point is a point p € R? such that all disks centered at p contain points in
D and also points not in D. We define the boundary of D, which we denote by 9D, to
be the set of all boundary points of the region D.
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e We say that a region D is closed if it contains all its boundary points, that is, 0D C D.
We say that it is open if it contains none of its boundary points, that is, D N 9D = ().

e We say that a region D is bounded if it is contained within a finite disk. In other
words, it is bounded if it is finite in extent.

o We say that a region D is path connected (or connected) if any two points in D can
be connected by a path within D. In other words, it is path connected if it has only one
component.

e We say that a region D is simply connected if it is path connected and all simple
closed curves (loops) in D can be continuously contracted to a point within D. In other
words, it is simply connected if it has only one component and no holes.

O

Remark 5.2.7 We will often consider closed, simply connected, bounded regions D C R2.
Such a region can be constructed by considering a simple closed curve C' C R?, and letting the
region D be the closed curve and its interior. The boundary of the region is then 9D = C, i.e.
the closed curve that we started with. With this construction, it is clear that D is bounded,
and it is simply connected since it has one component and no holes.

We note however that the closed curve C' does not have to be a parametric curve; it may
have kinks and corners, that is, it could be piecewise parametric. For instance, C' could be a
triangle, or a rectangle, etc. It needs to be simple however, i.e. not have self-intersection.

Next we define the orientation of a closed bounded region D C R2. Recall that we defined
the orientation of a closed interval in R as being a choice of direction, just as for R; so we
can think of the orientation of an interval as being induced by a choice of orientation on the
surrounding vector space R. We do the same for regions in R2.

Definition 5.2.8 Orientation of a closed bounded region in R%. Let D C R? be a
closed bounded region in R?, and choose an orientation on R?. We define the orientation of
the region D as being the orientation induced by the surrounding vector space R?. We write
D, for the region D C R? with the canonical (counterclockwise) orientation on R?, and D_
for the region with the opposite (clockwise) orientation. When we write D without specifying
the orientation, we always mean the region D with its canonical orientation. %

As a last step, given a closed bounded region D C R? with a choice of orientation, we need
to define the induced orientation on its boundary dD. In the one-dimensional case, given a
closed interval [a,b] € R with canonical orientation, we defined the induced orientation on its
boundary to be {(a,—), (b,+)}. We do something similar in two dimensions. In this case, the
boundary 0D is a curve (which may have more than one components), and hence the induced
orientation should be a choice of direction on each component.

Definition 5.2.9 Induced orientation on the boundary of a region in R%. Let D C R?
be a closed bounded region with canonical orientation, and 0D its boundary. Imagine that
the region D is on the floor and that you are walking on its boundary. We define the induced
orientation on each boundary component as being the direction of travel along the boundary
keeping the region on your left. If D has the opposite orientation, the induced orientation on
the boundary is the opposite direction of travel. %
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This will be clearer with some examples.

Example 5.2.10 Closed disk in R?. Consider the region
D={(z,y) e R* | 2® +y* <1},

which is a disk of radius one centered at the origin. The boundary points in D are the points
on the circle 22 + % = 1. Thus 0D is the circle of radius one centered at the origin. Since it
is included in D, this means that D is closed. It is clearly bounded, as it can be contained
within a disk. It is also simply connected.

We can give D the canonical orientation induced by the standard choice of ordered basis
on R?, which is the choice of counterclockwise direction of rotation. The induced orientation
on the boundary is the counterclockwise direction of motion along the circle, as this is the
direction that one needs to move along the circle to keep its interior on the left. O

Example 5.2.11 Closed square in R?. Consider the region
D={(z,y) eR*| —1<z<1,-1<y<1}.

This corresponds to a square and its interior centered at the origin and with side length 2. It
is bounded as it can be contained within a finite disk. Its boundary 9D is the square itself.
As it is included in D, D is closed. It is also simply connected. If we choose the canonical
orientation on D, the induced orientation on 9D corresponds to moving counterclockwise
along the square. O

Example 5.2.12 Annulus in R?. Consider the region
D={(z,y) eR*| 1 <a2?+y* <2}

This corresponds to an annulus with inner radius 1 and outer radius 2. D is certainly bounded
as it is contained within a finite disk. Its boundary has two components, 0D = 0D U Do,
where 0D is the inner circle of radius 1 and 0D5 is the outer circle of radius 2. While the
region is connected, it is not simply connected, as there is a hole in the middle.

Suppose that we choose the canonical orientation on D. What is the induced orientation
on the boundary? We have to look at the two components separately. First, along the outer
radius 0Ds, we need to move in the counterclockwise direction to keep the interior of the
annulus on the left. Thus the induced orientation is counterclockwise. However, for the inner
circle 0D1, we need to move in the clockwise direction to keep the interior of the annulus on
the left. So the induced orientation on 0D; is clockwise. U

Remark 5.2.13 There is another way that one can think of the induced orientation on the
boundary of a region in R2. It is a little bit more subtle, and while it is not needed at this
stage, it will be useful to generalize to regions in R3 and R™, so let us mention it here.
Consider first the case where D C R? is a closed, simply connected, bounded region.
Then 0D is a simple closed curve. Since a curve is a one-dimensional subspace of R?, at a
point p € 9D there are two choices of (length one) normal vectors: one that points “inwards”
(towards D), and one that points “outwards” (away from D). For all points p € 9D, we pick
the normal vector that points outwards. This defines an orientation on 0D as follows; start
with the normal vector, and rotate to a tangent vector in a way that reproduces the orientation
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(the twirl) on the ambient space R2. This defines a choice of tangent vector at all points on
0D, which defines the induced direction of motion or orientation on the curve. It is easy to
see in a figure that if the ambient space R? is equipped with canonical orientation, choosing
the normal vectors pointing outwards corresponds to choosing the direction of motion keeping
the region on the left.

If the region is not simply connected, its boundary may have many components. Do the
same construction for each component, always choosing the normal vectors pointing outwards
(away from D). This will induce the orientation on each component corresponding to the
direction of motion keeping the region on the left.

This construction in terms of normal vectors is more subtle, but it directly generalizes to
closed bounded regions in R", which is nice.

5.2.3 Exercises

1. Determine whether the following regions are bounded, closed, connected, and/or simply-
connected.
(a) D={(x,y) €R* |z >2,y > 3}.

(b) D ={(z,y) e R? | 2* + 1% < 1}.

(¢) D={(x,y) eR? |z €[0,1]U[3,4],y € [0,1]}.
(d) D:{(az,y)e]R2 \ f—i—y;gl}.

Solution.

(a) D extends forever in the positive x and y directions, so it is not bounded (it is not
of finite extent). The boundary points are the points in D with z = 2 or y = 3,
since they are at the edge of the region. All those points are included in D, so D is
closed. It is connected, as it has only one component, and it is simply-connected,
as there is no hole.

(b) D is the unit disk of radius one, without its boundary the circle of radius one. It is
bounded, since it can be contained within a disk (it is of finite extent). It is not
closed, since the boundary of D is the circle of radius one, which is not included in
D. Tt is connected (one component) and simply-connected (no hole).

(c) D consists in two separate square components. It is bounded, since the two square
components can be contained within a disk (finite extent). It is closed, since the
boundary points are the edges of the squares, which are all included in D. It is
however not connected (two components), and hence also not simply-connected.

(d) D is the region bounded by ellipse centered at the origin. It is bounded (finite
extent), closed (the ellipse itself, which is the boundary, is included in D), connected
(one component), and simply-connected (no hole).

2. Let {e;,ez,e3} be the canonical basis on R3. Show that the ordered basis {es, es, e}
induces the same orientation on R® as the canonical basis.
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Solution. To show that two ordered bases induce the same orientation, we need to show
that they are related by a linear transformation with positive determinant. If we write
{f1,f2,f3} = {e2, €3, €1} for the ordered basis, we see that it is related to the canonical
basis by the linear transformation (thinking of the basis vectors as column vectors):

0 01
;=11 0 0]e,.
010
Indeed,
0 01 1 0
1 00 ol=1|1],
010 0 0
0 01 0 0
1 00 11=1]0]1,
010 0 1
0 01 0 1
1 00 0]=1|0
010 1 0
But
0 01
det |1 0 0 =1,
010

and hence the two ordered bases induce the same orientation on R3.

3. Let D be the upper half of a disk of radius one, including its boundary. Suppose that D
is given the canonical orientation. Write its boundary, with the induced orientation, as
an oriented parametric curve.

Solution. The upper half of a disk of radius one is the region of R? defined by:
D={(x,y) eR* | 2® +y° <1,y > 0}.

Its boundary 0D is the upper half of the circle, and the xz-axis between £ = —1 and z = 1.
Since D has canonical orientation, the induced orientation corresponds to walking along
the boundary curve keeping the region to the left, which means going counterclockwise
along the boundary.

To realize 0D as a parametric curve, we need to split it in two, since there are corners
where the upper half disk meets the z-axis. Let C be the upper half disk, and L be the
part of the z-axis in the boundary. We can parametrize the two curves separately. For C
we take a; : [0, 7] — R? with

a1 (t) = (cos(t), sin(t)).

This has the correct orientation, as it goes counterclockwise around the circle. As for the
L, we need to parametrize the line y = 0 from z = —1 to z = 1. We take ag : [~1,1] — R?
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with
ax(t) = (t,0).
4. Let A be a closed disk of radius four centered at the origin, and B be the region

B={(z,y) eR? |z € (~1,1),y € (-1,1)}.

Let D be the region that consists of all points in A that are not in B. Is D bounded?
Closed? Connected? Simply-connected? What is the boundary of D? And if D is given
the canonical orientation, what is the induced orientation on the boundary 0D?

Solution. We note that B is the interior of a square of side length two centered at the
origin. It is enclosed within A, which is a disk of radius four. Therefore, D is certainly
bounded, since it is of finite extent.

The boundary points of D consists of all points on its outer boundary, which is the
circle of radius four, and on its inner boundary, which consists on the points on the square
centered at the origin. Thus, it has two separate components. But all the boundary
points are included in D, and hence D is closed.

It is connected, as it has only one component. However, it is not simply connected,
as any closed loop going around the inner missing square cannot be contracted to a point
within D.

What is the induced orientation on the boundary? Let us denote by C; the outer
boundary consists of the circle of radius four, and C5 the inner boundary consisting of
the square of side length two. Since D has canonical orientation, the induced orientation
on the boundary will be obtained by walking along the boundary components keeping
the region to the left. Along the outer boundary C7, we will keep the region to the left if
we walk counterclockwise. However, along the inner boundary Cs, we will keep the region
to the left if we walk clockwise. Therefore, the induced orientation is councterclockwise
on (4 and clockwise on Cs.

5. The parametric curve « : [0, 7] — R? with
a(t) = (sin(t), sin(2t))

is shown in the following figure:
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1.0k

0.5F

-1.0F

Figure 5.2.14 The parametric curve « : [0, 7] — R? with a(t) = (sin(¢),sin(2t)).

Suppose that D is the region consisting of the curve and its interior. What should
the orientation of the region D be so that the induced orientation on its boundary is the
same as the orientation of the parametric curve?

Solution. Let us first find the orientation of the parametric curve. The tangent vector
is

T(t) = (cos(t), 2 cos(2t)).

In particular, at the origin, the tangent vector is T(0) = (1,2). It points upwards and
in the positive x-direction. Therefore, we see that the parametric curve has clockwise
orientation.

The region D is the region consisting of the curve and its interior. If we walk clockwise
along the curve, the region is on our right. This means that we must give D a clockwise
(or negative) orientation if we want the induced orientation on the boundary to be the
same as the orientation of the parametric curve.

5.3 Integrating a two-form over a region in R?

Step 2: we define the integral of a two-form on U C R? along a closed bounded domain
in U with a choice of orientation. The definition is in terms of standard double integrals
from calculus. We show that the resulting integral is invariant under orientation-preserving
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reparametrizations, and changes sign under orientation-reversing reparametrizations. This is
closely connected to the transformation formula for double integrals.

Objectives
You should be able to:

« Define the integral of a two-form over a closed bounded region in R2.

e Show that invariance under orientation-preserving reparametrizations recovers the
transformation formula for double integrals.

5.3.1 The integral of a two-form over an oriented closed bounded region in
R2

We define the integral of a two-form over an oriented closed bounded region in R2.

Definition 5.3.1 Integral of a two-form over an oriented closed bounded region in
R2. Let D C R? be a closed bounded region. Let (x,%) be coordinates on R?. The canonical
(+) orientation on D is described by the ordered basis {ej,es} for R?, with e; = (1,0) and
ez = (0,1) the unit vectors pointing in the positive z- and y-directions. Let w = f dx A dy be
a two-form on an open subset U C R? such that D C U. Then, we define the integral of w
over D with canonical orientation as:

fo

where on the right-hand-side we mean the standard double integral from calculus of the
function f over the region D. If D is given the opposite orientation, we define the integral of

w over D_ as:
/D_w:—//DfdA.
O

Remark 5.3.2 A bit of notation: we will always use double or triple integral signs to denote
the standard double and triple integrals from calculus, while we will use only one integral sign
when we are integrating a differential form.

It is probably worth recalling here how double integrals are defined, from your previous
calculus course. If D is a rectangular domain, that is,

D ={(z,y) €R® |z € [a,b],y € [c,d]},

then the double integral is defined as an iterated integral:

//DfdA:/cd/abfdxdy.

The notation here means that the inner integral is an integral with respect to = (while keeping
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y fixed), while the outer integral is with respect to y.! We recall Fubini’s theorem, which
states that the order of integration does not matter:

/cd/abfd:ndy:/ab/cdfdydx,

that is, it does not matter whether you integrate in x first and then in y or the other way
around.

To integrate over a more general closed bounded region D, we proceed as follows. Since D
is bounded, we can take it to be inside a rectangular region. We can then extend the function
f to the rectangular region by setting it to zero everywhere outside D. The double integral
over D is then defined to be the integral of the extended function over the rectangular region,
which can be written as an iterated itegral as above.

There are two types of regions that give rise to nice iterated integrals. If D can be written
as follows:

D={(v.y) €R? |z € [a,b],u(x) < y < v(x)},

with u,v : R — R continuous functions, we say that the region is z-supported (or of type I
). In this case, one can show that the double integral can be written as the following iterated

integral:
b ru(x)
//fdA:// f dydx,
D a Ju(z)

where the inner integral is with respect to x (keeping y fixed), while the outer integral is with
respect to y.
If instead D can be written as:

D= {(z,y) €R? |y € [e,d],u(y) <z <v(y)},

we say that D is y-supported (or of type II). The double integral is then the iterated

integral:
d ro(y)
//fdA:// £ dady,
D ¢ Ju(y)

with the inner integral being with respect to y (keeping = fixed), and the outer integral with
respect to y.

Note that rectangular regions are particular cases of both z-supported and y-supported
regions. If a region D is either z-supported or y-supported, we say that it is recursively
supported. Most of the regions that we will deal with will be either recursively supported
regions, or regions that can be expressed as unions of recursively supported regions.

Example 5.3.3 Integral of a two-form over a rectangular region with canonical
orientation. Consider the two-form w = zy dz A dy on R?, and the closed bounded region

D={(z,y) eR* | 0<2<2,~-1<y<3},

Note that on the right-hand-side here there is no wedge product: this is not the integral of a two-form, it
is an interated integral in = and y as you have seen in calculus. The inner integral is with respect to z (keeping
y fixed), while the outer integral is with respect to y.
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equipped with the canonical orientation. Then

[ o flmas
[ v

r=2

—/_ly[;] dy

x=0
3
=2/ y dy
-1
3
-1
=8.

To evaluate the double integral, we used the standard procedure for evaluating double integrals
over rectangular regions as iterated integrals, with the inner integral being with respect to x
(keeping y constant), and the outer integral being with respect to y. U

Example 5.3.4 Integral of a two-form over an z-supported (or type I) region with
canonical orientation. Consider the two-form w = ze¥ dx A dy, and the region

D ={(z,y) €eR* |z € [1,2],In(z) <y < In(2z)}.

D is an z-supported region. The integral then reads:

In(2z)
/ w —/ / xe¥ dydx
Dy In
ln(2x)
/ ln(:L’) dzx
:/ meln(Zx) - xeln(x)) dx
1
2
:/ (2x2 — x2) dx
1
2
:/ z? dx
1

O

Remark 5.3.5 It is worth pointing out here that Definition 5.3.1 is actually quite subtle. We
defined the integral of the two-form w = f dx A dy over D, as

fdx/\dy:/ FdA,
Dy D
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where the right-hand-side is the standard double integral of a function in calculus. The subtelty
is that the right-hand-side is not an oriented integral, while the left-hand-side is. Indeed,
suppose for simplicity that D = [a,b] X [c,d] is a rectangular region, as in Example 5.3.3.
Then, we can interpret the right-hand-side as an iterated integral:

//DfdA:/cd/abfdxdy.

But then, by Fubini’s theorem, we know that we can exchange the order of integration without

issue. That is,
d b b rd
//fdA://fdmdy://fdyda:.
D c Ja a Jc

At first sight, this may appear problematic, as one could be tempted to reinterpret the last
integral as

/ fdy Adx,
Dy

but since dx A dy = —dy A dx, this would be minus the integral we started with! But this is
incorrect. The subtlety is in the choice of orientation.

The key is that in Definition 5.3.1, we started by choosing coordinates (x,%) on R?, and
then we wrote the one-form w = f dx A dy using the basic two-form dx A dy in which the
differentials dx and dy appear in the same order as the coordinates (x,y). This is important,
as dy A de = —dx N dy. So while we can exchange the order of the iterated integrals once we
have written everything in terms of double integrals, when we write the integral in terms of
differential forms, we must use the correct choice of basic two-form dx Ady with the differentials
appearing in the same order as the coordinates of R?. That’s because integrals of two-forms
are oriented, while double integrals of functions are not.

Note that there is nothing special about the variables x and y. We could name the
coordinates of R? anything. For instance, if we choose coordinates (u,v) on R?, then the
integral of a two-form w = f du A dv over a region D is equal to the double integral of f over
D (with a positive sign in front) when D is endowed with the canonical orientation described
by the ordered basis {e1, e2}, with the basis vectors e; = (1,0) and ez = (0,1) pointing in the
positive directions of the coordinates u and v respectively.?

5.3.2 Integrals of two-forms over regions in R? are oriented and reparametrization-
invariant

We already mentioned that integrals of two-forms oriented. Let us now be a little more precise,
and show that, with our definition, integrals of two-forms are invariant under orientation-
preserving reparametrizations, and change sign under orientation-reversing reparametrizations.
Let us first define what we mean by orientation-preserving and orientation-reversing
reparametrizations. We state the definition in R?, but it naturally generalizes to R".

2In a more careful treatment, we would allow to write the two-form w in terms of any basic two-form . We
would then define the orientation that is compatible with the basic two-form as corresponding to choices of
oriented bases {u, v} such that a(u,v) > 0. Our definition would then state that the integral of a two-form
written in terms of this basic two-form over a region D with the compatible orientation would be given by the
double integral of the function over that region, while the integral over the region with opposite orientation
would be given by minus the double integral.
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Definition 5.3.6 Orientation-preserving reparametrizations of regions in R?. Let
D1, Dy C R? be recursively supported regions,® and ¢ : Dy — Dy a bijective function that can
be extended to a C''-function on an open subset U C R? that contains Dy. We assume that ¢ is
invertible (except possibly on the boundary of D5), i.e. the determinant of its Jacobian det Jy
is non-zero on the interior of Dy (recall the definition of the Jacobian in Definition 4.7.5). We
say that ¢ is an orientation-preserving reparametrization if det J4 > 0 for all points in
the interior of Dy, and that it is an orientation-reserving reparametrization if det J, < 0
for all points in the interiori of Ds. %
With this definition, we can now show that our theory of integration for two-forms over
regions in R? is oriented and reparametrization-invariant, our two guiding principles.

Lemma 5.3.7 Integrals of two-forms over regions in R? are invariant under
orientation-preserving reparametrizations. Let D, Dy C R? be recursively supported
regions, and ¢ a reparametrization as in Definition 5.3.6. Let w be a two-form on an open
subset U C R2 that contains D;.

o If ¢ is orientation-preserving, then

qb*w:/ w.
Dy Dy

o If ¢ is orientation-reversing, then

/DQgZ)*w:—/Dlw.

In other words, the integral is invariant under orientation-preserving reparametrizations, and
changes sign under orientation-reversing reparametrizations.

Proof. The key is to use Lemma 4.7.7 to calculate ¢*w. Since we are pulling back a two-form
w on an open subset U C R?, and that ¢ : V — U with V C R?, we can apply the result of
Lemma 4.7.7. We write w = f dx A dy, and ¢(u,v) = (z(u,v),y(u,v)). The jacobian of the

transformation is
dxr Oz
- (5 §)
ou  Ov

¢*w = f(o(u,v))(det Jy) du A dv.

Then Lemma 4.7.7 tells us that

This means that
P'w = f(o(u,v))(det Jg) du A dv.
Ds D>

Using our definition of integration in Definition 5.3.1, we know that

/D1 w= /D1 f(z,y) dzdy, /[)2 d*w = /D2 f(o(u,v))(det Jg) dudv,

3We could extend the statement more generally to closed bounded regions by taking unions of recursively
supported regions.
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where on the right-hand-side of each equation we mean the double integral for the recursively
supported regions D; in the zy-plane and D5 in the uv-plane.

But recall from your previous calculus course that double integrals satisfy a “transforma-
tion formula”, or “change of variables formula”, which is the natural generalization of the
substitution formula for definite integrals. The transformation formula states that

//D1 flz,y) dzdy = //1)2 f(o(u,v))| det J4|dudv.

Note that there is now an absolute value around the determinant of the Jacobian. Thus, what
this means is that if our transformation is such that det J, > 0, then | det Jy| = det J, and

/ W= I fa.) dady = /, (@) (et Jy) dundv= [ g,

while if det J, < 0, then |det Jy| = — det Jy, and

/ w= / f(z,y) dedy = — f(P(u,v))(det Jy) du A dv = — Pw.
D1 D1 D2 D2

This is the statement of the lemma: integrals of two-forms are oriented and reparametrization-
invariant! |

What is particularly nice with the proof of the lemma is that the transformation (or
change of variables) formula for double integrals is simply the statement that
integrals of two-forms over regions in R? are invariant under orientation-preserving
reparametrizations! Isn’t that cool? It explains why the determinant of the Jacobian
appears; it comes from pulling back the two-form under the change of variables.

The fact that double integrals involve the absolute value of the determinant of the Jacobian,
while our integrals do not (and change signs under orientation-reversing reparametrizations),
is also interesting. As alluded to above, the reason is that our integrals are oriented, while
standard double integrals in calculus are not.

Example 5.3.8 Area of a disk. Consider the basic two-form w = dx A dy on R?. Let us
define the following z-supported domain:

D={(z,y) eR? |z e[- —V1-22<y<vV1-—2a?}

It is easy to see that D is a closed disk of radius one centered at the origin. The integral of
the basic two-form w over D should give us the area of the disk, namely 7. We calculate:

/w:/ dA
D
1 1—a2
/ dydx
Jia?
1
(\/1—302—1—\/1—302) dx
1
1
:2/ V1—22dz.

-1

|
\
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To evaluate this integral, we do a trigonometric substitution, x = sin(#):
/2

2/ V1—22dz 2/ \/1 —sin?(0) cos(f
w/2

=2 cos?
—7/2

w/2
—/ (14 cos(20)) db
w/2

_ (2 N ;T) + ; (sin() — sin(—))

=Tr.

We could have instead use a change of variables to evaluate this integral: polar coordinates.
Define the map ¢ : R? — R? with

o(r,0) = (rcos(0),rsin(9)).
Then, if we define the region
Dy ={(r,0) e R* | r € [0,1],0 € [0, 27]},

the map ¢ : Dy — D is bijective and invertible in the interior of Dy. The determinant of the

Jacobian is
cos(f) —rsin(0)

det J, = det
e = <€ <sin(0) rcos(6)

) = rcos?(f) + rsin®(0) = r,

which is positive for all points in the interior of Dy. Thus ¢ is an orientation-preserving
reparametrization, so the integral of the pullback ¢*w = r dr A df over Dy should give us 7
again. Indeed, we get:

2l
Pw :/ / (det Jy) drd
Do

27
/ / r drdf

=— d9
2 Jo

=Tr.

Notice how easier the integral was! That’s of course because polar coordinates are well suited
for evaluating integrals over regions that have circular symmetry. ([

5.3.3 Exercises
mdx A dy over the rectangular region
D={(x,y) eR* |z €[1,2],y € [2,3]}

1. Evaluate the integral of the two-form w =

with canonical orientation.



CHAPTER 5. INTEGRATING TWO-FORMS: SURFACE INTEGRALS 164

Solution. By definition of the integral, we have:

= dr N\ d
/w /m(+x+y Lo

= dxd
// 1+x+y vy

=2

| s
[/ (2+y 3+y> 2

dy

24+y) B3 +y)),-
n(5) —In(6) — In(4) + ln(5)

(25>
=mi{—-—-1.
24
In(y)
Yy

2. Evaluate the integral of the two-form w = =

dx N dy over the rectangular region
D={(z,y) eR* |z €[1,4,y€ 1,5}

with clockwise orientation.

Solution. By definition of the integral, we have (we add a minus sign since we are
evaluating the integral with clockwise orientation):

/Dw:—/ 1m()dac/\aly
//41n
/ o5zt dy

— —In(4) /151“5/) dy.

To evaluate the remaining definite integral, we do a substitution v = In(y), du = + dy,

y
and y = 1 goes to u = In(1) = 0, while y = 5 goes to u = In(5). We get:

In(5)
/w:—ln(4)/ u du
D 0

u2 u=In(5)

—In(4) | =
wls]

In(4) (In(5))*
2

3. Evaluate the integral of the two-form w = cos(y®) dx A dy over the region D bounded by
the parabola x = y? and the lines = 0, y = 0 and y = 1, with canonical orientation.

Solution. We first describe the region explicitly. It is shown in the figure below:
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1.4+
1.2+
1.0}
0.8k

06

0.2

0.5 1.0 15 2.0

Figure 5.3.9 The region D is the region bounded by the two curves shown above, the
y-axis, and the z-axis. The green curve is the upper half of the curve z = y2, while the
orange line is the line y = 1.

We can describe this region as an z-supported or y-supported region. If we write it
as a y-supported region, we would write 0 < y < 1, and 0 < = < y2. Thus

D={(z,y) eR? |y €[0,1],0 <z < y?}.

If we write it as an x-supported region, we would write 0 < z < 1, and /z < y < 1, that
is,
D={(z,y) eR* |xe[0,1],Vo <y <1}

Which of the two descriptions should we choose? If we use the second description
(x-supported), we first need to integrate in y. But the function that we have to integrate
is cos(y®), which has no elementary antiderivative. So this is problematic. We will not
run into this problem if we use the first description (y-supported); with this description,
we first integrate in x, which is fine. And the next integral in y will then be easy, as we
will see.

So we use the first description of the region as z-supported. The integral then becomes

/ w :/ cos(y®) dzx A dy
D D
1 ry?
:/ / cos(y?) dzdy
o Jo

1 2
= | cos(y®) w228

1
2/0 y” cos(y”) dy.

To evaluate the remaining definite integral, we do the substitution u = y3, du = 3y? dy.
Then y = 0 becomes u = 0, and y = 1 becomes u = 1. We get:

1 1
/w:f/ cos(u) du
D 3 Jo
1 u=1

=3 sin(u)

u=0
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1
=3 sin(1).

4. Consider the two-form w = e(@*+¥*)? gz A dy, and let D be the disk of radius one with
counterclockwise orientation. Show that

1 4
/w:27r/ re’ dr.
D 0

Solution. To show this, we change coordinates from Cartesian coordinates to polar
coordinates. We define the function ¢ : Dy — D, with

¢(r,0) = (rcos(0),rsin(0)),

and
Dy ={(r,0) € R* | r € [0,1],6 € [0,27]}.

It maps the rectangular region Ds to the unit disk D. The determinant of the Jacobian
of ¢ is

oz Oz
det Jy =det (g; gg)
20

or

~de cos(f) —rsin()
= det (sin(é’) r cos(f) )

=r.

As r €0, 1], this is positive on the interior of Do, and thus we know that the integral
will be invariant under pullback, that is,

/quﬁ*w:/Dw.

We then calculate the pullback two-form ¢*w:

¢*w =€ (det Jy)dr A df
—re” dr A df.

Therefore,

/w:/ re” dr A df
D Do
1 27 4
:/ / re’ dfdr
o Jo

1
:/0 re’ [9]223” dr

1 4
=27 / re” dr.
0
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5.

Consider the two-form w = xy dx A dy, and let D be the region bounded by the four

curves y = 1, y =2, y =z and y = 4z, with canonical orientation. Evaluate the integral
xX x

of w over D using the change of variables

(z,y) = (:v>

Solution. The region D is shown in the figure below:
14}
12}

10F

0.5 1.0 1.5 2.0

Figure 5.3.10 The region D is the region bounded by the three curves shown above.
The blue curve is the curve y = 1/z, the orange curve is y = 4/z, the green line is y = z,
and the red line is y = 4x.

We could evaluate the integral of w over D by splitting the region D into two sub-
regions, and then realizing these sub-regions as z-supported or y-supported. Or, we can
do a change of variables, as specified in the question.

We consider the change of variables ¢ : Ds — D with

What is the domain Dy in the (u,v)-plane such that ¢(D2) = D? In the variables v and
v, the four curves y = 1/x, y =4/z, y = © and y = 4= become

v 4v Uu Uu
v = —, v=—), U= —, v=4—.
U U v v

Those four bounding equations can be rewritten as

u=1, u = 4, v =+, v = 2v/u.

Here we used the fact that v is positive, since y = v is positive. So we can describe the
region Dy in the (u,v)-plane as the v-supported region

Dy = {(u,v) € R? | w € [1,4],Vu < v < 2/u}.

This region is shown in the figure below:
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1 2 3 + 5

Figure 5.3.11 The region Ds in the (u,v)-plane is the region bounded by the four curves
shown above. The blue curve is the curve v = y/u, the orange curve is v = 2,/u, and the
two grey vertical lines are v = 1 and u = 4.

Next, we calculate the determinant of the Jacobian of ¢. We get:

oz Oz
det Jy =det (2”; gz)
ou  Ov

1 _u
=det [V v?
0 1

1
o

As v > 0 on Dy, the determinant of the Jacobian is positive on Dy. So we know that the
integral is invariant under pullback:

/ w= P w.
D Dy
The pullback is:

¢*w =u(det Jy) du A dv

_Y du N dv.
v

We then integrate:

/ ¢*w:/ LN
Da D

y U
4 2y

/ u dvdu
4

1 Jya v

:/1 u[ln(v)]ii%ﬁ du

= [Cu ey -~ (V) @
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=In(2) /14 u du
—1n(2) (126 _ ;)
_15In(2)

5

For fun, let us show that we would get the same thing by evaluating the integral of
w = zy dx A dy directly by splitting the region into two recursively supported sub-regions.
Looking at the graph in Figure 5.3.10, one choice is to split D into the two z-supported
regions Dy and Ds, with

Dy ={(z,y) e R? | z € [1/2,1],1/z < y < 4z},
Dy ={(z,y) €eR* | z € [1,2],2 < y < 4/z}.

We can then evaluate both integrals separately and add them up to get the result. For

D1, we calculate:
1 4x
/ w= / / zy dydx
Dy 1/2J1/x
1 y=4x

2
:/ x [y] dx
2 | 2]

1 1
= T (83:2 — 2) dzr
1/2 2x

As for Doy, we get:

2 rd/x
/w:// xy dydx
Do 1 x

1 2

_ L
—/1$[2‘|_ dz

Adding those two integrals, we get:

/w:/ w+/w
D Dy Do
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15 1 15
22 _ 2 In(2) +8In(2) — =2
S 2n()+8 n(2) S
15In(2)
=0

This is the same answer that we obtained previously via our change of variables. Great!

5.4 Parametric surfaces in R"

Step 3: we define parametric surfaces in R™. This is needed so that we can define integration
of two-forms over surfaces in R™ via pullback. The definition of parametric surfaces is similar
to parametric curves, but there are new subtelties that appear, in particular in relation to the
induced orientation on the surface.

Objectives
You should be able to:
¢ Define parametric surfaces in R"”.

e Define the tangent plane to a parametric surface in R™ at a point.

e Use different parametrizations for the same surface.

5.4.1 Parametric surfaces in R"

Definition 5.4.1 Parametric surfaces in R"”. Let D C R? be a closed, bounded, and simply
connected region. Let dD be its boundary, which is a simple closed curve. A parametric
surface in R" is a vector-valued function:

a: D —R?

(u,v) —a(u,v) = (z1(u,v), ..., z,(u,v))

such that:
1. « can be extended to a C'-function on an open subset U C R? that contains D;

2. The tangent vectors

_%_@m %g
S ou \ou’ ou)’

_%_@m WQ

S ov \ovT v

are linearly independent on the interior of D. (If n = 3, this means that T, x T, # 0
on the interior of D.)

Ty T,

3. If a(u1,v1) = a(ug, ve) for any two distinct (ug, v1), (uz,v2) € D, then (uy,v1), (u2,v2) €
0D. In other words, « is injective everywhere except possibly on the boundary of D.

The image S = (D) is a two-dimensional subspace of R", which is the surface itself. We say
that the parametric surface is smooth if a can be extended to a smooth function on an open
subset U C R? containing D. O
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This definition is obviously very similar to the definition of parametric curves in Defini-
tion 3.2.1. The three properties play similar roles: together, they ensure that the image surface
S really looks like we expect a surface to look like, that is, some sort of sheet of rubber that may
have been bent, deformed, warped, stretched, what not, but without introducing any puncture
or tear. Property 3 ensures that our parametrization covers the image surface S exactly once
(except possibly for boundary points). Property 2 also ensures that a parametrization induces
a well defined choice of orientation on the image curve S, although this is more subtle than
for parametric curves, as we will see in Section 5.5.

As for parametric curves, we can distinguish between two types of parametric surfaces,
depending on whether the image surface is closed or not. It is a bit more subtle than for
parametric curves, so let us look again at what it means for a parametric curve to be closed.
In Definition 3.2.2, we said that a parametric curve « : [a,b] — R™ is closed if the image curve
C = a([a, b]) has no endpoints (it is a loop). If it is not closed, then we define the boundary
JC = {a(a),a(b)} as containing the endpoints of the image curve.

One way to think about a closed curve is that it is the boundary of a surface. In fact, one
could say that a curve in R™ is closed if and only if it forms the boundary of a surface. If it is
not closed, then it must have endpoints, and those form the boundary of the image curve.
This definition generalizes naturally to surfaces.

Definition 5.4.2 Closed parametric surfaces. Let o : D — R" be a parametric surface
with image surface S = a(D) C R™. We say that the parametric surface is closed if and only
if the image surface S is the boundary of a solid in R™. If it is not closed, then it must have
edges: we call the set 0S consisting of all the points on the edges of S the boundary of the
surface. O

Remark 5.4.3 Given a parametric surface o : D — R", one should not confuse 0D, the
boundary of the closed bounded region (the domain of «), with 95, the boundary of the image
surface. On the one hand, 0D is never empty, as the domain of « is a closed bounded domain
-- in fact, 0D is a simple closed curve in R? as we assume that D is simply connected. On the
other hand, S may or may not be empty, depending on whether the image surface is closed
or not. Thus, generally, a(0D) # 0S. However, from the definition of parametric curves it
follows that 9S C a(dD); the points on the edges of S can only come from images of points
on the boundary of the domain D.

Example 5.4.4 The graph of a function in R3. A large number of surfaces in R3 can be
obtained as the graph of a function f(z,y) of two variables:

This defines a surface in R®. If we choose (x,3) € D for some closed, bounded, simply
connected domain D, then we can realize the surface as a parametric surface o : D — R? with

a(u,v) = (u,v, f(u,v)).

Assuming that f : R?> — R is a C'!' function, we can check that this satisfies the properties
of a parametric surface. Property one is automatically satisfied, as f is C''. The tangent

vectors are 3f af
Tu:(].,o,au>, T’U: (0’1’81})
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Those are clearly linearly independent, regardless of f. Finally, « is certainly injective on the
interior of D; in fact, it is injective everywhere on D.

Since « is injective everywhere on D, including its boundary, this means that the image
surface is not closed. In this case, its boundary 0S5 = «(9D) is the image of the boundary of
the domain. Basically, the map « takes the domain D and simply deform it continuously in
the z-direction. (]

Surfaces realized as the graph of a function, as in the previous example, are very easy to
study parametrically. But many surfaces do not arise in this way, and may instead be given
by an implicit equation in R”. Finding a parametrization then becomes more difficult.

Example 5.4.5 The sphere. As a second example, we consider the sphere of fixed radius
R centered at the origin in R3. Its equation is

a? +y® + 22 = R%

We cannot think of this as the graph of a function as in the previous example, because we
cannot solve for z. So we need to think a bit more to realize it as a parametric surface.

As this is a sphere, it is natural that spherical coordinates may be useful. A point on the
sphere radius one can be written as

(x(0,0),y(0,0),2(0,¢)) = (Rsin(0) cos(¢), Rsin() sin(¢), R cos(f)).
It is easy to see that
x(&, ¢)2 + y(97 ¢)2 + 2(0, ¢)2 = RQa

and thus those points lie on the sphere. Geometrically, 8 is the inclination angle from the
z direction, and ¢ is the azimuth angle measured counterclockwise from the z-axis. The
inclination angle runs from 0 to 7, while the azimuth angle runs from 0 to 2.

Therefore, a realization of the sphere as a parametric surface is a : D — R?, with

D ={(6,¢) € R*| 6 € [0,7],¢ € [0,27]},
and
a(f, ) = (Rsin(8) cos(¢), Rsin(f) sin(¢), R cos(h)).

We can check that it satisfies the properties of parametric surfaces. First, « is smooth on
R?, so Property 1 is fine. Second, it is easy to see geometrically that « is injective everywhere,
except at these points:

o For any two ¢1, 92 € [0,27], a(0, 1) = (0, ¢2) = (0,0, R). All those points are mapped
to the north pole of the sphere.

e For any two ¢1,¢ € [0,27], a(m,¢1) = a(m,p2) = (0,0,—R). All those points are
mapped to the south pole of the sphere.

o For any 0 € [0, 7], a(0,0) = (6, 27) = (Rsin(#),0, Rcos(0)).

The important point is that these points where « is not injective are all on the boundary of
the rectangular region D. Therefore Property 3 is satisfied.
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As for Property 2, the tangent vectors are

Ty =(R cos(0) cos(¢), Rcos(f) sin(¢), —Rsin(h)),
Ty =(—Rsin(f) sin(¢), Rsin(f) cos(¢),0).

Are those linearly independent? Since the z-coordinate of T is zero, the only place where it
could be a multiple of Ty is when the z-coordinate of Ty is also zero, that is —Rsin(f) = 0.
This will only occur at § = 0,7, which are on the boundary of D. So we conclude that the
tangent vectors must be linearly independent on the interior of D. Alternatively, we could
have calculated the cross-product Ty x Ty, and showed that it does not vanish on the interior
of D.

Finally, we note that the image surface, which is the sphere, is closed, since it is the
boundary of a three-dimensional solid (the ball consisting of the interior of the sphere and its
boundary). O

Example 5.4.6 The cylinder. Consider the lateral surface of a cylinder of fixed radius R
extending in the z-direction. Suppose that we look at the part of the cylinder from z = 0 to
z = 2 (we only look at the lateral surface of the cylinder, we do not include the top and the
bottom). How do we realize it as a parametric surface?
The equation of the cylinder is
22442 = R,

with z running from 0 to 2. To parametrize it, we introduce polar coordinates. Then a point
on the cylinder can be written as

S(x(0,w),y(0,w), z(0,w)) = (Rcos(#), Rsin(f), w).
If we restrict w from 0 to 2, we get the parametric surface o : D — R? with
D = {(0,w) € R* | 6 € [0,27],w € [0,2]},

and
a(f,w) = (Rcos(#), Rsin(f), w).

Does it satisfy the properties of a parametric surface? First, o is smooth on R?, so Property
1 is satisfied. As for Property 2, « is injective except at the points a(0,w) = a(2m,w) =
(R,0,w), for all w € [0,2]. But those are on the boundary of the rectangular region D, so it is
fine. Finally, the tangent vectors are

Ty = (—Rsin(#), Rcos(6),0), T, = (0,0,1).

Those are clearly linearly independent everywhere, so Property 3 is satisfied.
The image surface here (the cylinder) is not closed; its boundary consists of its two edges,
namely the circle at w = 0 and the circle at w = 2. (]

5.4.2 Grid curves

In order to help visualize a parametric surface o : D — R"”, it is sometimes useful to sketch
the grid curves on the image surface S = a(D). Suppose that D is a closed, simply connected,
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bounded domain in the uv-plane. The idea is to consider the horizontal and vertical lines
in the uv-plane that lie on D; those are the lines u = ug or v = vy for constant ug, vg. The
image of these lines under the map « will be curves on the image surface S: those are called
the grid curves. They help visualize how the parametrization o maps the region D onto the
image surface S.

Example 5.4.7 Grid curves on the sphere. Consider the sphere of Example 5.4.5, which
is realized as the parametric surface o : D — R3 with

D ={(0,¢) eR*| 0 €[0,7],¢ € [0,2n]},

and

a(f,¢) = (Rsin(@) cos(¢), Rsin(0) sin(¢), R cos(d)).

The domain D is a rectangular region. Horizontal lines on D correspond to lines with ¢ = C
for constants C'. The image of the horizontal lines would be the grid curves

a(f,C) = (Rcos(C)sin(f), Rsin(C) sin(f), Rcos(6)).

Since 0 is the inclination angle, those curves correspond to curves of constant longitude,
starting at the north pole and ending at the south pole.

As for the vertical lines on D, they are given by the lines with § = K for constants K.
The image of the vertical lines would be the grid curves

a(K, ¢) = (Rsin(K) cos(¢), Rsin(K) sin(¢), R cos(K)).

Those correspond to the curves of constant latitude, going all around the sphere. O

5.4.3 The tangent planes

Let o : D — R™ be a parametric surface, and S = a(D) C R” the image curve. In the
definition of parametric surfaces Definition 5.4.1, we introduced the “tangent vectors”

_Oa (0 o, T — da (0 o,
“w (o) Ta (e
but we did not really explain their geometric meaning.

At a point P € S, there is a two-dimensional space of tangent directions to the surface.
This is what is called the “tangent plane” to the surface at P € S. It gives the best linear
approximation of the surface at that point.

The claim is that the tangent plane at a point p € S is the two-dimensional vector
space spanned by the vectors T, and T,. Indeed, recall that the grid curves are the curves
a(u,C) € S and a(K,v) € S for constant C, K. By definition of partial derivatives, it then
follows that the vectors T, and T, are tangent vectors at the point p pointing in the direction
of these grid curves. Furthermore, in the definition of parametric surfaces, we assume that T,
and T, are linearly independent on the interior of D. Thus, for any point p € S which is in
the image of the interior of D, we know that the vectors T, and T, span a two-dimensional
vector space. We can thus define the tangent planes for a parametric surface as follows:

Ty
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Definition 5.4.8 Tangent planes to a parametric surface. Let o : D — R” be a
parametric surface, with image surface S = «(D). For any point p € S which is in the
image of the interior of D, we define the tangent plane 7,5 at p to be the two-dimensional
vector space spanned by the tangent vectors T, and T, at p. It provides the best linear
approximation of the surface at that point. O

If we now restrict to parametric surfaces in R3, then there is another way that we can
specify the tangent plane at a point. We can always find the equation of a plane in R? by
specifying a point on the plane and a normal (perpendicular) vector to the plane. Indeed, if n
is a vector normal to a plane, and (xg, yo, z0) is a point on the plane, then the equation of the
plane is:

n-(x—x9,y— Yo,z — 20) =0.

Thus, given a parametric surface o : D — R3 with image surface S = «(D), at a point p € S
we can specify the tangent plane by instead specifying the normal vector to the surface at
that point. But what is the normal vector? Well, if T, and T, are both tangent vectors,
then we know how to find a new vector that is perpendicular to both vectors: we take the
cross-product! We get:

Definition 5.4.9 Normal vectors to a parametric surface in R3. Let a: D — R" be a
parametric surface, with image surface S = «(D). For any point p € S which is in the image
of the interior of D, we define the normal vector n at p to be the vector:

n=T, xT,.

We note here that this normal vector is not normalized, i.e. it does not have length one. To
get a normalized vector we would divide by its norm. When we talk about the normalized
normal vector later on, we will use the notation

T, x T,

Ty x Tyl

n=
to avoid ambiguity. O

5.4.4 Exercises

1. Realize the part of the plane z = z — 2 that lies inside the cylinder z? +y?> = 4 as a
parametric surface.
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Figure 5.4.10 The surface S is
Solution. Let us first sketch a picture of what the surface should look like: 2? 4+ y? = 4 (in orange).

The surface S is the part of the blue plane that lies within the orange cylinder. How
can we realize it as a parametric surface?
We first, we know how to parametrize the plane z = x — 2. The function

a(u,v) = (u,v,u — 2)

is a parametrization of the plane. What we need to determine now is what is the region
D in the (u,v)-plane such that a(D) = S, where S is the part of the plane contained
within the cylinder 22 + 52 = 4. What we can do is find the boundary curve of the surface
S, which consists in the intersection of the plane z = x — 2 and the cylinder 2% + 32 = 4.
Using our parametrization above a(u,v), we see that z + y? = 4 corresponds to the
equation u? + v? = 4. In other words, if we define D to be the disk of radius 2 centered
at the origin, then o maps its boundary (the circle of radius two) to the boundary of the
surface S, and the interior to the interior. So this gives an appropriate choice of domain
D. We can describe D as a u-supported region:

D = {(u,v) €ER?* | u € [-2,2], V4 —u? < v <V4—u2}.

Then the surface S is realized as the parametric surface a : D — R3, with D above and
a(u,v) = (u,v,u — 2).



CHAPTER 5. INTEGRATING TWO-FORMS: SURFACE INTEGRALS 177

Note that there are many other parametrizations that we could have used. For
instance, since the region D is a disk of radius 2, we could have used polar coordinates.
In other words, if we do the change of coordinates u = r cos(), v = rsin(f), the region
becomes

Dy ={(r,0) e R?* | r €[0,2],0 € [0, 27],

and ao : Dy — R3 with
ag(r,0) = (rcos(0),rsin(f),r cos(f) — 2).

That is another parametrization of the same surface S.

2. Realize the part of the sphere 22 + y? + 22 = 4 that lies above the cone z = /22 + y?2 as
a parametric surface.

Solution. Let us first sketch a picture of what the surface should look like:

_

Figure 5.4.11 The surface S is the part of the sphere with radius 2 (in orange) that lies
above the cone in blue.

How can we realize S as a parametric surface?
We start by parametrizing the sphere of radius 2 centered at the origin. We use
spherical coordinates. A parametrization for the sphere is a : D — R3, with

D ={(0,¢) eR*| 6 €[0,7],¢ € [0,2n]},

and

a0, ¢) = (2sin(0) cos(¢), 2sin(0) sin(¢), 2 cos(d)).
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This is a parametrization of the sphere, but this is not the surface we are interested in.
We only want to keep the part of the sphere that lies above the cone z = /x2 + 32. In
other words, we want to restrict the range of the inclination angle 6 so that it only goes
from 0 to the angle where the cone intersects the sphere. What is this angle? The cone
has equation z = /2 + y2. Using our parametrization above for points on the sphere,
we see that the points on the sphere that also lie on the cone (i.e. at the intersection of
both surfaces) must satisfy

2 cos(8) =/ (2sin(0) cos(4))? + (2sin(9) sin(¢))?
=2sin(0),

where we used the fact that sin(f) > 0 since 6 € [0, 7]. Therefore, we must have
tan(0) = 1.

The only solution with 6 € [0, 7] is § = 7 /4.

Therefore, we conclude that the region of the sphere that lies above the cone will be
given by restricting the inclination angle to be between 0 and 7/4. More precisely, a
parametrization of our surface is given by s : Dy — R3, with

Dy ={(6,0) €R*| 0 € [0,7/4],¢ € [0,2n]},
and

az(0,¢) = (2sin(0) cos(¢), 2sin(0) sin(¢), 2 cos(H)).

3. Consider the parametric surface o : D — R3 with D = {(u,v) € R? | u € [0,2],v € [0, 3]}
and

au,v) = (u,v3 + 1,u +v).
(a) Find the tangent vectors T,, T,, and the normal vector n.

(b) Find an equation for the tangent plane to the image surface a(D) at the point
(1,2,2).

Solution. (a) We calculate the tangent vectors by taking partial derivatives:

O oJe
1,0,1 T, =
u = (1,0,1), v

We find the normal vector by taking the cross-product of the tangent vectors:

T, = = (0,302, 1).

n=T, xT,
i j k
=det|1 0 1
0 302 1
=(—3v?%, -1, 30v?).

(b) To find an equation of the tangent plane at the point ( 2,2), we use the point-
normal form for the equation of a plane. First, we see that «(1,1) = (1,2, 2), so the point
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is on the image surface a(D) for the values of the parameters (u,v) = (1,1). The normal

vector to the plane at that point is n(1,1) = (=3,—1,3). Then, by the point-normal
form, we know that the equation of the tangent plane is

n-(z—1,y—2,2-2)=(-3,-1,3)- (r—1,y—2,2—-2)=0.

Evaluating the dot product, we get the equation of the tangent plane:

—3r—y+3z=1.

Consider the curve y = 22 with = € [0,2]. Find a parametrization for the surface obtained
by rotating the curve about the y-axis.
Solution. First, we sketch the curve y = 22 in the (z, y)-plane inside R3:

q' .

i
100
0.5 f
0.0t
-0,5
-1.0
0.0 .
0.5 _
1.0 :
15

20

Figure 5.4.12 The curve y = 2 in the (z,y)-plane inside R? is shown in blue; the
orange line is the axis of rotation, which is the y-axis.

We rotate the curve about the y-axis, which is the orange line. After rotation, we get
the following surface:
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-

Figure 5.4.13 The surface obtained by rotating the curve y = x? about the y-axis.

How do we parametrize this surface? Let’s think about it. First, we can parametrize
the curve y = 22 in the (z,y)-plane within R3, with = € [0,2], by ¢(¢) = (t,t2,0) with
t € [0,2]. What happens if we rotate the curve about the y-axis? For a fixed value
of t, the point with (z, z)-coordinates (t,0) gets rotated about the y-axis on a circle
with radius t. We can thus parametrize this circle by (z,z) = (tcos(0),tsin(f)), with
0 € [0,27]. We do that for all values of ¢t € [0,2], and we end up with the surface of
revolution. The resulting parametrization is o : D — R? with

D ={(t,0) e R* | t €[0,2],6 € [0,27]}

and
a(t,0) = (tcos(8),t?, tsin(8)).

5.5 Orientation of parametric surfaces in R?

Step 3, part II: we show that the parametrization of a surface induces an orientation on
the image surface. However, this is a bit more subtle than for parametric curves, as not all
surfaces are orientable. Thus we first discuss orientability of surfaces, and then show that the
parametrization of an orientable surface induces an orientation on the image surface. We now
focus on surfaces in R3, which are easier to visualize.



CHAPTER 5. INTEGRATING TWO-FORMS: SURFACE INTEGRALS 181

Objectives
You should be able to:

¢ Define orientable and non-orientable surfaces.
o Determine the orientation of a parametric surface in R3.

o Relate the orientation of a parametric surface in R? to the normal vector.

5.5.1 Orientable and non-orientable surfaces

In Section 5.2 we defined the orientation of R™ and of a closed bounded region therein. We
now want to define the orientation of a surface in R". We will focus on a surface in R? in this
section, since it is easier to visualize.

Recall from Definition 5.2.1 that the orientation of the vector space R" is given by a choice
of “twirl”, specified by a choice of ordered basis on R™. For R?, this amounts to specifying
a direction of rotation: either counterclockwise or clockwise. The canonical orientation is
counterclockwise. The orientation of a closed, bounded, and simply connected region D C R"
is the orientation induced by a choice of ordered basis on the ambient space R™.

Now suppose that a : D — R3 is a parametric surface, with image surface S = a(D) C R3.
We would like to define an orientation on S in a way that is similar to what we did for the
plane (or for D € R?) — we want to define a “direction of rotation” on the surface S. But
this is not so obvious anymore, since S is a like a rubber sheet that can be bent, stretched,
deformed, wrapped, what not. So what do we mean by direction of rotation?

The concept of tangent plane introduced in Definition 5.4.8 comes to the rescue. At each
point p € S (not on its boundary), the tangent plane 7,5 is a two-dimensional vector space,
i.e. R2. So we can naturally define a direction of rotation on the tangent plane at p € S by
specifying an ordered basis {T,, Ty}. Then, we can define the orientation of the surface S by
assigning an ordered basis to all tangent planes in a continuous manner.

When the surface is in R3, there is an equivalent way of defining a direction of rotation on
the tangent planes. Instead of specifying an ordered basis for the tangent planes 7,5, we can
specify a normal vector, as in Definition 5.4.9. If T, and T, form an ordered basis for the
tanget plane 7,5 at a point p € S, then we define the normal vector

n=T,xT,.

The ordering is important here, since this is what gives the direction of rotation. Changing
from a direction of rotation to the opposite one amounts to exchanging the order of the two
basis vectors, which, in turn, sends n to —n. So what matters here is the direction of the
normal vector: it either points in one direction or the opposite direction, and this defines the
two choices of orientation on the tangent plane at this point.

So we can think of an orientation of a surface as an assignment of a normal vector at
all points on .S in a continuous manner. Since what matters is the direction of the normal
vector, choosing an assignment of a normal vector at all points on S is basically the same as
choosing a side for the surface S. Which raises the following question: are all surfaces in
R3 orientable? That is, do all surfaces in R3 have two sides?
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Perhaps surprisingly, the answer is no! Not all surfaces are orientable. There exists
surfaces that only have one side! We will come back to this in a second. Let us now define
more carefully the notion of an “orientable surface”.

Definition 5.5.1 Orientable surfaces and orientation. Let S C R3 be a surface. We
say that S is orientable if there exists a continuous function n : § — R? which assigns to all
points p € S (not on the boundary) the normal vector to the tangent plane 7,,S. We say that
it is non-orientable otherwise.

If S is orientable, then an orientation is a choice of continuous function n : § — R3. It
assigns to all points on S a normal vector, which basically specifies one side of the surface (and
also determines a direction of rotation on the tangent planes). Saying that the assignment of
the normal vector is continuous amounts to saying that you pick the same side all around the
surface — you do not suddenly jump from one side to the other. %

Most surfaces that we encounter in real life, such as spheres, cylinders, planes, tori, etc.
are orientable. But the prototypical example of a non-orientable surface is the M&ébius strip.
This is a strange surface, shown in Figure 5.5.2. (It can be constructed by taking a long
rectangle of paper, giving it one half-twist, and then taping back the ends together.) If you
start at a point on the surface, you can pick a side, which amounts to defining a normal vector.
Then you can move around the surface, always picking the same side. But at some point you
will be back at the point you started with, but on the other side! (Try it!) So the assignment
of normal vectors is not continuous, since you if you stopped just before the point you started
with, the normal vector would suddenly have to jump from one side to the other.

What is going on? The point is that, on the Mobius strip, by doing this assignment of
normal vectors, you end up labeling both sides of the strip. The reason is: the strip really
only has one side! Crazy.

Figure 5.5.2 The Mébius strip (By David Benbennick - Own work, CC BY-SA 3.0, https://
commons.wikimedia.org/w/index.php?curid=50359).

The Mobius strip is very cool, but from now on we will always assume that our surfaces
are orientable.
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5.5.2 Orientation of a parametric surface

Now that we know how to define the orientation of a surface in R3, we can go back to our
parametric surfaces. Are parametric surfaces naturally oriented? The answer is yes, as long
as the image surface is assumed to be orientable (as we could, for instance, realize the Mobius
strip as a parametric surface).

Lemma 5.5.3 Parametric surfaces are oriented. Let

a:D —R3
(u,v) —»a(u,v) = (z(u,v),y(u,v), z(u,v))

be a parametric surface, and assume that the image surface S = a(D) C R? is orientable. The
normal vector
n=T, xT,,

with Ty, and T, the two tangent vectors from Definition 5.4.8, naturally induces an orientation
on S.

Note that the order is important here: we must take the cross-product T, x T, with the
two vectors in the same order as the coordinates (u,v) on D C R2.

Proof. There isn’t much to prove here. We showed in Definition 5.4.8 and Definition 5.4.9
that the normal vector was well defined (and non-zero) for all points that are not in the image
of the boundary of D. So this gives a continuous assignment of a normal vector, and since we
assume that S is orientable, it induces an orientation on S. |

Remark 5.5.4 As for parametric curves, there is another way of thinking about this statement.
We can think of the parametrization o : D — R3 as not only mapping the region D, but as
also mapping its orientation. When we define parametric surfaces, we always think of the
domain D as being given the canonical orientation (counterclockwise), which is induced by
the canonical basis {e;,es} on R? with e; = (1,0), e3 = (0,1). The vector e; points in the
u-direction, and hence is mapped to T, while the vector e, points in the v-direction and is
mapped to T,. So the counterclockwise orientation on D induces the orientation given by the
ordered basis {T,, T,} on the tangent planes.

Finally, in Definition 5.2.9 we discussed the induced orientation on the boundary curve
0D of a closed bounded region D. If D has canonical orientation, the induced orientation of
the boundary is the direction of motion if you walk along the boundary curve keeping the
region on your left. Similarly, a parametric surface induces an orientation on the boundary
0S of the image surface S. Since for parametric surfaces we always start with the canonical
orientation on D, we expect the induced orientation on the boundary of the image surface to
be defined similarly, by walking along the boundary curve keeping the surface on your left.
However, things are more subtle here, since the surface is in R3, so it’s not immediately clear
what it means to walk along the boundary keeping the surface your left... In which direction
should your head be pointing?

For a region D C R2, we of course assumed that you were standing up. One way to think
about this is that you had your head in the positive z-direction (if you assume that D is in
the zy-plane embedded in R?). We now know that we can think of an orientation as a choice
of normal vector, and the canonical orientation on the xy-plane corresponds to the normal
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vector pointing in the positive z-direction. In other words, we implicitly assumed that your
head was pointing in the direction of the normal vector (or that you were walking on the side
chosen by the orientation). This now generalizes to surfaces in R3.

Definition 5.5.5 Induced orientation on the boundary of a parametric surface. Let
o : D — R3 be a parametric surface, with image surface S = (D) orientable and oriented by
the parametrization. Let 05 be the boundary (the edges) of the image surface S. The induced
orientation on the boundary curve 0.5 is the direction of travel if you keep the region on the
left, with your head in the direction of the normal vector n = T, x T,. We denote by da the
boundary of the image surface with its orientation induced by the parametrization a. %

Example 5.5.6 Upper half-sphere. Let us realize the upper half-sphere of radius R as a
parametric surface, and study its orientation and the induced orientation on its boundary.
The upper half-sphere has equation

2? +y? + 2% = R?,

keeping only the points with z > 0. There are many ways that we can parametrize it. For
instance, we can use either Cartesian or spherical coordinates. Let us do it in spherical
coordinates, and leave the Cartesian coordinates parametrization for Exercise 5.5.4.1.

We recall from Example 5.4.5 the parametrization of the sphere of radius R. A parametriza-
tion of the upper half-sphere is obtained in the same way, but restricting the inclination angle
6 from 0 to 7/2. We get the parametric surface o : D — R3, with

D={(6,8) R |6 ¢ [0,2] ¢ € 10,27},

and
a0, ¢) = (Rsin() cos(¢), Rsin(f) sin(¢), R cos(h)).

Now suppose that D has canonical orientation, as always for parametric surfaces. What is
the induced orientation on the upper half-sphere? We calculate the tangent vectors:

Ty = (R cos(f) cos(¢), Rcos(0) sin(¢), —Rsin(f))
Ty = (—Rsin(f) sin(¢), Rsin(8) cos(¢),0) .

The normal vector is then:
n =Ty x Ty = R? (sin?(0) cos(0), sin?(6) sin(¢), sin(0) cos(0) )

The main question is the direction of the normal vector: does it point inwards (towards the
center of the sphere), or outwards? In other words, is the orientation selecting the inner
surface of the upper half-sphere or the outer surface? To find out, we only need to look at
what happens at a given point on the upper half-sphere (we need to pick a point that is not in
the image of the boundary of D). Let’s pick the point with parameters (6, ¢) = (%,0). This

is the point @R (1,0,1). At this point, the normal vector is:

T R?
— =—(1,0,1).
n(7.0) =5 o
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We thus see that the normal vector points outwards in the radial direction, i.e. away from the
origin. Therefore, the induced orientation on the upper half-sphere it outwards, i.e. the side
of the surface selected is the outer surface.

What about the induced orientation on the boundary? The boundary of the upper half-
sphere is the circle in the zy-plane with radius R (that’s the edge of the upper half-sphere).
In our parametrization, it corresponds to the points with parameters (0,¢) = (%,(b) for
¢ € [0, 27]. The induced orientation should correspond to the direction of motion if we walk
along the circle, with our head in the direction of the normal vector, keeping the surface on
your left. As the normal vector point outwards, we are walking on the circle with our head
pointing away from the origin. If we keep the surface on our left, we end up walking along
the circle counterclockwise in the xy-plane. This is the induced orientation on the boundary
circle. U

5.5.3 Orientation-preserving reparametrizations of a surface

Just as for parametric curves, there are many ways to parametrize a given surface S C R3. If
we have a parametric surface o : D — R3, with

a(u,v) = (2(u, v), y(u, v), z(u, v),

and we think of u, v as functions of new variables s, t, then by doing this change of variable we
may end up with a new parametrization of the same image surface. The question is whether
this new parametrization induces the same orientation on the image surface or the opposite
orientation.

Lemma 5.5.7 Orientation-preserving reparametrizations. Let a: D; — R3 be a para-
metric surface, with the image surface S = a(C') orientable, and a(u,v) = (z(u,v),y(u,v), z(u,v)).
Let Dy C R? be another closed, bounded, and simply-connected region. Let ¢ : Dy — D1 be

a bijective and invertible function that can be extended to a C'-function on an open subset

U C R? that contains Do, as in Definition 5.3.6. Then the pullback

d*a: Dy — R?
(s,0) = (¢ (s,t), ¢"y(s,1), 9" 2(s,t)) = (x(9(s,1)), y(d(s, 1)), 2(¢(s, 1))

is another parametrization of the same image surface S.

Furthermore, if det J, > 0, the induced orientation on S is the same for both parametriza-
tions o and ¢*a, and we say that the reparametrization is orientation-preserving. If
det J4 < 0, the two parametrizations o and ¢*« have opposite orientations, and the reparametriza-
tion is orientation-reversing.

Proof. First, it is clear that a(D1) = ¢*a(D3), i.e. the image surfaces are the same, since we
are simply composing maps. But we need to show that ¢*« is a parametric surface, according
to Definition 5.4.1.

Property 1 is clearly satisfied for ¢*« since ¢ is assumed to be C'. Property 3 is also
satisfied, since ¢ is bijective. As for Property 2, let us denote the tangent vectors to ¢*a by
V; and V;. By definition,

dz(¢(s,t)) Oy(o(s, 1)) 32(¢(8J))>’

9 .
Vs =g 07 als:t) = ( Os ’ 0s ’ 0s

O0s
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. 9z(9(s,1)) Oy(¢(s,t)) 9z(4(s,t))
Vi=g a(s’t):< o ot ot )

If we denote ¢(s,t) = (u(s,t),v(s,t)), using the chain rule, we get:

v _Ou <8x(u,v) oy(u,v) 8z(u,v))+8v(8:r(u,v) dy(u,v) 8z(u,v)>
* 0s ou  Ou T Ou ds ov 7 ov T Ov
ou ov
—aTu‘i‘%Tm

and, similarly,

v _Ou <8x(u,v) dy(u,v) 8z(u,v)> +@ (Baj(u,v) dy(u,v) 6z(u,v))
"Tot\ ou T du T du o\ v T v T Qv
ou ov
—ETU—Q—ETU.

Calculating the cross-product, we get:

V. XV, = (8u8v ov 8u> T, x T,

ds 9t s Ot
:(det J¢)Tu X TU.

Therefore, if T,, and T, are linearly independent, then T, x T, # 0, and since ¢ is invertible,
det J, # 0. Therefore Vi x V; # 0, and Property 2 is satisfied.

From this calculation we can also relate the induced orientations of the two parametrization
a and ¢*a. If we denote by n the normal vector for «, and m the normal vector for ¢*a,
from the calculation above we get:

m = (det Jy)n.

Thus, if det Jg > 0, then the normal vectors of both parametrizations have the same sign (they
pick the same side for the image surface) and the induced orientations are the same, while if
det J, < 0, they have opposite signs (they pick opposite sides) and the induced orientations
are opposite. |

5.5.4 Exercises

1. Redo the parametrization of the upper half-sphere of radius R, as in Example 5.5.6, but
in Cartesian coordinates. (The region D in this case should be a disk of radius R.) Find
the induced orientation on the image surface by calculating the normal vector.

Solution. The upper half-sphere of radius R is the surface in R? defined by the equation
24+ 2= R
with z > 0. Since z > 0, we can solve explicitly for z. We get:

z=1/R%2— 22— 2.
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This gives us another way of parametrizing the surface directly, since it is the graph
of a function f(z,y) = /R? — 22 — y2. We proceed as in Example 5.4.4. We find a
parametrization a : D — R? with

a(u,v) = (u,v, vV R? —u? — v?).

However, we need to specify D. The region should be the disk that is at the bottom
of the upper half-sphere, which is the disk of radius R centered at the origin. So the
region D in the (u,v)-plane should be given by u? + v? < R?. We can rewrite this as a
u-supported region:

D= {(u,v) €ER* |u€[-R,R],~VR? —u? <v<VR?—u?

To find the induced orientation, we need to calculate the normal vector. We first find
the tangent vectors:

Oa i

T, =2 = (1,0, - ),
ou ( 0 \/RQ—U2—1)2>
oo v

T, =2 —(0,1,———" .
v (0 VR? —u? — v2>

The normal vector is given by the cross-product:

n=T, xT,

_( U v 1)
C\WRZ w22 VRZ 22 )

We need to determine in which direction it points (outwards of the sphere, or inwards),
to determine the induced orientation. Let’s pick the point on the sphere with parameters
(u,v) = (0,0). This is the point «(0,0) = (0,0, R), which is the north pole. The normal
vector at this point is n(0,0) = (0,0,1). It points upwards, that is, in the outwards
direction (away from the origin, which is the center of the sphere). Therefore, this
parametrization induces the orientation on the upper half-sphere given by a normal
vector pointing outwards (it picks the outside of the surface).

We note that this is the same induced orientation as in Example 5.5.6. Indeed, we
can relate the two parametrizations by the change of variables

(u,v) = (Rsin(0) cos(¢), Rsin() sin(¢)).

The determinant of the Jacobian of the transformation is

ou Ou ) )
ot [ 90 90 — ge Rcos(8) cos(¢) —Rsin(8) s1n(¢)> — Rein(8) o
det (‘39 3};) det <Rcos(0) sin(¢)  Rsin(8) cos(¢) Rsin(0) cos(0),

which is positive for 6 € [0, 7/2]. Therefore, the two parametrizations should induce the
same orientation, as we found.
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2.

Consider the surface S consisting of the part of the plane z + = + y = 2 that lies inside
the cylinder 22 + 2 = 1. Find two parametrizations of S that have opposite orientation.

Solution. First, we can parametrize the plane by a(u,v) = (u,v,2 —u —v). Now we
need to find a region D in the (u,v)-plane such that «(D) is the part of the plane that
lies inside the cylinder 22 + y? = 1. We see that if we take the region D to be the disk
u? + v? = 1, then the boundary circle of D is mapped to the boundary of the surface S,
that is, the closed curve at the intersection of the plane and the cylinder. So this is the
region D that we are looking for. We can realize it as a u-supported region. The final
parametrization would be o : D — R3 with

D = {(u,v) e R* |u e [-1,1],—V1 —u2 <v < V1 —u?}

and
a(u,v) = (u,v,2 — u —v).

What is the induced orientation? The tangent vectors are:
T, = (1,0,-1), T, =(0,1,-1).

The normal vector is
n=T,xT,=(1,1,1),

which defines the induced orientation on the planar region S. (Note that it is a constant
vector since the region S is planar (i.e. part of a plane), and so the normal direction is
the same everywhere on S.)

How can we find a second parametrization that has the opposite orientation? Well,
there are many possibilities. But one easy way to get the normal vector to have opposite
sign is to exchange the order of the two tangent vectors, i.e. exchange the variables u
and v. In other words, we could define the parametrization ap : D — R3 with the same
region D but

ag(u,v) = (v,u,2 — u —v).

(All we did is interchange u and v -- the image surface is obviously the same.) Then the
tangent vectors are
Tu: (0717_1)7 TU - (1707_1)7

and the normal vector is
n=T,xT,=(-1,-1,-1),

which points in the opposite direction, and hence this parametrization induces the
opposite orientation.

We have seen in Example 5.4.4 how we can realize the graph of a function f(x,y) as a
parametric surface in R>.

(a) Show that the natural parametrization of Example 5.4.4 always induces an orien-
tation on the graph of the function with normal vector pointing in the positive
z-direction.
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(b) Find another parametrization of the graph of the function that induces the opposite
orientation.

Solution. (a) Let S C R? be the surface given by the graph z = f(z,y) of a function
f, for some region D in the (x,y)-plane. We parametrize it as o : D — R? with

a(u,v) = (u,v, f(u,v)),

where D is the same region D but in the (u,v)-plane. To calculate the normal vector,
we calculate the tangent vectors:

_ of _ (019
T, = (1,0, au>’ T, = <0,1, av>'

The normal vector is given by the cross-product:

n=T, xT,
ij k

=det |1 0 g—;
01 3

_ (_ of _of 1)
S\ ou ov )
In particular, we see that it always points in the positive z-direction, regardless of the
details of the function f.
(b) We can do just as in the previous question; we can exchange u and v. We can
write a new parametrization as o : Dy — R3, with Dy being the same region as D but
with v and v exchanged, and

a(u,v) = (v,u, f(v,u)).

Then the tangent vectors are

T, = (0,1,af(6“’“)>, T, = (1,0,8f(”’“)>,

U ov

and the normal vector is

of(v,u) 8f(v,u)7_1> ’

n—TuxTv—( 50 ' ou

which is the same vector (with u and v exchanged) but with the opposite sign. This
parametrization therefore induces the opposite orientation to the parametrization in (a).

4. Consider the surface S consisting of the part of the cone z = /22 + y? between z = 1
and z = 5, with normal vector pointing outside the cone. The boundary 95 of S consists
in two separate oriented closed curves. Realize these two curves as parametric curves,
with orientations that are consistent with the induced orientation on the boundary 05.

Solution. The cone is shown in the figure below:
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-5

5

Figure 5.5.8 The part of the cone z = /22 + y2 between z = 1 and z = 5.

The boundary has two components: the top boundary circle and the bottom boundary
circle. If we call Cy the top boundary circle, and Cs the bottom one, then 95 = C7 U Cs.
These two curves are given by the curves:

C1 :{(x,y,z) ERS ‘ $2+y2 = 25,225},
Oy ={(z,y,2) eR® | 2* +y* =1,z = 1}.

What is the induced orientation on these boundary curves? The surface of the cone is
oriented with an outwards pointing normal vector. To get the induced orientation on
the boundary curves, we should walk along the curves, keeping the region on our left,
with our head pointing in the direction of the normal vector. We see that C should be
oriented clockwise, while Cy should be oriented counterclockwise. We now want to find
parametrization of these two curves that are consistent with the induced orientations.

We start with C. This is a circle of radius 5 in the plane z = 5, oriented clockwise.
We can parametrize the circle using polar coordinates, but we want to use sine for x and
cosine for y so that the resulting curve is oriented clockwise. We get the parametrization
a1 : [0,27] — R? with

a1(0) = (5sin(f), 5cos(8), 5).

As for Cs, it is the circle of radius 1 in the plane z = 1, oriented counterclockwise.
We use polar coordinates again, but cosine for  and sine for y so that it is oriented
counterclockwise. We get as : [0, 27] — R3 with:

az(0) = (cos(),sin(0), 1).

5.6 Surface integrals

Step 4: we define integration of a two-form along a parametric surface via pullback. We call
those “surface integrals”. Step 5: we show that the integral is well-defined: it is invariant
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under orientation-preserving reparametrizations, and changes sign under orientation-reversing
reparametrizations. This ensures that the integral of the two-form is intrinsically defined in
terms of the geometry of the image surface with its induced orientation. We also rewrite
surface integrals in terms of vector fields.

Objectives
You should be able to:
« Define the surface integral of a two-form along a parametric surface in R3, and evaluate
it.
¢ Rewrite the definition of surface integrals as flux integrals for the associated vector field.

e Show that surface integrals are invariant under orientation-preserving reparametrizations
of the surface.

e Show that surface integrals change sign under reparametrizations of the surface that
reverse its orientation.

5.6.1 The definition of surface integrals

We define the integral of a two-form along a parametric surface: we pull back to the region D
and integrate.

Definition 5.6.1 Surface integrals. Let w be a two-form on an open subset U C R3. Let
a: D — R3 be a parametric surface whose image surface S = (D) C U is orientable. We
define the surface integral of w along « as:

/w:/a*w,
o D

where the integral on the right-hand-side is defined in Definition 5.3.1, with D given the
canonical orientation (which is consistent with the induced orientation on S). O

What is neat is that by Definition 5.3.1, the integral on the right-hand-side can be written
as a standard double integral from calculus. So using the pullback we reduced the evaluation
of integrals of two-forms over surfaces to standard double integrals!

Example 5.6.2 An example of a surface integral. Consider the two-form w =
x dy ANdz + z de A dy. Evaluate its surface integral along the oriented parametric surface
a: D — R3 with D = {(u,v) € R? | u € [0,1],v € [0,2]} and a(u,v) = (u,uv?,v).
We calculate the pullback of the two-form:
a*w =u <v2 du + 2uv dv) A dv + vdu A (v2 du + 2uv dv)
=(uv? + 2uv?)du A dv
=3uv?du A dv.

The surface integral then becomes:

/w:/ 3uv? du A dv
[e% D
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2 1
:3/ / wv? dudv

o Jo

2 271!
:3/ v? [1;1 dv

0 0

3 2
25/0 v? dv
2

v3

2 ‘0
=4,

Note that it is important here that we wrote the two-form a*w in terms of the basic two-form
du A dv (not dv A du) before rewriting as a double integral, as the orientation on D is the
canonical orientation with respect to the coordinates (u,v) on D C R2. O

5.6.2 Reparametrization-invariance and orientability of surface integrals

We defined surface integrals in terms of parametric surfaces: the parametrization was key,
as we used it to pullback to D. But in the end, we would like our integral to be defined
solely in terms of the image surface S itself with its orientation. If we use two different
parametrizations that describe the same surface with the same induced orientation, we want
the integral to be the same. The integral should not depend on how we describe the surface,
as long as we preserve the induced orientation.

Lemma 5.6.3 Surface integrals are invariant under orientation-preserving reparametriza-
tions. Let w be a two-form on an open subset U C R3. Let oo : Dy — R? be a parametric
surface whose image surface S = a(Dy) C U is orientable. Let ¢ : Dy — Dy be as in
Lemma 5.5.7, so that ¢*a : Dy — R3 is another parametrization of the same image surface.

1. If ¢ is orientation-preserving (that is, det J, > 0), then

fo= o

2. If ¢ is orientation-reversing (that is, det J, < 0), then

/w:—/ w.
a P*a

Proof. Let us rewrite the two surface integrals using the pullback. First,

/aw:/D o w.
A*aw—AjZ(ao¢)*w.

Second,
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From Exercise 4.7.4.7, we know that we can pullback through a chain of maps Dy LA D; S5 R3
in two different ways, but it gives the same thing: (o ¢)*w = ¢*(a*w). Therefore,

A*aw = . o (a*w).

In the end, what we need to compare is two integrals over regions in R?. But this is precisely
the result of Lemma 5.3.7, for the two-form a*w on D;. This lemma states that if det Js > 0,
then
/ afw = o (o w),
D, Do
while if det J4 < 0,

/ afw=— ¢ (a*w),
D1 D2

We thus conclude that if the reparametrization is orientation-preserving,

o= L
[ *a
/w:—/ w.
«@ P*a
|

Surface integrals are oriented and reparametrization-invariant, as we want. Nice! As a
result, while we use a parametrization to define a surface integral, the integral can really be
thought of as being defined intrinsically in terms of the surface S and its orientation.

while if it is orientation-reversing,

5.6.3 Surface integrals in terms of vector fields

Let us now translate our definition in surface integrals in terms of vector fields, using the
dictionary between differential forms and vector calculus concepts that we established.

We first need to do a bit of work to rephrase the pullback of a two-form along a parametric
surface in terms of associated vector fields.

Lemma 5.6.4 The pullback of a two-form along a parametric surface in terms of
vector fields. Let w = f dy Adz + g dz Adx + h dx A dy be a two-form on U C R3, with
associated vector field F = (f,g,h). Let a : D — R3 be a parametric surface whose image
surface S = a(D) C U is orientable, with a(u,v) = (z(u,v),y(u,v), z(u,v)). Let T, T, be
the tangent vectors, and n = T, x T, be the normal vector. Then the pullback a*w is:

o*w = (F(a(u,v)) -n) du A dv.

Proof. This is just a calculation:

0 0 0 0
o*w =f(a(u,v)) (81% du + a—'z dv) A (&ZL du + éle) dv)

0 0 0 0
+ g(a(u,v)) (2 du + —i dv> A (32 du + 87:5 dv)
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+ h(a(u,v)) (83: du + O dv> A <8y du + Oy dv)

ou ov ou ov
=f(a(u,v)) (gzgi — ?;;i) du A dv
+glatu) (G50 = 250 dundu
+ h(a(u,v)) (gigz — gzgz> du A dv

=F(a(u,v)) - (T, x Ty) du A dv.

|
It is interesting to remark here that while pulling back a one-form along a parametric
curve picked the tangential component of the vector field along the curve, pulling back a
two-form along a parametric surface picks the normal component of the vector field. This
has an interpretation in physics, as we will see. Just as line integrals were related to the
calculation of work (and hence the tangential component of the force field to the direction of
motion was the relevant one), surface integrals are related to the calculation of flux, for which
the normal component of the force field is the relevant one.
With this result, we can rewrite surface integrals directly as double integrals:

Corollary 5.6.5 Let w be a two-form on an open subset U C R3, with associated vector field
F. Let a: D — R3 be a parametric surface whose image surface S = a(D) C U is orientable,
with a(u,v) = (z(u,v), y(u,v), z(u,v)). Then

/aw = //D (F(a(u,v)) -n)dA,

where on the right-hand-side this is a double integral over the region D in the uv-plane.

Proof. This follows directly from Lemma 5.6.4, the definition of surface integrals Definition 5.6.1,
and the definition of integrals over region in R? Definition 5.3.1. We have:

/aw:/Doz*w
:/D(F(a(u,v))~n) du A dv
_ /D(F(a(u,v))-n) dA.

|
This is how surface integrals are generally defined in standard vector calculus textbooks.

Remark 5.6.6 Sometimes, the following shorthand notation is used:

//g Fods = //D (F(a(u,v)) -n)dA.

Such integrals are also called flux integrals, because of the physics interpretation, which
we will study in Section 5.9. The integral calculates the flux of the vector field F across the
surface S in the direction of the normal vector n specified by the orientation.
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Example 5.6.7 An example of a surface integral of a vector field. Calculate the
surface integral of the vector field

R

over the upper half-sphere of radius one, with the inwards orientation.
We can use our parametrization from Example 5.5.6 with R = 1, that is, o : D — R?, with

D={(0,9)cR?|f¢c [og] ;¢ € [0, 27},
and

a0, ¢) = (sin(f) cos(¢), sin(#) sin(¢), cos()).

We showed in that example that the normal vector points outwards, so the orientation on the
upper half-sphere induced by this parametrization is opposite to what is asked in the problem.
Therefore, we will need to take minus the integral over the parametric surface a.

We calculated in Example 5.5.6 the normal vector:

n = (sin*(6) cos(¢), sin(0) sin(g), sin(6) cos(9) ) .
The integrand is then (noting that 22 + y? + 22 = 1 on the surface):
F(a(0,¢)) - n = (sin(#) cos(¢), sin() sin(¢),0) - (sinQ(Q) cos(¢), sin?(6) sin(¢), sin(#) cos(@))

in®(0) cos?(¢) + sin® () sin® ()
sin®(9).

|
wn

The surface integral then becomes (recall that we need to add a minus sign since the surface
integral is with respect to the inwards orientation, while our parametrization induces the
outwards orientation):

//SF.dS:—/O%/Ogsin?’(H)d@dgzb
2T

1 5%
:—/ {—cos(&)—i—cos 0)] do
0 3 0
92 2w
-3 dé
__ M
=— 5
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5.6.4 Exercises

1. Find the surface integral of the two-form
w=ydyNdz— (x+y) dzNdz

along the lower half-sphere 2% + y? + 22 = 4, z < 0, with orientation given by an inwards
pointing normal vector.

Solution. We use spherical coordinates to parametrize the lower half sphere of radius
2. That is, o : D — R3 with

D={(0,9)eR?* |0 ¢ Bw} ;¢ € [0,2n]},

and
a0, ¢) = (2sin(f) cos(¢), 2sin(f) sin(¢), 2 cos()).

Here the inclination angle was restricted to be between 7/2 and 7, which amounts to
considering the lower half-sphere with z < 0. We have already calculated in Example 5.5.6
the this parametrization induces a normal vector pointing outwards. The question is
asking us to pick the opposite orientation, with normal vector pointing inwards. So we
will have to add an overall minus sign to our surface integral.

To evaluate the surface integral we first need to calculate the pullback a*w. We get:

a*w =2sin() sin(¢)(2 cos(#) sin(¢)dl + 2sin(f) cos(¢p)dp)) A (—2sin(0)db)
— (2sin(0) cos(¢) + 2sin(0) sin(¢))(—2sin(0)do) A (2 cos(6) cos(p)dd — 2sin(0) sin(¢)de)
= — 8sin3() sin(¢) cos(¢)dp A df — 8sin®(8) sin(¢p)(cos(¢) + sin(p))dh A do
= — 8sin®(0) sin?(¢)db A dg.

Then we integrate, recalling that we have to add a minus sign because of the orientation:

—/w:—/a*w
o D

T 2
:8/ / sin®(6) sin®(¢)dodd
w/2J0
=87 / sin®()do
w/2
Lor
3 )

where I used the fact that
2 s 2
/ sin?(¢)do = T, / sin®(0)dh = 3
0

which you can check independently using trigonometric identities to evaluate the definite
integrals.
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2. Find the flux (the surface integral) of the vector field
F(z,y,2) = (2", —3z€e", 2xy)

along the parallelogram realized as the parametric surface o : D — R3 with D = {(u,v) €
R? | u €[0,2],v € [0,1]} and

alu,v) = (u+v,u —v,1 4 2u+ v).

Solution. Let us solve this problem using the vector field approach. We know the
parametric surface; we need to calculate the normal vector. The tangent vectors are

T,=(1,1,2), T,=(1,-1,1).

(We note that those are constant vectors, since the image surface is planar.) The normal
vector is then

n=T, xT,
i j k
=det|1 1 2
1 -1 1
=(3,1,-2).

We then calculate the surface integral:

2 1
// F -dS :/ / ((1+2u—|—v)e“2_”2,—3(1—|—2u—|—v)e“2_”2,2(u2 —v%) (3,1, -2) dvdu
D 0 Jo

3. Find the surface integral of the two-form
w=xdyNdz+ z dx Ndy

over the surface of the cube with vertices (£1,=+1,+1), with orientation given by a
normal vector pointing outwards.

Solution. The cube is shown in the figure below. It has six sides, which we consider as
separate parametric surfaces, S; with ¢ =1,...,6.
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10

Figure 5.6.8 The surface S is the cube shown in the figure. We consider the six sides as
separate parametric surfaces.

All six sides can be parametrized easily, with the same domain D. We write the
parametrizations as «; : D — R3, for i = 1,...,6, with

D= {(U,’U) S RQ | (NS [—1,1],1} € [_1’1]}7

and
a1 (u,v) =(1, u,v)
as(u,v) =(—1,u,v)
as(u,v) =(u, 1,v)
ay(u,v) =(u, —1,v)
as(u,v) =(u,v,1)
ag(u,v) =(u, v, —1)

Calculating the normal vectors, we see that the normal vectors for oy, ay,as point
outwards, while the normal vectors for as, ag, ag point inwards. So we can write our
desired surface integral as

/w:/w—/w—/w—i- w + w—/w.
S Sl 82 S3 S4 SS SG

To calculate these surface integrals, we need the pullbacks. A straightforward calculation
gives:

ajw = azw = du A dv,
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asw = agw = —du A dv,

asw = ajw = 0.

Therefore,

/w:/w—/w—/w+ w—i—/w—/w
S Sl SQ S3 54 Ss S6
:4/d,u/\dv
D

1,1
=4 / / dudv
—1J-1

=16.

4. Let S be the boundary of the region in R? enclosed by the cylinder z? + y? = 4, the
paraboloid z = 22 + 2, and the plane z = 9. Find the surface integral of the vector field

F(z,y,2) = (9% 2%)

along S with orientation given by a normal vector pointing inwards.

Solution. We see that the cylinder 22 4 y? = 4 and the paraboloid z = x2 + y? intersect
along the circle 22 4+ 32 = 4 in the plane z = 4. Thus the surface S has three components:
S is the part the paraboloid z = 22 + 32 with 0 < z < 4; Sy is the part of the cylinder
2?2 +y? = 4 with 4 < z < 9; and Ss is the disk z? + 4% < 4 in the plane z = 9. This is
shown in Figure 5.6.9.
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Figure 5.6.9 The surface S has three components: S; is the part of the paraboloid (in
blue) with z < 4; Sy is the lateral surface of the cylinder (in orange) for 4 < z < 9; S5 is
the disk 22 4 2 < 4 in the plane z = 9 (in green).

To evaluate the surface integral of w over S, we evaluate it over the three components
separately and then add up the integrals.

Let us consider Sy first, which is the part of the paraboloid z = 2% +y? with 0 < z < 4.
We realize it as the parametric surface a1 : D7 — R3 with

Dy = {(u,0) eR? | u €[0,2],0 € [0,2n]}

and
a1 (u,0) = (ucos(h), usin(f), u?).
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We need to make sure that the normal vector points inwards. The tangent vectors are
T, = (cos(0),sin(0), 2u), Ty = (—usin(f), ucos(d),0).
The normal vector is
n =T, x Ty = (—2u? cos(#), —2u? sin(8), u).

As u > 0, we see that the normal vector points in the positive z-direction, which means
that it points inwards. So we’re good!
We then evaluate the surface integral:

//51 F-dS; = /02 /0% ((u2 cos?(#), u? sin?(0), ut) - (—2u? cos(6), —2u? sin(@),u)) dfdu
— / ’ / 7 (—2u4(cos3(0) +sin3(9)) + u5) dfdu
o Jo
2

=27 / u® du
0
64m

3

where we used the fact that f027r cos?(6)dh = fozﬁ sin®(0)d6 = 0.
Let us now consider S, which is the cylinder 2 +y? = 4, 4 < z < 9. We parametrize
it as as : Dy — R? with

Dy = {(u,0) € R? | u € [4,9],0 € [0,2n]}

and
az(u,0) = (2cos(0),2sin(0),u).

We look at the normal vector. The tangent vectors are
T, =(0,0,1), Ty = (—2sin(d), 2 cos(h),0),
and the normal vector is
n =T, x Ty = (—2cos(),—2sin(),0).
We thus see that at a point with coordinates (2 cos(6),2sin(f),u) on the cylinder, the

normal vector is (—2cos(6), —2sin(#), 0), which points inwards. Good!
We evaluate the surface integral:

//32 F-dS,; = Ag /027T ((4 cos?(#), 4sin?(), u?) - (—2cos(f), —2sin(h), 0)) dfdu
9 r2m
:A /0 (—8 cos®(9) — 851n3(9)) dfdu
=0,

since, as above, [ cos?(0)df = [™ sin®(#)df = 0.
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Finally, we consider S3, which is the disk 2% + y? < 4 in the plane z = 9. We
parametrize it as g : D3 — R3 with

D3 = {(u,0) € R? | u € [0,2],0 € [0,2x]}

and
as(u,0) = (usin(f),ucos(d),9).

The tangent vectors are
T, = (sin(0), cos(d),0), Ty = (ucos(d), —usin(6),0),

and the normal vector is
n = TU X T@ = (0,0, —u).

As u > 0, this points in the negative z-direction, that is, it points inwards, as we want.
We evaluate the surface integral:

//Ss F - dS; :/02 /02Tf ((UQ sin?(), u? cos®(6), 81) - (0,0, —u)) dBdu

2 2T
_ / / (—81u)dfdu
0 0

2

=— 1627r/ udu,
0

= — 324r.

Finally, we compute the surface integral over S by adding up the three surface
integrals aboves. We get:

//F~dS:// F-dSl+// F-d82+/ F - dSs
S S1 Sa 53

4
:67%+0—3247r

9087
-

Donel! :-)

5. An “inverse square field” is a vector field F that is inversely proportional to the square
of the distance from the origin. It is very important in physics, as it describes many
physical phenomena, such a gravity, electrostatics, etc. It can be written as

1

F ) ) :C
(2,y,2) (22 4+ y? + 22

)3/2 (:va? Z),

for some constant C' € R. Show that the flux (the surface integral) of F across a sphere
S centered at the origin (in the outwards direction) is independent of the radius of S.
This is one of the very nice properties of inverse square fields!

Solution. As usual we use spherical coordinates to parametrize the sphere of fixed
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radius R, as o : D — R3, with
D={(0,¢) eR*| 6 €[0,x],¢ € [0,27]},
and
a0, ¢) = (Rsin(0) cos(¢), Rsin(f) sin(¢), R cos(0)).
Let use differential forms to calculate the surface integral. To the vector field F we
associated the two-form
1
(22 + 2 + 22)3/2

w==C (x dy Ndz+y dz Ndx + z de AN dy).

To calculate the surface integral, we calculate the pullback, noting that (6, ¢)?+y(6, ¢)>+
2(0,0)? = R? :
afw = ]% (Rsin(f) cos(¢)(R cos(0) sin(¢)df + Rsin(6) cos(¢)dp) A (—Rsin(0)do)
+ Rsin(6) sin(¢)(—Rsin(0)do) A (R cos(0) cos(¢)df — Rsin(0) sin(¢)do)
+ Rcos(8) (R cos(0) cos(¢)df) — Rsin(0) sin(¢)dg) A (R cos() sin(¢p)dd + Rsin(f) cos(¢)de))

3
_ CR}E (sin(8) cos®() + sin®(8) sin() + cos®(6) sin(8) cos>() + cos(6) sin(8) sin())d6 A do

=C'sin(0)df A d.

In particular, we see that it does not depend on the radius R of the sphere! The surface

integral is then
/ w= / a*w

2
—C’/ / sin(6)dfdeo

=20 d¢>

—47rC’,

which is indeed independent of the radius R.

5.7 Green’s theorem

Step 6: we study what happens if we integrate an exact two-form. We start by studying
integrals of exact two-forms over bounded regions in R?: this gives rise to Green’s theorem.

Objectives
You should be able to:

e State Green’s theorem for integrals of exact two-forms over closed bounded regions in
R?.
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o Use Green’s theorem to evaluate integrals of exact two-forms over closed bounded regions
in R2.

e Use Green’s theorem to evaluate line integrals of one-forms along simple closed curves
in R2.

¢ Rephrase Green’s theorem in terms of the associated vector fields.

5.7.1 Green’s theorem

Let us start by recalling the corresponding statement for integrals of exact one-forms over
intervals in R. Let f be a zero-form on U C R. Let [a,b] € U with the canonical orientation
of increasing numbers. The boundary of the interval, with its induced orientation, is d]a, b] =
{(b,+), (a, —)}. Then the integral of the exact one-form w = df along [a, b] can be evaluated
as:

/ af = f=f®) - f).
(a,b] Ola,b]

This is nothing else but the Fundamental Theorem of Calculus, rewritten in a fancy way using
one-forms and zero-forms.

We now want to do something similar for exact two-forms over closed bounded regions in
R2.
Theorem 5.7.1 Green’s theorem. Let 1 be a one-form on an open subset U C R?. Let
D C U be a closed bounded region with canonical orientation, and let D be its boundary with
the induced orientation as in Definition 5.2.9. Then the integral of the exact two-form dn

along D can be evaluated as:
/ dn = / 1,
D D

where on the right-hand-side this is understood as the integral of the one-form n over the
boundary curve D C R?%, which is realized as a parametric curve (or union of parametric
curves) compatible with the induced orientation.

We can be a little more explicit. If we write n = f dx+ g dy, then dn = (% — %) dx ANdy.

The statement of Green’s theorem becomes

Aa(gf:_gLC)dxAdy:/aD(f dx +g dy).

Proof. We will only prove Green’s theorem for recursively supported regions. (In fact, we
will only write the proof for z-supported regions, but the proof for y-supported regions is
analogous.) For more general closed bounded regions, one can prove Green’s theorem by
rewriting the region as an union of recursively supported regions.

We write n = f dz 4+ g dy and dn = (g—g—%) dx N dy.

Let D be an x-supported region of the form:

D = {(z,y) € R? | z € [a,b],u(z) <y <wv(x)},

for some continuous functions u,v : R — R. The boundary 9D is a closed simple curve, with
counterclockwise orientation. It can be split into four curves:
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1. C} is the vertical line x = b between y = u(b) and y = v(b);
2. (Y is the curve y = v(x) between x = b and = = a;
3. Cj3 is the vertical line © = a between y = v(a) and y = u(a);
4. Cy is the curve y = u(z) between x = a and = = b.

In fact, for Co and Cj5, we will pick the opposite orientations (as it simplifies the parametriza-
tions), and add a negative sign in front of the line integrals. Those four curves can be realized
as parametric curves (Co and C3 have opposite orientations):

L a1 :[0,1] — R? with a1 (t) = (b, u(b) + (v(b) — u(b))t);
2. s [a,b] = R? with as(t) = (¢, v(t));
3. ag:[0,1] — R? with a3(t) = (a,u(a) + (v(a) — u(a))t);
4. oyt [a,b] — R? with ay(t) = (¢, u(t));

Calculating the pullbacks, we evaluate the line integrals:
1
=] o)+ @0) ~ uE)) ) — ) .
b
o= [ w) + ot otn/ ) ar

1
/043 n :/o g(a,u(a) + (v(a) — u(a))t)(v(a) — u(a)) dt,
fn= [ (o) + a0 ar

Putting those together, remembering that we need to add a negative sign for Cy and C3, we

get:
for=1, n—/ //
—/ (0, u(b) + (v(b) — u(b))t)(v(b) — u(b)) — g(a, u(a) + (v(a) — u(a))t)(v(a) — u(a))) dt
+/a (f(t,u(®) = f(t,0(t) + gt ul®)u'(t) — g(t, v(£))0'(2)) dt.

Next, we need to evaluate the integral [, dn. Here we will do our favourite trick: the
pullback. Instead of using the z-supported domain D directly, we will pullback to a rectangular
domain. This will allow us to integrate the two-form. Consider the function ¢ : Dy — D,

where
Dy ={(s,t) € R? | s € [a,b],t €[0,1]},

with
¢(s,t) = (s,u(s) + (v(s) — u(s))t).
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We see that ¢(D2) = D, and that the function is bijective. So by Lemma 5.3.7, we know that

¢*(dn) = [ dn,
Do D1

so we may as well calculate the left-hand-side. In fact, we also know that ¢*(dn) = d(¢*n).
So let us calculate this pullback. First,

¢*n = f((s,1)) ds + g(o(s, 1)) (u'(s) + (V'(s) — ' (5))t) ds + g(d(s,1))(v(s) — u(s)) dt.
Then

atgrm) = (2120 2 o5, )00 6) + (05) —(5))

2 (9005 0)(0(s) = u(s)) ) ds A

Thus

[ ottan = [ [ (<21 2 (g0, 0pal5) + (01(5) — 9100 ) s

[ (2 g0, ~ o)) ) dsar

where we used Fubini’s theorem to exchange the order of two integrals in the second line. We
can then evaluate the inner integrals using the Fundamental Theorem of Calculus, since they
are definite integrals of derivatives. We get:

[ tan = [ (7(606,00) ~ £(6(s, 1)) + g(0(5, 0 () — 966, D)0/(5) ds

+ /01 (9(6(b,1))(v(b) — u(b)) — g(¢(a,t))(v(a) — u(a))) dt.
Substituting back the expression for ¢(s,t), we get:
b
[ et = [ s.us) = Fls.0(5) + 9. ) (5) = g 0(a))0'(5) s
4 [ afbu0) + @0) ~ u)E) ~u6) - g(a,u(a) + (v(a) ~ wl@))ola) ~ ula)) dr.

Magic: this is exactly the same as the expression that we found many lines above for the line
integral [, 1! Woot woot! Therefore
Jo= 17
D oD
|

Remark 5.7.2 If D is simply connected, then 0D is a simple closed curve, and D is the
closed curve with its interior. In this case the line integral [;, 7 is simply the line integral of
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the one-form 7 along the simple closed curve with counterclockwise orientation.

However, in the statement of Green’s theorem, D can be more general. For instance, it
could be an annulus. Then 9D would have two components: the inner and outer circle. The
line integral [, n would then be the sum of the line integrals of the one-form 7 along the two
circles; the outer circle with counterclockwise orientation, and the inner circle with clockwise
orientation, as this is the induced orientation on the boundary according to Definition 5.2.9.

Remark 5.7.3 Following up on the previous remark, we note that we can read Green’s
theorem in two different ways, which is generally the case for all integral theorems of vector
calculus. We could say:

1. The integral of the exact two-form dn over the region D C R? with canonical orientation
is equal to the integral of the one-form 7n over the boundary 9D with the induced
orientation.

2. The integral of the one-form 7 over the simple closed curve D C R? with canonical
orientation is equal to the integral of its exterior derivative dn over the interior D with
canonical orientation.

This is just two different readings of the same statement, depending on whether you start on
the left-hand-side or the right-hand-side. Consequently, we can use Green’s theorem either to
evaluate integrals of exact two-forms via reading 1, or to evaluate line integrals over simple
closed curves via reading 2.

In practice however, Green’s theorem is generally useful mostly to evaluate line integrals
by transforming them into surface integrals.

Example 5.7.4 Using Green’s theorem to calculate line integrals. Find the
line integral of the one-form w = zy dx + (x + y) dy over the rectangle with vertices
(—2,-1),(2,-1),(2,0), (—2,0), with a clockwise orientation.

We could evaluate the line integral using previous techniques, by rewriting the curve as
four parametric curves for each line segment and then use the definition of line integrals. But
let us instead use Green’s theorem.

Let us denote the rectangular curve by C. It is the boundary of the region D consisting of
the interior of the rectangle with its boundary:

D={(z,y) eR*| z € [-2,2],y € [-1,0]}.

Thus we can use Green’s theorem to rewrite the line integral along C' as a surface integral
over D.

We have to be careful with orientation though. If D has canonical orientation, the induced
orientation on the boundary rectangle C' will be counterclockwise. But the question is asking
us to evaluate the line integral along C' with clockwise orientation. So in Green’s theorem,
if we relate the line integral to the surface integral over D with canonical orientation, we
will need to introduce a minus sign. More precisely, let us denote C_ to be the rectangle
with clockwise orientation, C the rectangle with counterclockwise orientation, and D the
rectangular region with canonical (counterclockwise) orientation. Green’s theorem states:

R
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So instead of calculating the line integral in the problem, we can calculate — [, dw.
The two-form dw is:

dw = xzdy N dx + dx Ndy = (1 — z)dz A dy.

The integral can be evaluated:

Therefore, the line integral of w along C_ is

/ w:f/dw:fll.
C_ D

It is a good exercise to check that this is the correct answer by evaluating the line integral
using the standard approach with parametric curves. [l

While Green’s theorem is mostly useful to evaluate line integrals, we can also use Green’s
theorem in the reverse direction, to evaluate integrals of exact two-forms. Here is an example.

Example 5.7.5 Area of an ellipse. Find the area enclosed by the ellipse
2 2
x Y
The area is given by integrating the basm two-form w = dx A dy over the region D bounded
by the ellipse with canonical orientation. We could calculate this integral directly, as a double
integral. Or we can use Green’s theorem, if w is exact. But it certainly is: for instance, we
can write w = dn with n = f(:r: dy —y dz) (we could choose other one-forms such that dn = w

as well, but this one gives a nice and easy integral). Then Green’s theorem states:

o

where on the right-hand-side we are evaluating the line integral of n = %(x dy — y dz) along
the ellipse with counterclockwise orientation.

We can parametrize the ellipse as « : [0,27] — R? with a(t) = (acos(t),bsin(t)). The
orientation is counterclockwise as required. The pullback a*n is:

a*n = <(12b cos*(t) — ab ab

251n(t)(sin(t))> dt = .
The line integral is then

27rb
/ / a—dt
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=mab,

which is the area of the ellipse. O

5.7.2 Vector form of Green’s theorem

As always, we can translate our results to vector calculus concepts using our dictionary. It is
a bit artificial though here, since Green’s theorem really lives in two dimensions, while our
vector calculus concepts live in three dimensions. But the idea is to think of the region D as
being the trivial parametric surface in R? where we embed it trivially in the zy-plane. That is,
a: D — R3, with a(z,y) = (2,y,0). The tangent vectors are T, = (1,0,0) and T, = (0,1,0),
and the normal vector is of course n = (0,0,1) = e3.

To the one-form n = f dx + g dy, we associate the vector field F = (f,g,0). To the
two-form w = dn is then associated the vector field V x F. Using Corollary 5.6.5, we then see
that we can rewrite the surface integral as

/an://D((VXF)-eg) dA.

In other words, the integrand is the z-component of the curl V x F.
As for the other side of Green’s theorem, it is a line integral of the one-form 7 over the
curve 0D. Assuming that we parametrize the curve with a position function r, we can rewrite

the line integral as
/ n = F . dr.
oD oD

The result is the vector form of Green’s theorem:

//D((VXF)-eg) dA = F - dr.

oD

5.7.3 Exercises
1. Evaluate the line integral of the one-form
w=¢eYdr+e* dy

along the rectangle with vertices (0,0), (3,0), (3,2), (0,2), counterclockwise, using two
different methods: (a) directly, (b) using Green’s theorem.

Solution. (a) Let us call 9D the path along the rectangle counterclockwise. It is shown
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2.0F
1.5F
1.0}

0.5F

0.5 1.0 1.5 2.0 2.5 3.0
in the figure below. Figure 5.7.6 The path 0D along the rectangle.

To evaluate the line integral directly, we need to parametrize separately the four line

segments. We write the parametrizations as «; : [0,1] - R, i =1,...,4, with
o (1) =(3t,0),
az(t) =(3,21),
as(t) =(3 — 3t,2),
au(t) =(0,2 — 2t).

We calculate the pullbacks:

ajw =3 dt,

yw =2¢3 dt,
abw = — 3e? dt,
aqw=—2dt

Putting all this together, the line integral becomes

/ w:/ w + w + w+/ w
oD a1 g as (071

1

:/ (3+2€3—3€2—2> dt
0

=1+ 2¢% — 3e2

(b) We now use Green’s theorem to calculate the line integral. By Green’s theorem,

we know that
/ w= / dw,
8D D

where D is the interior of the rectangle with its boundary, that is,

D ={(z,y) €R* | 2 €[0,3],y € [0,2]},
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with canonical orientation. We calculate the exterior derivative:

dw =Y dy N dx + e* dx N\ dy
=(e® —€Y) dx N dy.

The integral of the two-form is:

/dw:/(e”—ey)dx/\dy
D D
2 3
:/ /(e"”—ey)dxdy
0o Jo
2
:/ <63—1—36y) dy
0

=2¢% -2 -3e2 43
=1+ 2¢3 — 3¢2.

Therefore,

/ w=142e> —3e2,
oD

which is the same answer as in part (a), as it should.
2. Use Green’s theorem to evaluate the line integral of the vector field F(z,y) = (z'/3 +
y, z*3 — y1/3) along the triangle with vertices (1,3), (2,2), (1,1), clockwise.

Solution. Let us call 0D the path around the triangle clockwise. It is shown in the
figure below.
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Figure 5.7.7 The path 0D along the triangle.

We associate to the vector field F the one-form w = (z'/3 + y) dx + (2*/3 — y1/3) dy.
Since the path 9D is oriented clockwise (negative orientation), by Green’s theorem we

know that
/ w = —/ dw,
oD D

where D is the interior of the triangle with its boundary, with canonical orientation. We
can write equations for the three sides of the triangle. The blue line has equation x = 1;
the green line, y = x; the orange line, y = —x + 4. Using these equations, we can describe
D as an z-supported region:

D= {(1'73/) ERQ ‘ z e [172]’1' Sy < —$+4}
We calculate the exterior derivative dw:

4
dw =dy A dz + §x1/3da; A dy

= (§x1/3 - 1) dx A dy.

Its integral along D is:

2 pr—z44
/ dw :/ / <4931/3 — 1) dydzx
D 1 x 3
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:/12 (gxl/?) _ 1) M j+4 dz

= (—8377/3 + 2% 4 4243 — 495)
7 =1

2 8
:—3721/3—1—4+8~21/3—8+?—1—4+4

:% (3-2'°-9).

/aDw:—/de:—i(s-zl/f’)—g).

3. Use Green’s theorem to find the work done by the force

Therefore,

F(z,y) = (2° +y*, 2y)

while moving an object first along the parabola y = x? from the origin to the point
(2,4), then along a horizontal line back to the y-axis, and then back to the origin along a
vertical line.

Solution. We denote the closed path by dD. It is shown in the figure below.
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Figure 5.7.8 The closed path 0D.

From the description of the path we know that the object is moving counterclockwise
along the path. Therefore, if we associate the one-form w = (22 + 3?) dx + xy dy to the
vector field F, by Green’s theorem we know that

/ w:/dw,
D D

with D being the region enclosed by the path (with its boundary), with canonical
orientation. The region D can be described as an z-supported region:

D={(z,y) eR?| 2 €[0,2],2° <y < 4}.
The exterior derivative dw is:

dw =2y dy Ndz +y dx AN dy
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=—ydzrAdy

Its integral along D is:

/dw:—/yda:/\dy
D D
2 4
:—//ydydx
0 Ja2
2

y=4

:_/O [y;] da

y==

Therefore, by Green’s theorem, the work done by the force F while moving an object
along the path 9D is:
/ 64
w=—-—.
oD 5

4. Suppose that a polygon has vertices (1,y1), (x2,¥2),- .., (ZTn, Yn), in counterclockwise
order. The area A of the polygon is given by integrating the basic two-form w = dx A dy
over the polygon. Use Green’s theorem to show that

1

A= 3 ((z1y2 — x2y1) + (w2y3 — 23Y2) + ... + (Tn—1Yn — ToYn—1) + (TnY1 — T1Yn)) -

This is a well known formula for the area of an arbitrary polygon, see for instance
https://en.wikipedia.org/wiki/Polygon#Area.

Solution. We denote by 0D the closed path that goes around the polygon coun-
terclockwise. It consists of n line segments L;, ¢ = 1,...,n, with L; being the line
segment between the points (z;,y;) and (241, yi+1) (for simplicity of notation, we define
(Tnt1, Ynt1) = (21, 91))-
Further, we notice that the two w = dx A dy is exact. We write it as w = dn for the
one-form
n=axdy.

Note that this is certainly not the only choice of n, but any n such that dn = w will work.
Then, by Green’s theorem, we know that the area A of the polygon is given by

A:/ dx A dy
D

oD

n
n
=Z/ m,
i=1"%


https://en.wikipedia.org/wiki/Polygon#Area
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where in the last line «; is a parametrization of the line segment L;. More explicitly,
since the line segment L; joins the points (x;,y;) and (x;+1,¥i+1), we can parametrize it
as a; : [0,1] — R? with

a;(t) = (x; + t(wipr — 24), Yi + L(Yie1 — ¥i))-

Then
a;n = (i + t(rip1 — 2:)) (Yir1 — yi) dt.

The line integral along «; is then:

/ai K :/Ol(xi + iy — i) (Vi1 — yi) dt

=(Yit1 — ¥i) (xz + 1(9Cz'+1 - »”Cv:))

2
1
:g(yi—i-l —yi) (@i + ®it1)
1
=§($iyi+1 — T 1Y + Tir1Yir1 — TilYi)-

Finally, we add up these line integrals to get the area of the polygon. We get:

n
A= n
i=1"%
1 n
=3 (TiYit1 — Tit1Yi + Tip1Yit1 — TiYi)
i=1
1
25( T1Y2 — Toy1 + Tay2 — T1y1) + (T2y3 — 23y2 + T3Y3 — T2y2) + ...

(
+ (Tn¥1 — T1Yn + T1Y1 — TnYn)),

where in the last line we used the fact that z,.1 = 1 and y,+1 = y1. We see that the
terms x1y1, TaYy2, . .. all cancel out, and we are left with

1
A= 5((33192 — x2y1) + (T2y3 — 23Y2) + ... + (Tay1 — T1Yn))-

Bingo!
5. We already studied the one-form

Y

TEag O

n = dy,

x
defined on U = R?\ {(0,0)}, since it is the typical example of a one-form that is closed
but not exact. For instance, we proved in Exercise 3.4.3.2 that it is not exact by showing
that its line integral along a circle of radius one around the origin is non-vanishing. In
this problem we show that the line integral of 7 is in fact non-vanishing for every simple
closed curve that encloses the origin, and vanishing for every simple closed curve that
does not pass through or enclose the origin.

(a) Consider an arbitrary simple closed curve Cj with canonical orientation that does
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not pass through or enclose the origin. Use Green’s theorem to show that

n=20.
Co

(b) Let C; be an arbitrary simple closed curve with canonical orientation that encloses
the origin. Explain why the argument of (a) does not apply here. So we need to do
something else to study the line integral of w along Cj.

(c) As in (b), let Cy be an arbitrary simple closed curve with canonical orientation
that encloses the origin. Suppose that K is a circle centered at the origin, with a
radius small enough that K lies completely inside C;. Give K a counterclockwise
orientation. Use Green’s theorem to show that

Jor= e

(d) Using part (c), show that it implies that

/ n = 2m.
C

You have showed that the line integral of n along an arbitrary simple closed curve that
encloses the origin is non-vanishing (and is in fact equal to 27), while the line integral
along an arbitrary simple closed curve that does not pass through or enclose the origin is
vanishing. Isn’t it neat?

Solution. The key in this problem is to be very careful with the domain of definition
of the one-form 7. The one-form is define on the open set U = R?\ {(0,0)}.
As a starting point, recall that the one-form 7 is closed, that is, dw = 0. Indeed,

2 2 _ 9,2 2 2 _ 9.2
dn:<_w+yy> dy A da 4 (W) dz A dy

(22 +y?)? (22 +y?)?
(2° —y*) + (y* — 2?)
= CENRE dx A\ dy
=0.

This will be useful in this problem.

(a) We assume that Cj is a simple closed curve that does not pass through or enclose
the origin, with canonical orientation. Therefore, Cy C U. Moreover, if we denote by Dg
the region consisting of the closed curve Cy and its interior, then Dy C U as well, since
the origin is not in Dg. Therefore, by Green’s theorem,

/ n= [ dn
Co Do
:07

since dn = 0.
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(b) If C; is a simple closed curve that encloses the origin, we cannot apply the
argument in (a). The reason is that, if we denote by D; the region consistin of the closed
curve C] and its interior, then D; is not a subset of U, since D; contains the origin. In
other words, the one-form 7 is not defined on D1, which is one of the assumptions in the
statement of Green’s theorem. Therefore, Green’s theorem does not apply. (Indeed, as
we will see, if Green’s theorem applied, it would imply that the line integral of n along
C vanishes, which is not true, as we will see.)

(c) We suppose that Cy is an arbitrary simple closed curve with canonical orientation
that encloses the origin, and that K is a circle centered at the origin that lies completely
inside (1, also oriented counterclockwise. For instance, C; could be the orange curve in
the figure below, and K the blue circle.

=a)

Figure 5.7.9 An example of curves C; and K.

We let D; be the region bounded by the two closed curves C; and K, and we give
Dy a canonical orientation. By definition, the origin is not in Dy, so D1 C U and the
one-form is well defined on Di. We can then apply Green’s theorem. The boundary of
Dy has two components, 0D; = C7 U K, and if Dy is oriented counterclockwise, then
the induced orientation on the boundary is counterclockwise for the outer boundary C}
and clockwise for the inner boundary K. To clarify the notation, we write (C)4 for
C1 with counterclockwise orientation, K for K with counterclockwise orientation, and
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K_ for K with clockwise orientation. So we can write the oriented boundary of D, as
0Dy = (C1)4+ U K_. By Green’s theorem, we have:

/ dn = n
D 0D,

[ e f
(C1)+ -

(C1)+ Ky

where we used the fact that line integrals pick a sign if we change the orientation. But
the left-hand-side of the above equation is necessarily zero, since dn = 0. Therefore,

[ el
(C1)+ Ky

which is the statement that we were trying to prove, with both curves canonically oriented.

(d) The power of what we did in (c) is to replace the evaluation of the line integral of
1 along an arbitrary simple closed curve C that encloses the origin by the evaluation of
the line integral of 1 along a circle K centered at the origin of a certain non-zero radius.
But we can evaluate the latter explicitly! Indeed, if K has radius R, for some R € R+,
then we can parametrize K by « : [0,27] — R? with

a(f) = (Rcos(0), Rsin(h)).
The pullback of 7 is

a’n :$ (—Rsin(#)(—Rsin(0)) + Rcos(f)(Rcos(f))) db

=d6.

Therefore,

J.7= o
@ [0,27]

2w
= df
0

=27.

So the line integral of n along any circle K centered at the origin is always non-zero and
equal to 27. By (c), we thus conclude that

/ n =2
C1

for arbitrary simple closed curves C; that enclose the origin. Very powerful result!



CHAPTER 5. INTEGRATING TWO-FORMS: SURFACE INTEGRALS 220

5.8 Stokes’ theorem

Step 6, part 2: we continue our study of integration of exact two-forms. But this time we
consider surface integrals, that is integrals of exact two-forms over parametric surfaces. The
result is Stokes’ theorem.

Objectives
You should be able to:

« State Stokes’ theorem for integrals of exact two-forms over parametric surfaces in R3.
¢ Rephrase Stokes’ theorem in terms of the associated vector fields.

e Show that Stokes’ theorem implies that the integral of an exact two-form over a closed
surface in R? vanishes.

e Use Stokes’ theorem to evaluate surface integrals of exact two-forms.
« Use Stokes’ theorem to evaluate line integrals of one-forms over closed curves in R3.

e Use Stokes’ theorem and its consequences to show that a given two-form cannot be
exact.

5.8.1 Stoke’s theorem

In the previous section we studied integrals of exact two-forms over bounded regions in R2.
We now look at surface integrals of exact two-forms over parametric surfaces in R3.

As in the previous section, we start by recalling the corresponding statement for curves,
which we first studied in Theorem 3.4.1, and revisited in Theorem 5.1.8. Without getting into
the details again, the key statement is that the integral of an exact one-form w = df over a
parametric curve « satisfies the property

/adfz/aaf,

which is the Fundamental Theorem of line integrals rewritten using integrals of zero-forms.
The integral on the left-hand-side is a line integral along the oriented parametric curve «,
while on the right-hand-side we have the integral of the zero-form f over the oriented boundary
Oa of the parametric curve a.

Looking back at Theorem 3.4.1, the proof of the Fundamental Theorem of line integrals
basically amounted to pulling back to the interval [a, b] using the definition of line integrals,
and then using the Fundamental Theorem of Calculus. We now do the same thing for surface
integrals: we pull back to the region D and then use Green’s theorem. The result is known as
Stokes’ theorem.

Theorem 5.8.1 Stokes’ theorem. Let ) be a one-form on an open subset U C R3, and
a: D — R3 a parametric surface whose image S = a(D) C U is orientable and oriented by
the parametrization. Let Oa be the boundary of the surface S with its induced orientation, as
in Definition 5.5.5 (if the image surface is closed, Oa is the empty set). Then the integral of
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the exact two-form dn along the parametric surface o can be evaluated as:

/dn:/ 7.
« oo

In other words, the surface integral of the exact two-form w = dn along the parametric surface
a is equal to the line integral of the one-form n along its oriented boundary curve.

Proof. Stokes’ theorem pretty much follows from Green’s theorem by pullback. More precisely,
by definition of the surface integral,
/ dn = / a*(dn).
o' D

We know that the exterior derivative commutes with pullback, see Lemma 4.7.4: o*(dn) =
d(a*n). So we can rewrite the surface integral as:

/adn:/Dd(a*n).

This is now the integral of the exact two-form d(a*n) over a closed bounded region D. By
Green’s theorem, Theorem 5.7.1, we know that

[ d@n=[ o,

where on the right-hand-side we have a line integral of the one-form «*n along the boundary
of the closed region D C R2.
We are almost done, but not quite: the last step is actually quite subtle. We would like to

say that
R
w1
a’'n= .
/8D 7 oo g

If the parametrization « is injective everywhere, then it maps the boundary 9D one-to-one to
the boundary 0., and so this equality follows from the definition of line integrals, thinking
of a restricted to the boundary 0D as a parametric curve (or a union of parametric curves).
However, in general, it is a little more subtle; as we remarked in Remark 5.4.3, S C a(9D),
but the two are not necessarily equal.’ The general proof is beyond the scope of these notes.
In any case, the conclusion would be that

/dn=/ n,
o O

which is the statement of Stokes’ theorem. |

Just as for the Fundamental Theorem of line integrals, there are two direct consequences
of Stokes’ theorem. First, the integrals of an exact two-form over two surfaces S7 and Sy that
share the same oriented boundary are equal (this statement for surface integrals is analogous

'In fact, not only can a send boundary points in 0D to points not on the boundary of S, but it can also
map whole curves in 9D to points in S, as it does for instance when parametrizing a sphere with spherical
coordinates (two of the boundary lines of the rectangular regions are mapped to the north and south poles of
the sphere).
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to path independence for line integrals of exact one-forms). Second, the integral of an exact
two-form along a closed surface is zero (this statement for surface integrals is analogous to
the statement that the line integral of an exact one-form along a closed curve vanishes). We
state those as the following corollaries.

Corollary 5.8.2 The surface integrals of an exact two-form along two surfaces
that share the same oriented boundary are equal. Let 7 be a one-form on U C R3.
If o« : Dy — R3 and f : Dy — R3 are two parametric surfaces whose image surfaces
S1 =a(Dy) C U and Sy = 3(D3) C U share the same boundary 9S1 = 0Sa, with the same

induced orientation, then
/dn:/dn.
@ B

Corollary 5.8.3 The surface integral of an exact two-form along a closed surface
vanishes. Let 1 be a one-form on U C R3. If o : D — R3 is a parametric surface whose
image surface S = a(D) C U s closed (that is, it has no boundary, which means that it is
itself the boundary of a volume), then
/ dn = 0.
e}

Remark 5.8.4 We can read Stokes’ theorem in two ways, just like Green’s theorem.

1. The integral of an exact two-form w = dn over the parametric surface o : D — R3
is equal to the line integral of the one-form 7 over the oriented boundary da of the
parametric surface.

2. The integral of a one-form 71 over a closed oriented simple curve 95 in R? is equal to the
surface integral of its exterior derivative dn over any surface S C R? whose boundary is
0S, with the appropriate orientation.

These two different readings highlight the two different types of applications of Stokes’ theorem:
either to calculate surface integrals via the first reading, or to calculate line integrals via the
second reading. We note that Corollary 5.8.2 can also be useful computationally, to replace a
complicated surface integral by an easier one.

Example 5.8.5 Using Stokes’ theorem to evaluate a surface integral by transforming
it into a line integral. Use Stokes’ theorem to evaluate the surface integral of the two-form
w=2zdyANdz+ dx A dy along the part of the sphere z? + y? + 22 = 25 that is above the
plane z = 3, with orientation given by an outwards pointing normal vector.

The surface is shown in the following figure:



CHAPTER 5. INTEGRATING TWO-FORMS: SURFACE INTEGRALS 223

5

Figure 5.8.6 The surface is part of the sphere of radius 5 above the plane z = 3.

To start with, for Stokes’ theorem to apply, the two-form w = 2z dy A dz + dx A dy must
be exact. But it easy to see that

n=@-)dy =  dyp=w,

and thus w is exact.

The boundary 95 of the surface is the intersection of the sphere 22 + % + 2% = 25 and
the plane z = 3. Setting z = 3 in the equation of the sphere, we get the equation of the circle
2?2 4+ y2 = 25 — 9 = 16. The boundary is thus the circle 22 4+ > = 16 in the plane z = 3.
Since we orient the sphere with an outwards pointing normal vector, we see that must walk
counterclockwise along the circle, with our heads pointing outside the sphere, to keep the
region on our left. Therefore, the oriented boundary is the circle 22 + y? = 16 in the plane
z = 3 with counterclockwise orientation. Stokes’ theorem then tells us that

fetn= fgn
s 08

To evaluate the line integral on the right-hand-side we parametrize the oriented boundary
with « : [0, 27] — R3,
a(f) = (4cos(0),4sin(0), 3).

We calculate the pullback of the one-form #:

a*n =(4cos(0) — 9)(4cos(9)) db
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—4(4 cos?(0) — 9cos(h)) db.

[7= s
a [0,27]

=4 /0%(4 cos*(0) — 9cos(6)) db

The line integral is then:

=16,
where we used the fact that [" cos(d) = 0 and [;™ cos?(d) = 7.
Therefore, by Stokes’ theorem, we conclude that

/ dn = 16m7.
S

O

Example 5.8.7 Using Stokes’ theorem to evaluate a surface integral by using a
simpler surface. Let us consider the same integral as in the previous example, Example 5.8.5.
That is, we want to evaluate the surface integral of the two-form w = 2z dy A dz + dz A dy
along the part of the sphere x2 + y? 4+ 22 = 25 that is above the plane z = 3, with orientation
given by an outwards pointing normal vector.

We can use Stokes’ theorem in a different way to evaluate this surface integral. Since we
know that the two-form is exact (as w = dn with n = (z — 22) du), we know that its surface
integral along any two surfaces S and S’ that share the same oriented boundary are equal. So
instead of integrating over the part of the sphere above the z = 3 plane, we could replace this
surface by a simpler surface that shares the same boundary, which in this case is the circle
x? + y? = 16 in the plane z = 3, as we saw in Example 5.8.5. In particular, we could take the
surface S’ to be the disk 22 + 42 < 16 in the plane z = 3, with orientation given by a normal
vector pointing upwards. By Stokes’ theorem, we know that

[ o

so we can evaluate the surface integral over the oriented disk instead.
To do so, we parametrize the disk by o : D — R3, with

D={(r,0) eR? | r€[0,4],0 € [0,2n]}
and
a(r,0) = (rcos(#),rsin(0), 3).

It is easy to see that the normal vector n = T, x Ty points upwards, as required. We calculate
the pullback two-form:

a*w =2(3)(sin(f) dr + rcos(f) df) A (0) + (cos(0) dr — rsin(0) dO) A (sin(0) dr + r cos(6) db)
=r dr A df.

The surface integral is then:
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2T 4
= / / r drdf
o Jo

2 2 r=4

- [2]

0 r=0
2

=8 do
0

=16m.

Fortunately, this is the same answer that we found in Example 5.8.5, as it should! ([

Example 5.8.8 Using Stokes’ theorem to evaluate a line integral by transforming
it into a surface integral. Use Stokes’ theorem to evaluate the line integral of the one-form
w = zy dx + yz dy + z* dz over the curve C that forms the boundary of the part of the
paraboloid z = 1 — 2% — 4% with z > 0, y > 0, z > 0. Assume that C is given the orientation
as moving from the z-axis to the y-axis to the z-axis.

It may be hard to visualize the curve and the region at first. A picture is worth a thousand
words. Here is a figure representing the part of the paraboloid z = 1 — 22 — y? with x > 0,
y>0,2z2>0.

2.0

1.5

1.5 2.0

Figure 5.8.9 The part of the paraboloid z = 1 — 22 — y? with z,y,z > 0. The curve is the
boundary of the region.

We want to evaluate the line integral of w along the boundary C' of this region. We could
evaluate the line integral directly. Or we can use Stokes’ theorem, which says that

/w:/dw,
C S
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where S is the part of the paraboloid described above. We need to be careful with orientation
here. We assume that C' is oriented going from z to y to z. Looking at the figure, we see that
if we walk along the boundary curve in this direction, to keep the surface on the left we must
have our heads pointing away from the origin. So the surface S should be oriented with a
normal vector pointing in that direction.

To evaluate the surface integral of dw along S, we first calculate the exterior derivative.
We get:

dw = zdy N dx + ydz A dy.

Next, we parametrize the surface S as a : D — R?, with
D={(r,0) eR?*|re0,1],0 € [0,7/2]}
and
a(r,0) = (rcos(), rsin(h), 1 — r2).

The region D was chosen such that x(r,0),y(r,8), z(r,8) > 0 on D. Thus it covers the part of
the paraboloid that we are interested in.
The normal vector is

n :Tr X T@
=(cos(0),sin(0), —2r) x (—rsin(f), r cos(d),0)
=(2r% cos(h), 2r? sin(h), ).
As its z-component is positive, we see that it points away from the origin, as it should. So the

orientation induced by the parametrization is the correct one.
Finally, we calculate the pullback of the two-form dw:

a*(dw) =rcos(0)(sin(0) dr + rcos(0) df) A (cos(0) dr
—rsin(6) df) + rsin(0)(—2r dr) A (sin(@) dr + rcos(0) df)
=(—12 cos(f) — 2r®sin(#) cos(#))dr A db.

We then evaluate the surface integral:

/adw:/Da*(dw)

w/2 rl

= / (=12 cos(#) — 2r3 sin(8) cos(8)) drdf
0 0

3 4 r=1

/2 T T
:/0 l—g cos(f) — 5 sin(#) 005(0)] de

r=0

_ /0 " (_; cos(0) — %sm(m cos(@)) d
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Therefore, by Stokes’ theorem, the lintegral of w along C' is

It is a good exercise to evaluate the line integral directly along the boundary curve (which
you will need to split into three parametric curves). You should get the same answer —7/12.
And, as complicated as the calculation above looked, it is actually simpler than calculating
the line integral directly! (]

Remark 5.8.10 We can also use Stokes’ theorem to show that a two-form is not exact, by
showing that its surface integral along a closed surface does not vanish. This is similar to what
we did for one-forms using the Fundamental Theorem of line integrals, see Exercise 3.4.3.2
(and also Exercise 5.7.3.5 ). We use Stokes’ theorem in this way in Exercise 5.8.3.5 for the
two-form in Remark 4.6.6.

5.8.2 Stokes’ theorem in terms of vector fields

As usual we translate Stokes’ theorem in terms of the associated vector fields, as in Corol-
lary 5.6.5.

Theorem 5.8.11 Stokes’ theorem for vector fields. Let F be a smooth vector field on
UCR3 Leta:D — R3 be a parametric surface whose image surface S = a(D) C U is
orientable and oriented by parametrization, with oriented boundary Oa. Then Stokes’ theorem

is the statement that
//(VXF)'dS: F - dr,
S oS

where on the left-hand-side we used the shorthand notation introduced in Remark 5.6.6 to
denote the surface integral of the vector field V x F along the oriented parametric surface S,
and on the right-hand-side we use the shorthand notation from Remark 3.3.8 to denote the
line integral of the vector field ¥ along the oriented boundary curve 9S parametrized by r.

From Corollary 5.8.2 and Corollary 5.8.3, we conclude that:

e The surface integral of the curl of a vector field is the same for any two surfaces that
share the same oriented boundary.

e The surface integral of the curl of a vector field along a closed surface always vanishes.

As before, we can use Stokes’ theorem in both directions. For instance, if we are interested
in calculating the line integral of a vector field along a closed curve in R? (say, to calculate
the work done by a force field on an object moving along the closed curve), then we can use
Stokes’ theorem, which tells us that that the line integral is equal to the surface integral of
the curl of the vector field on any surface whose boundary is the closed curve. In particular,
we are free to choose a surface that is simple enough so that the resulting surface integral is
easy to evaluate.



CHAPTER 5. INTEGRATING TWO-FORMS: SURFACE INTEGRALS 228

5.8.3 Exercises

1.

Let S be the part of the cone z = 2y/x? 4+ y? below the plane 2 + z = 1, oriented with
an upward normal vector. Let S’ be the part of the plane x + z = 1 contained within the
cone z = 2y/x2 + 92, also oriented with an upward normal vector. Let n be the one-form

77:69”2 dx + ¢’ dy +5(z + 2 — 1)* dz.

Use Stokes’ theorem to show that
/ dn = 0.
S

Solution. First, the oriented boundary of S is the closed curve at the intersection of
the cone z = 2y/22 + y? and the plane z+ z = 1, oriented counterclockwise (looking from
above). We notice that the boundary of S’ is exactly the same. Therefore, by Stokes’
theorem, we know that
/ dn= | dn.
S S’

So we may as well evaluate the integral of dn along the surface S’, which lies within the
plane x + z = 1.
To do so, we need to evaluate the exterior derivative dn. We get:

dn =d(e”") Adx + d(e¥") A dy + 5d((z + 2 — 1)?) A dz
=10(z + 2z — 1) dz A d=.

To evaluate the surface integral [ dn, we would need to parametrize the surface S’,
pullback dn, and evaluate the integral as a double integral. However, we can show that
the integral will be zero right away without going through the whole calculation. Indeed,
when we pullback dn by the parametrization, we need to evaluate its component function
on the surface. But the surface S’ lies within the plane z + z = 1, and we see right away
that the component function vanishes when = + z — 1. In other words, the two-form
dn = 0 when restricted to the plane x+ 2z = 1. So it will certainly vanish on S’. Therefore,
we can conclude right away that

and, by Stokes’ theorem,

Consider the force field
F(JE, Y, Z) = (—ya:2 + 2, .’L’yQ, ey + Z)‘

Use Stokes’ theorem to find the work done by the force field when moving an object
counterclockwise along the circle 22 4 y? = 4 in the plane z = 10.

Solution. Let 0S be the circle 22 4+ 4% = 4 in the plane z = 10 with counterclockwise
orientation, and let S be the disk 22 + y? < 4 within the plane z = 10, with orientation
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given by an upward pointing normal vector. By Stokes’ theorem, we know that

aS}r-dr://s(vxF)-ds.

So instead of evaluating the line integral of F' along 95, we can evaluate the surface
integral of the curl of F along S.
First, we calculate the curl of F. We get:

V x F = (ze™¥, 1 — ye™, y* + 12).

To calculate the surface integral, we need to parametrize the surface S. We use the
following parametrization: o : D — R3, with

D ={(r,0) e R* | r €[0,2],6 € [0,2x]},

with
a(r,0) = (rcos(#),rsin(6), 10).

The tangent vectors are
T, = (cos(0),sin(h),0), Ty = (—rsin(f),r cos(6),0).

The normal vector is
n="T, xTy=(0,0,7),

which points upward as required. Therefore, the surface integral is

J[9 x®)-as = [[ (¥ x®)atr6) - m da
= // (7‘ COS(G)eT2 sin(6) COS(G)’ 1— TSin(Q)eTQ sin(6) cos(9)77,2) . (070’ 7') dA
D

:// 3 dA

D
27 2

:/ /7"3d7'd9
o Jo
2

=4 do
0
=8m.

Therefore, by Stokes’ theorem we conclude that the work done by the force field when
moving an object counterclockwise along the circle 95 is 8.

3. Let S be the surface consisting of the top and the four sides (but not the bottom) of the
cube with vertices (41,41, +1) in R®, with orientation given by an outward pointing
normal vector, and F the vector field

F = (zy, 2z, cos(2?) + 2°).
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Use Stokes’ theorem to evaluate the surface integral

/S(VXF)~dS

Solution. We can use Stokes’ theorem in two different ways here: either to rewrite the
surface integral as a line integral, or to rewrite it as a surface integral over a simpler
surface. For completeness I will do it both ways.

First, we can use Stokes’ theorem to rewrite the surface integral as a line integral.
Let us do this first. We notice that the boundary curve 95 of the surface S is the square
with vertices (£1,41, —1), since the bottom side of the cube is not included in S. The
induced orientation on the boundary amounts to moving counterclockwise along the
square, as seen from above. Thus, by Stokes’ theorem, we know that

//VXF -dS = Fdr

where the right-hand-side is the line integral of the vector field F along the square with
counterclockwise orientation.

To evaluate the line integral, we split the square into four line segments L;, i =1,...,4.
We parametrize the line segments by «; : [0,1] — R? with

ap(t) =(—1+2t,—1,-1),
aso(t) :(1,—1+2t )
az(t) =(1 — -1),
ay(t) =(— 1,1 2t —1).
We calculate the tangent vectors:

Tl == (27 07 0)7

Ty = (07 27 0)7

T3 = (_27 07 0)7

T4 = (0,—2,0).

We finally evaluate the line integrals:

1
Flau(t)) - Ty dt :2/ (=14 20)(=1) dt = 0,
L1 0

1
Flas(t)) - Ty dt :2/ (—1)(1) dt = —2,
Lo 0

Flas(t)) - Ty dt — —2/ (1—26)(1) dt =0,
L3

[ Plau(t) T at = —2/ 1)/dt =

Adding up these four line integrals, we get —4. We conclude, by Stokes’ theorem, that

the surface integral
/ (VxF)-dS=—
S



CHAPTER 5. INTEGRATING TWO-FORMS: SURFACE INTEGRALS 231

Another approach would have been to use Stokes’ theorem to rewrite the surface
integral as a simpler surface integral. For instance we could have replaced the surface S
by the missing side of the cube (namely the bottom), as it shares the same boundary
with S. Let us call the bottom side of the cube S’. If we give it an upward pointing
normal vector, it induces the same orientation on the boundary as S. Thus, by Stokes’

theorem,
//S(VXF)-dS:///(VxF)-dS’.

To evaluate the integral on the right-hand-side, we first calculate the curl of F. We get:
V xF = (—x, 2z sin(z?), z — x) .

Next, we need to parametrize S’, which is the square with vertices (£1,+1,—1). We
write o : D — R3 with

D = {(’LL,’U) € Rz | u € [_15 1]7” € [_17 1]}5
and
a(u,v) = (u,v, —1).
The tangent vectors are
T’LL = (170?0)’ TU = (0’170)?
with normal vector
n=T,xT,=(0,0,1).

This is the correct orientation. We thus have

///(V X F)-ds Z/_l1 /_11(—% 2usin(u?), ~1 —u) - (0,0,1) dudv

1,1

:—/ / (u+1) dudv
1/

=—4.

The same answer as before!

4. Let C C R? be a simple closed curve, and D C R? the region consisting of C' and its
interior. Let o : D — R? be the parametric surface

a(u,v) = (U7Ua 1—u— U)7
with S = «(D) and 9S the boundary curve of S. Let n be the one-form
n=—zdxr— 2z dy+4y dz.

Use Stokes’ theorem to show that the line integral of n along 35S is equal to the area of
the region D C R2.

Solution. First, by Stokes’ theorem we know that

/ 77=/d77,
O «
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with the orientation induced by the parametrization. To evaluate the integral on the
right-hand-side, we calculate the exterior derivative:

dn = —dz Ndx — 2dxz N\ dy + 4dy N dz.
We calculate its pullback:

a*(dn) = — (—du — dv) A du — 2du A dv + 4dv A (—du — dv)
=du A dv.

Therefore, the surface integral becomes

Jn=[ a*(an

:/ du A dv,
D

which is simply the area of the region D. We then conclude, by Stokes’ theorem, that
the line integral of n along 05 is equal to the area of the region D.

5. Consider the two-form
_ 1
- (.%'2 + yQ + 22)3/2(

from Remark 4.6.6. It is defined on U = R?\ {(0,0,0)}.
(a) Show that w is closed, that is, dw = 0.

xdyNdz+ydz Ndx + z de A dy),

(b) Show that w is not exact by showing that the surface integral of w along the sphere
2?2 + 9% + 22 = 1 is non-zero.

(c) Does that contradict Poincare’s theorem for two-forms?

Solution. (a) To show that it is closed, we calculate the exterior derivative. We get:

(@2 + 42 + 22)3/2 — 302(a2 + 2 + 22)1/2
dw :( 2 .21 .2\3
(22 4+ y% + 2?)
(@2 + 12 + 22)%/2 — 3y2(22 + 2 + 22)1/2
(22 +y? 4 22)3
(@2 4 42 + 22)3/2 — 322(22 4 ¢ 1 22)1/2
(22 +y%2 4 22)3

)dm/\dy/\dz

1
- (22 + 32 + 22)5/2 (3(552 +y’ +2%) =3 + 7 + Z2)> dr ANdy ANdz

=0.

Therefore, w is closed.

(b) In fact, we already did such a surface integral in Exercise 5.6.4.5, but for complete-
ness we redo it here. We parametrize the sphere as always with spherical coordinates,
a:D — R3,

D ={(6,6) €R| 0 €[0,7],6 € [0,27]},
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and

a(f, ¢) = (sin(f) cos(¢), sin(#) sin(¢), cos()).
The pullback of w is:

ofw = i(sm(@) cos(¢)(cos(8) sin(¢)dl + sin(0) cos(¢)dp) A (— sin(0)dH)

+ sin(0) sin(¢)(—sin(0)d0)) A (cos(0) cos(¢)df) — sin(6) sin(¢)d¢)
)(cos(@) cos(¢)df) — sin(0) sin(p)dg) A (cos(d) sin(¢)dh + sin(6 )cos(gb)dqb))
)

= (sm ) cos?(¢) + sin®(6) sin?(¢) + sin(6) COS2(9)) do N d¢
=sin(0)df A do.

+ cos(f
(0

We finally calculate the surface integral:

/aw:/a*w
= / u / sin(6)dfdeo

=2 dqb
0
= 4.

The result is certainly non-zero!

As the surface integral of w along the sphere is non-zero, we conclude that w cannot
be exact, since we know from Stokes’ theorem that the surface of integral of an exact
two-form along a closed surface must vanish.

(c) We have shown that w is a closed two-form that is not exact. But it does not
contradict the statement of Poincare’s lemma for two-forms, see Theorem 4.6.4, since
w is not defined on all of R?; it is not defined at the origin. It also does not contradict
version II of Poincare’s lemma that we saw in Theorem 4.6.5, since w is also not defined
on an open ball (the origin is missing).

6. Let F be a smooth vector field on R? and f a smooth function on R3. Let a: D — R3
be a parametric surface. Show that

//Q(foF).dS:—//Q(fo]_:‘).ds_k/aafl;.dr'

Solution. The key here is recall some of the vector calculus identities that we encoun-
tered previously. From Lemma 4.4.9, we know that

V X (fF)=(Vf)xF+ fV xF.

From the point of view of differential forms, this identity follows from the graded product
rule for the exterior derivative.
Using this identity, we can write:

//Q(foF)-dS:—//a(Vf)><F+//QV><(fF).



CHAPTER 5. INTEGRATING TWO-FORMS: SURFACE INTEGRALS 234

The second term on the right-hand-side is the surface integral of the curl of the vector
field fF. Using Stokes’ theorem, we can rewrite it as a line integral:

//an(fF): [ 7 dr.

Therefore, we conclude that

//Oé(foF)‘dS:—//a(Vf)xF—k [ yF-ar.

5.9 Applications of surface integrals

In this section we study some applications of surface integrals, such as calculating the flux of
a vector field across a surface.

Objectives
You should be able to:

¢ Determine and evaluate appropriate surface integrals and flux integrals in the context
of applications in science.

5.9.1 Surface integrals as flux integrals

The main interpretation of surface integrals consists in calculating the flux of a vector field
across a surface in the direction of the normal vector. The easiest way to understand what
this means is in terms of fluid mechanics.

Suppose that the vector field v(z,y, z) is the velocity field of a fluid. Suppose that the
function p(z,y, z) is the mass density of the fluid. Thus the vector field pv is the rate of flow
(mass per unit time) per unit area. We would like to calculate the rate of flow (mass per unit
time) of fluid crossing a surface S in the normal direction n. How can we do that?

We use the famous “divide and conquer”, or “slice it till you make it” process of integral
calculus. We divide the surface S into tiny pieces of surface, and calculate the rate of flow
through these tiny pieces of surface. Then we “sum over tiny pieces of surface”, and take the
limit of an infinite number of pieces with infinitesimal size, which turns the calculation into a
double integral.

More precisely, let dS be the area of a tiny piece of surface at (x,y,2) on S. Assuming
that S is a parametric surface, let
T, x T,
|T, x Tyl

be the normalized normal vector at this point. Thus pv - i is the rate of flow per unit area in
the normal direction at the point (x,y, z). Therefore, the rate of flow of fluid through this
tiny piece of surface in the normal direction is

n=

pv - AdS.

But... what is the area dS7 We will come back to this in Section 7.2. Suppose that the tiny
region of D that is mapped to the tiny piece of surface by the parametrization is a rectangle,
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with sides of lengths du and dv. We can think of these two sides as being vectors in the v and
v directions with length du and dv. We can think of these vectors as being mapped by the
parametrization to the rescaled tangent vectors duT, and dvT,. These two vectors span a
parallelogram in the tangent plane, with area given by |duT,, x dv'T,| = |T, x Ty|dudv. The
idea is that the area of this parallelogram is a good approximation of the area dS of the tiny
piece of surface, since the tangent plane is a good approximation of the surface. (And, when
we sum over tiny pieces of surface and take the limit of the Riemann sum, this approximation
will become exact.) As a result, we can write

dS = |T, x T,|dA

for the area of the tiny piece of surface, with dA = dudv. Therefore, we get that the rate of
flow of fluid through this tiny piece of surface in the normal direction is:

T, x T,
Ty x Ty
=pv-ndA,

pv - i|T, x Ty|dA =pv - |T, x Ty|dA

where n = T, x T, (not normalized).
The final step is to sum over tiny pieces of surfaces and take the limit of an infinite number
of pieces of surface of infinitesimal area, which turns the sum into a double integral. The

result is the double integral
/ / pv-n dA,
D

which we recognize as the surface integral of the vector field pv! Therefore, the surface of
integral of pv calculates the rate of flow of fluid across the surface in the normal direction.

While this was formulated for fluid velocity, one can study similar processes for other
vector fields. The result is called the “flux” of the vector field.

Definition 5.9.1 The flux of a vector field across a surface. Let F(z,y, z) be a vector
field on U C R?, and o : D — R3 an oriented parametric surface with normal vector n. The

surface integral
//F-dS:// F(a(u,v)) -n dA
S D

is called the flux of F across S in the normal direction n. O

This is of course just the standard surface integrals that we have studied already. But
it gives it an interpretation as calculating the flux of the vector field, which is why surface
integrals are also known as “flux integrals”.

5.9.2 Flux integrals beyond fluids

The main motivation for introducing the notion of flux is to calculate the rate of flow of a
fluid across a surface. But the concept of flux is also important in other physical applications.
One such example is in electromagnetism. Suppose that E(x,y, z) is an electric field. Then

the surface integral
/ / E.dS
S
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calculates what is known as the electric flux across the surface S. In fact, one of the
important laws in electromagnetism is Gauss’s law, which relates the electric charge to the
flux of an electric field. More precisely, if S is a closed surface in an electric field E, Gauss’s
law states that the net charge @ enclosed by the surface S is given by

Q:eo//SE-dS,

i.e. it is the electric flux through S rescaled by a constant ey known as the “permittivity of
free space”. Here the surface S should be given the orientation of an outward normal vector.

Example 5.9.2 The electric flux and net charge of a point source. Let ¢ be a point
charge at the origin. The electric force follows an inverse square law, that is, the magnitude of
the electric field produced by the charge is inversely proportional to the square of the distance
from the charge. More precisely, the electric field produced by the point charge is the vector

field
q

E b b =
(2,9,2) Amep(2? + y? + 22

a7 0:2)

Now suppose that you want to calculate the electric flux produced by the point charge
across a sphere of radius R centered at the origin. By Gauss’s law, this should calculate the
total charge enclosed by the sphere. Since we only have a point charge at the origin, with
charge ¢, we expect the electric flux to be given by ¢. Is that what we get?

The electric flux across the sphere in the outward direction is given by the flux integral

//SE-dS.

We already calculated such surface integrals in Exercise 5.6.4.5 using spherical coordinates.
The result of this exercise applies here, with C' = 2. We thus conclude that

4eqg

//E-dS:47r ¢ _49
S dmen €

In particular, Gauss’s law states that the total charge enclosed by the sphere is
_ _ .9 _
Q—eo//E-dS—eo——q.
S €0
Phew!

We note that the flux does not depend on the radius of the sphere, as it should. In fact,
we can go further. An argument very similar to Exercise 5.7.3.5 holds here as well, but using
the divergence theorem (which we will explore in Section 6.2) instead of Green’s theorem.
The conclusion of the argument is that the flux of the electric field of a point charge at the
origin across any closed surface that encloses the origin, not just the sphere, is always equal
to ¢, as it should by Gauss’s law. Cool! O

The concept of flux is also used for instance in the study of heat flow. Suppose that the
temperature at a point (x,y, z) in a substance is given by the function 7'(z,y, z). Then the
heat flow is given the gradient of the temperature function, rescaled by a constant. More
precisely, the heat flow is

F=-KVT,
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where K is a constant called the conductivity of the substance. We are then often interested
in calculating the rate of heat flow across a surface .S, which is given by the flux of the vector

field F across S:
//F-dSz—K//VT-dS.
S S

5.9.3 Exercises

1. Consider a fluid moving with velocity v(z,y, z) = (—y, z,0) and constant mass density
p(x,y,z) = pp with py a positive constant. (As we saw in Exercise 2.1.3.2, this type of
fluid motion is a vortex in the (z,y)-plane.) Show that the rate of flow of fluid across
the cylinder 22 + 32 = R?, with —a < z < a, for some positive constants a, R, is zero.
Explain why this result makes sense, looking at the fluid motion.

Solution. As we saw in Exercise 2.1.3.2, this type of fluid motion is a vortex in

the (x,y)-plane. Below is, first, a sketch of the velocity vector field of the fluid in

3 dimensions. But since there is no motion in the z-direction, I also present a two-

dimensional plot of the vector field in the (z, y)-plane, which makes the vortex motion more
5

_5.

explicit.Figure 5.9.3 The vector field v(z,y,2) = (~y,,0).
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Figure 5.9.4 The vector field v(z,y) = (—y, x), which corresponds to the projection of
the previous vector field in the (z,y)-plane.

Looking at the two-dimensional figure, we see that the motion is moving around in
a circular motion in the (z,y)-plane about the origin. In three dimensions, since there
is no motion in the z-direction, the fluid flow is circular about the z-axis. As such, if
we imagine a cylinder centered on the z-axis in the fluid, we see that there is no fluid
flowing across the surface of the cylinder. Thus we expect that the rate of flow of the
fluid across the cylinder should be zero. Let us show this.

To calculate the rate of flow across the cylinder S, we need to evaluate the surface

integral
// pv - dS.
S

We parametrize the surface of the cylinder as o : D — R? with
D ={(u,0) €R? | u € [~a,a],0 € [0,2n]}

and

a(u,0) = (Rcos(0), Rsin(0),u).

The tangent vectors are
T, =(0,0,1), Ty = (—Rsin(f), Rcos(6),0).
The normal vector is

n =T, x Ty = (—Rcos(f), —Rsin(h),0).
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It is pointing inward, but it does not matter anyway which orientation we choose as we
will show that the integral is zero. The surface integral is

//Spv-dS://DF(a(u,Q))-ndA

://D(—Rsin(H),Rcos(H),O) - (=Rcos(#), —Rsin(#),0) dA

- //D(R2 sin(6) cos(f) — R%sin(6) cos(6)) dA
=0.

This is just as we expected: there is no rate of flow of the fluid across the cylinder.
2. Find the flux of the vector field

F(z,y,2) = (z,0,2)

exiting the solid cone

V={(w,y,z)eR3|0§zg\/m}.

Solution. To find the flux we need to evaluate the surface integral

//SF-dS,

where S is the surface boundary of the solid cone V.
The cone is shown in the figure below:

=2

Figure 5.9.5 The solid cone V.

The boundary surface of V' has two components: the lateral surface of the cone, which
we will call Sq, and the bottom disk, which we will call So. We need to evaluate the
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surface integral on both components, and add up the results to calculate the flux of the
vector field exiting the cone.

We parametrize S; as a1 : D1 — R3 with
Dy ={(r,0) e R* | r €]0,3],0 € [0,27]},
with
a(r,8) = (rcos(f),rsin(h), V9 — r2).
The tangent vectors are
T, = (cos(@),sin(@), —\/97;7712> , Ty = (—rsin(0), r cos(6),0).
The normal vector is

2 2

r r )
n:TTxT9:< 5 cos(0), 9_r251n(9),r>.

2

It points upward in the z-direction, and thus outward of the cone, as we want to calculate
the flux exiting the cone. The surface integral is then

2

//Sl F-dS; _//D1 (rcos(ﬁ),o, m) . ( gri ~ cos(6), gr_ _ sin(&),r> A
://D < L cos() +rm> dA

V9 —r2
o 2(0) + /9 — 12 | dfd
= CcoS + —
/0 /0 V9 —r2 (6)+r " "
3 3 ;
:71'/0 %9_r2+2r\/977‘ dr

O /1u—9
|, G i)
071
:71'/ (—u1/2 — 9u1/2> du
9 2 2
u=0
=m {—;US/Q - 9u1/2}

=36m.

u=9

As for the bottom disk So, it is the disk 2 + y?> < 9 in the z = 0 plane. We can
parametrize it as ao : Dy — R3 with

Dy ={(r,0) € R?* | r €0,3],0 € [0, 27]},

and
a(r,0) = (rsin(f),r cos(6),0).

The tangent vectors are

T, = (sin(0), cos(h), 0), Ty = (rcos(f), —rsin(6),0).
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The normal vector is
n="T, xTy=(0,0,—r),

which points downward, i.e. outward, which is what we want. The surface integral is

//SQF.alSQZ//D2 (rsin(6),0,0) - (0,0, —r) dA
=0.

Thus there is no flux through the bottom of the cone.
We conclude that the flux exiting the cone is given by

//F-dS:367r.
S

3. Use Gauss’s law to find the net charge enclosed by the closed surface consisting of
the cylinder 22 + 3> = 1, —2 < z < 2, with its top and bottom, in the electric field
E(z,y,2) = (z,0,0).

Solution. To calculate the charge, by Gauss’s law we need to calculate the eletric flux,
that is, the surface integral of the electric field along the lateral surface of the cylinder as
well as its top and bottom. To do so, we need to split the surface into three components.
However, we can directly conclude that the surface integrals along the top and bottom of
the cylinder will be zero. Why? The surface integrals calculate the flux of the vector
field in the normal direction. That is, in the integrand we take the dot product of the
vector field and the normal vector. For the top and bottom of the cylinder, we know that
the normal vector will point in the z-direction (as the cylinder is centered around the
z-axis). But the z-component of E is zero, and therefore the integrand will vanish.

As a result, we only have to consider the lateral surface S of the cylinder, which we
parametrize as o : D — R? with

D ={(u,0) € R? | u € [-2,2],0 €[0,27]}

and
a(u,d) = (cos(0),sin(0),u).

The tangent vectors are
T, =(0,0,1), Ty = (—sin(0), cos(h),0),
and the normal vector is
n =T, x Ty = (—cos(#), —sin(0),0)

This is pointing inward, so we change the sign of the normal vector. The surface integral
is then:

[ E-ds = [ (c0s(6).0.0) - cos(0).sin(0). 0) da

2 2m
:/ / cos?() dfdu
—-2.J0
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2
:7r/ du
-2

=4,

We conclude, by Gauss’s law, that the net charge enclosed by the surface is

Qzeg//E-dS=47reo.

4. Suppose that the temperature distribution in a substance in R? is given by the function
T(x,y,2) = z° + zy.

Show that the rate of heat flow along any horizontal plane z = C, where C is a constant,
is zero. Explain why this is consistent with your expectation.

Solution. The heat flow is given by
F=-KVT=-KQ2x+y,uz,0).

To calculate the rate of heat flow across an horizontal plane z = C', we need to calculate
the surface integral of the heat flow F along the plane. In this process, we take the dot
product of F with the normal vector n to extract the normal component of F. Since the
plane is horizontal, its normal vector will point in the z-direction. But the vector field
F has a vanishing z-component; therefore, F - n = 0, and the surface integral along the
horizontal plane will vanish.

This is consistent with our expectation because the temperature distribution does
not depend on z. So it does not vary as we move in the z-direction; indeed, its gradient
has a vanishing z-component. As a result, there is no heat flowing through horizontal
planes, as we found.



Chapter 6

Beyond one- and two-forms

6.1 Generalized Stokes’ theorem

So far we have seen a number of theorems that take a similar form: the fundamental theorem
of calculus, the fundametal theorem of line integrals, Green’s theorem, and Stokes’ theorem.
In this section we show that they are all special cases of the mother of all integral theorems,
the “generalized Stokes’ theorem”.

Objectives
You should be able to:

e State the generalized Stokes’ Theorem.

e Show that for integration of an exact one-form over a closed interval in R, it reduces to
the Fundamental Theorem of Calculus.

e Show that for integration of an exact one-form over a parametric curve in R", it reduces
to the Fundamental Theorem of line integrals.

« Show that for integration of an exact two-form over a closed bounded region in R? it
reduces to Green’s theorem.

« Show that for integration of an exact two-form over a parametric surface in R3, it reduces
to Stokes’ theorem.
6.1.1 The generalized Stokes’ theorem

So we far we have seen four integral theorems, all related to integration of exact one- and
two-forms: the fundamental theorem of calculus, the fundamental theorem of line integrals,
Green’s theorem, and Stokes’ theorem. While at first the theorems look different, you may
have noticed that they all take a similar form. In fact, we could write all four integral theorems

in the following form:
/ dw = / w.
M oM

All that changes is the meaning of w and M. More precisely:

243
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1. If w is a zero-form (a function) on U C R, and M = [a,b] C U is an oriented interval,
then it becomes the fundamental theorem of calculus, see Theorem 5.1.7.

2. If w is a zero-form (a function) on U C R", and M is a parametric curve « : [a,b] — R"
whose image is in U, then it becomes the fundamental theorem of line integrals, see
Theorem 5.1.8.

3. If wis a one-form on U C R?, and M C U is a closed bounded oriented region, then it
becomes Green’s theorem, see Theorem 5.7.1.

4. If w is a one-form on U C R3, and M is a parametric surface o : D — R? whose image
is in U, then it becomes Stokes’ theorem, see Theorem 5.8.1.

In mathematics, when we see something like this, we dig deeper and try to determine
whether it is a coincidence or not that all these integral theorems pretty much take the same
form. More often than not, such a coincidence is a hint that there is something going on
behind the scenes, that there is a unifying principle at play. This is precisely the case here.

The unifying principle is the mother of all integral theorems, known as the “generalized
Stokes’ theorem”. It states that the relationship above is very general. The precise statement
is the following.

Theorem 6.1.1 The generalized Stokes’ theorem. Let M be a k-dimensional oriented
manifold and OM its boundary (which is a (k — 1)-dimensional manifold) with the induced
orientation. Let w be a (k — 1)-form on M. Then

/ dw:/ w.
M oM

The scope of this theorem is really awe-inspiring, at least in the eye of a mathematician.
We will not prove this theorem as it is beyond the scope of the class, but we can try to make
sense of it.

We know what a k-form is, at least over open subsets in R™. The key object that we have
not defined and that appears in the statement of the theorem is the notion of a “manifold”,
which is fundamental in differential geometry. So let us say a few words about manifolds.

6.1.2 An informal introduction to manifolds

The concept of manifold is essential in mathematics and physics to do calculations on
complicated geometric spaces. Informally, an n-dimensional manifold M is a space that
“locally looks like R™”. What does it mean? It means that for any point p € M, one can find
an invertible map that sends an open subset of M around p to an open subset of R™. This
map is called a “coordinate chart”; by mapping the open subset of M to an open subset of
R™, we are basically defining coordinates on the complicated space M. This is the essence of
a manifold. The description of most manifolds however requires more than one coordinate
charts; we can always map an open subset of M to an open subset of R™, but we cannot
generally map the whole space M to an open subset of R, because the global structure of the
space M may be quite complicated. The different coordinate charts are then “glued” together
in a consistent way, which gives rise to so-called “transition functions”, which are basically
changes of coordinates between different charts. To be able to do calculus on manifolds, we
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usually require that these transition functions, or coordinate changes, are differentiable (or
even smooth).

In the end, the key feature of a manifold is that locally, instead of doing calculations on
the space M itself, you can use the coordinate chart to do calculations on R" instead. How
do we do this? We use the pullback! Indeed, our coordinate chart is an invertible map, so we
can pullback objects on M via the inverse of the coordinate chart to turn them into objects
on R™, where we can do calculus. For instance, using pullback with respect to a coordinate
chart, we can define integration of an n-form on a region of an n-dimensional manifold via
integration of an n-form over a region in R”, which is something that we studied in this class.
We use once again the fundamental principle of reducing something complicated to something
that we already know how to solve, and the pullback is there to help! How neat is this.

Most of the spaces that we encountered in this class, such as parametric curves, parametric
surfaces, etc. are examples of manifolds. But the definition of manifolds is much more general.
A key feature of manifolds is that they are defined “intrinsically”. When we talked about
parametric curves, or parametric surfaces, we introduced complicated geometry, but the way
we did it was by embedding a curve or a surface in a higher-dimensional space R™. For
manifolds, you do not need to embed them into higher-dimensional spaces to get interesting
geometry; the geometry is intrinsic in the definition of a manifold.

But in the end, you already know many manifolds. Here are a few examples.

e The circle is a one-dimensional manifold, with no boundary.
o The sphere (i.e. the surface of a ball) is a two-dimensional manifold, with no boundary.

o Parametric curves (the way we defined them) are one-dimensional manifolds, possibly
with boundary.

e Parametric surfaces are two-dimensional manifolds, possibly with boundary.
o The graph of a smooth function f : R™ — R is an n-dimensional manifold.

e Spacetime, where we live, is a manifold!

6.1.3 Back to the generalized Stokes’ theorem

We now understand that an n-dimensional manifold M is basically a complicated looking
space that locally looks like R™. If the space is orientable (as we saw for surfaces in R3, this
is not always obvious), we can choose an orientation on M, like we did for parametric curves
and surfaces. The boundary OM of M is also a manifold, but one dimension less: it is a
(n — 1)-dimensional manifold. The chosen orientation on M induces an orientation on the
boundary 0M, just like we did again for parametric curves and surfaces.

Even though we haven’t defined integration of forms over manifolds, as we mentioned
above it can be done via pullback with respect to coordinate charts, and the result is that
integration of forms over manifolds is not much different from what we already did in this class.
So we can, at least informally, understand the truly beautiful statement of the generalized

Stokes’ theorem:
/ dw = / w.
M oM
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To end this section, we summarize in a table how the four integral theorems that we
already saw arise as special cases of the generalized Stokes’ theorem. We add a fifth integral
theorem to the table: the divergence theorem, which is the topic of the next section.

Table 6.1.2 Integral theorems as special cases of the generalized Stokes’ theorem

M w Integral theorem
Closed interval in R O-form Fundamental theorem of calculus
Parametric curve in R" 0-form Fundamental theorem of line integrals

Closed bounded region in R? 1-form Green’s theorem
Parametric surface in R? 1-form  Stokes’ theorem
Closed bounded region in R?* 2-form Divergence theorem

Next time someone tells you something about the fundamental theorem of calculus, you
can reply: “oh, I know this theorem, it’s just a special case of the generalized Stokes’ theorem”!

)

6.2 Divergence theorem in R?

We show that the generalized Stokes’ theorem for a closed bounded region in R? reduces to
the divergence theorem of vector calculus.

Objectives
You should be able to:

« Define integration of three-forms over closed bounded regions in R3.

e For exact three-forms, rephrase the generalized Stokes’ theorem as the divergence
theorem in R3.

e Summarize all the integral theorems of vector calculus as particular cases of the general-
ized Stokes’ theorem.

6.2.1 Integrating a three-form over a region in R?

Our goal in this section is to study Stokes’ theorem for two-/three-forms. As a first step we
need to define integration of three-forms over regions in R?, just like we did for two-forms
over regions in R? in Section 5.2 and Section 5.3.

In this section we concentrate on solid regions E C R? that consist of a closed surface
and its interior, such as the regiong bounded by a sphere, or a rectangular box. We saw in
Definition 5.2.1 how to define the orientation of R”, and in particular in Example 5.2.5 for R3,
in which case it is given by a choice of right-handed or left-handed twirl, with right-handed
twirl being the canonical orientation. We define the orientation of a region in R? as being
induced from the orientation of the ambient space.

Definition 6.2.1 Orientation of a region in R? and induced orientation on the
boundary. Let E C R3 be a solid region that consists of a closed surface and its interior. Its
boundary OF is the closed surface. Choose an orientation on R3. We define the orientation
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of E as being the orientation induced by the ambient vector space R?. We write £, for the
region with the canonical (right-handed twirl) orientation, and E_ for the opposite (left-handed
twirl) orientation.

If E is canonically oriented, we define the induced orientation on the boundary JF
as corresponding to an outward pointing normal vector. %

Example 6.2.2 Solid region bounded by a sphere in R3. Let E C R? be the solid
region in R? bounded by the sphere 22 4+ y? + 22 = R?. Its boundary OF is the sphere itself,
that is, the surface 22 + 3% + 22 = R?. If we give E the canonical orientation given by a choice
of ordered basis on R? corresponding to a right-handed twirl, then the induced orientation on
the sphere is that of a normal vector pointing outward. O
With this definition of orientation, we can define the integral of a three-form over a region
in R3.
Definition 6.2.3 Integral of a three-form over a closed bounded region in R3. Let
E C R3? be a solid region that consists of a closed surface and its interior. Let w = f deAdyAdz
be a three-form on an open subset U C R? that contains E. If E has canonical orientation,
we define the integral of w over E as:

Lo [l

where on the right-hand-side we mean the standard triple integral from calculus. If E has

opposite orientation, we define
[o={[] rav
E E

Note that, as for the integral of two-forms over regions, the choice of basic three-form dxAdyAdz
(which is consistent with the ordering of the canonical orientation) when expressing w in
terms of the function f is important here, as integrals of three-forms are oriented, while triple
integrals are not. (See Remark 5.3.5.) O

The definition reduces the evaluation of integrals of three-forms to triple integrals, which
you have encountered already in your previous calculus course. We will focus here on regions
that are recursively supported, as we did for regions in R? (more general regions could be
expressed as unions of recursively supported regions). We say that:

1. A region E C R? is ry-supported (also called type 1) if there exists a region D in the
(z,y)-plane and two continuous functions z1(z,y), z2(z,y) such that

E= {(.Qf,y,Z) € R? ’ ($7y) € D,Zl<$,y) <z< 22(x7y)}'

2. A region E C R3 is yz-supported (also called type 2) if there exists a region D in the
(y, z)-plane and two continuous functions z1(y, z), z2(y, z) such that

E={(z,y,2) €R3| (y,2) € D,x1(z,2) < x < zo(y, 2)}.

3. A region E C R? is zz-supported (also called type 3) if there exists a region D in the
(x, z)-plane and two continuous functions y;(x, z), y2(x, z) such that

E={(z,y,2) €R’ | (z,2) € D,yi(z,2) <y < ya(z, 2)}.
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If the two-dimensional region D C R? is also supported on at least one of the two coordinates,
we say that the solid region F is recursively supported. In this case the triple integral can
be evaluated as an interated integral.

We note that in the case of rectangular regions, Fubini’s theorem still applies, and the
order of integration for the iterated integrals does not matter.

Example 6.2.4 Integral of a three-form over a recursively supported region. Let
E C R3? be the solid region bounded by the planes t =0, z =2, y = 2, 2 = 0 and z = y. Find
the integral of the three-form

w=uzxyz dx Ndy Ndz

over E£ with canonical orientation.
By definition, we know that

o fff e

We want to evaluate the triple integral on the right-hand-side.
We can express the region E as an zy-supported region. Indeed, if D C R3 is the
rectangular region D = [0, 2] x [0, 2] in the (z,y)-plane, then

E={(z,y,2) €R’| (z,y) € D,0 < z < y}.
In fact, using the definition of the rectangular region D, we could write
E={(z,y,2) €R* |z €[0,2],y €[0,2],0 < = <y},

which shows that E is recursively supported. We can then write the triple integral as an
iterated integral, and evaluate:

2 r2 pry
/// xyz dV :/ / / xyz dzdydx
E o Jo Jo
2 2 2717
:/ / Ty l] dydx
0o Jo 2

z=0

1 2 2
:f/ / zy® dydx
2Jo Jo

1 /2 419=2
:7/ x| L dz
y=0

2
:2/ T dr
0

=4,

O

To conclude this section, we should show that our integration theory is invariant under
orientation-preserving reparametrizations, just as we did for two-forms in Subsection 5.3.2.
We will be brief here and simply state the result. Let E;, E2 C R? be recursively supported
regions, and let ¢ : Es — E7 be a bijective and invertible function (that can be extended to a
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C! function on an open subset U C R? containing Fs).

Lemma 6.2.5 Integrals of three-forms over regions in R3 are oriented and
reparametrization-invariant. Let w be a three-form on an open subset U C R? that
contains E1, and ¢ : E5 — E1 as above. Then:

*w:/ w.
FEo> F1

e Ifdet Jy > 0 in the interior of Es,

e IfdetJy <0 in the interior of Ea,

P'w = —/ w.
B, Ey

We will not write the proof here, as it is almost identical to the proof of the corresponding
statement for two-forms in Lemma 5.3.7. The key is that the pullback brings forth the
determinant of the Jacobian of the transformation, and invariance reduces to the transformation
(or change of variables) formula for triple integrals. As for two-forms, one can say that the
transformation formula for triple integrals is simply the statement the integrals
of three-forms over regions in R® are invariant under orientation-preserving
reparametrizations.

More precisely, just as for two-forms, the transformation formula for triple integrals
involves the absolute value of the determinant of the Jacobian, while invariance under pullback
for integrals of three-forms involves the determinant of the Jacobian directly. This is because
integrals of three-forms are oriented, while triple integrals are not.

6.2.2 The divergence theorem in R3

Now that we understand integration of three-forms over regions in R?, we can go back to the
generalized Stokes’ theorem Theorem 6.1.1 and see what it becomes when M is taken to be a
solid region E C R? that consists of a closed surface and its interior.

Theorem 6.2.6 The divergence theorem in R3. Let w be a two-form on U C R3. Let
E C U be a solid region that consists of a closed surface and its interior, and OF its surface
boundary. Give E the canonical orientation, and OE the induced orientation corresponding to
an outward pointing normal vector. Then

/dw:/ w,
E [2) )

where the integral on the right-hand-side is a surface integral of w over the boundary OF
realized as a parametric surface.
In vector calculus language, if F is the vector field associated to the two-form w, then

///E(V-F) dV:/aEF.ds,

where the integral on the right-hand-side is the surface integral of the vector field F over the
boundary surface OF with normal vector pointing outward.
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We will not prove the divergence theorem here. We note that it follows directly from the
generalized Stokes’ theorem Theorem 6.1.1, just like our four other integral theorems. The
vector calculus translation follows directly from our dictionary between differential forms and
vector calculus concepts.

Remark 6.2.7 Just as for Green’s theorem, we can read the divergence theorem in two
different ways, starting from the left-hand-side or the right-hand-side. This results in two
potential applications: either to evaluate the volume integral of the divergence of a vector
field (or an exact three-form), or to evaluate the surface integral of a vector field (a two-form)
over a closed surface. However, as was the case for Green’s theorem, the divergence theorem
is mostly useful to evaluate surface integrals over closed surfaces by transforming them into
volume integrals over the interior of the region.

Example 6.2.8 Using the divergence theorem to evaluate the flux of a vector field
over a closed surface in R3. Find the flux of the vector field

F(z,y,2) = (zy,sin(2?) +y + cos(z”), ™)

in the outward direction over the surface of the solid region E that lies above the (x,y)-plane
and below the surface 2 =2 —x — ¢, x € [-1,1], y € [-1,1].

We could try to evaluate the surface integral directly, but given how complicated the
vector field is, this would probably be a nightmare. Or we can use the divergence theorem,

which tells us that
// F.dsz///(v.F)dv.
OF E

The divergence of the vector field is
V.- F=y+1,

which is of course much simpler, so using the divergence theorem looks like a good strategy.

To evaluate the volume integral we need to write the solid region E as a recursively
supported region. Let us first look at what the solid region looks like. The surface Z = 2—x—1°
is shown below.
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.h,_q_q_‘_l;'
1o =0

Figure 6.2.9 The surface z = 2 — x — 3 over the rectangle [~1,1] x [~1, 1] in the (z,y)-plane.

The solid region E consists of the region bounded by the surface shown above, the four
sides of the box in the figure, and the bottom of the box. It can be written as an zy-supported
region:

E={(z,y,2) eR® |z € [-1,1],y € [-1,1,0< 2 <2 —x — ¢°}.

The volume integral can then be evaluated:

///E(V-F)dvz/1 /1 /Q_w_yg(yﬂ) dzdydz

z 3_95_3,3 dydzx

Il
°‘|%\ — \,

2y —ay —yt +2—a —y?) dyda

1/1
K

1 47y=1
y—i—y— 2y—xy—y— dx
~1 2 5 4

y__]
( — )
5

Therefore, by the divergence theorem, the flux of F over the surface OF is equal to 36/5. O

6.2.3 Exercises

1. Use the divergence theorem to find the surface integral of the two-form
w=3zy? dy Adz + (®z + yz?) dz A dz + zy dx A dy

over the surface of the solid bounded by the cylinder y? + 2? = 1 and the planes = —1,
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x = —2, with orientation given by an outward pointing normal vector.

Solution. Let E be the solid region described in the problem, and JF its boundary
surface with outward pointing normal vector. The divergence theorem tells us that

/ w:/dw,
oFE E

where the integral on the right-hand-side is over the solid region E with canonical
orientation. Thus instead of evaluating the surface integral, we can evaluate the volume
integral of the three-form dw over the solid region E.

We calculate the exterior derivative:

dw = (3y* + 22) dz A dy A dz.

To evaluate the integral of dw over E, we describe the solid region E as a recursively
supported region. In fact, it is easiest to work in cylindrical coordinates (to be clear, you
could do the whole calculation in Cartesian coordinates as well, and you would get the
same answer, but I find it easier to work with cylindrical coordinates). So we do the
change of coordinates ¢ : E' — E with

o(u,r,0) = (u,rcos(f),rsin(h)).
The pullback of dw is easily calculated to be:

¢* (dw) =(3r% cos?(0) + r2sin?(0))r du A dr A dO
=r3(1 4 2cos?(0)) du A dr A db.

We note that the determinant of the Jacobian is r, which is positive, and hence the
integral is invariant under the change of coordinates (pullback). Thus we can rewrite the
integral as

/ dw= [ ¢"(dw)
E B
= [ 31+ 2cos*(0)) du A dr A d.
E/

The region E’ is easily described as a rectangular region in (u,r,6):
E = {(u,r,0) € R® |u e [-2,—1],7 €[0,1],0 € [0,2n]}.

The volume integral can finally be evaluated:

-1 rl pr27
/ r3(1 + 2cos?()) du A dr A df :/ / / (1 + 2 cos®(0))dfdrdu
’ -2 JO JO

—1 41
:477/ / r3 drdu
-2 Jo
-1
:7r/ du
-2
=T.

Therefore, the integral of w over the surface OF specified in the question is equal to 7.
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2. Use the divergence theorem to find the flux of the vector field

F($,y, Z) = (Z + Sin(y)7y> ea:)

across (in the outward direction) the sphere 22 + 32 + 2% = 16.

Solution. Let E be the sphere and its interior, and 0F be the sphere with outward
pointing normal vector. The divergence theorem tells us that

fl,ro e v

where the integral on the right-hand-side is with canonical orientation.
We first calculate the divergence of F':

V- F=0+1+0=1.

Thus the integral that we are interested in is

7w o= ff, o

which is simply the volume of the solid region E. As FE is the interior of the sphere of
radius 4, we know right away that its volume is
4

§7T(43) =

2567
3 )

so we could conclude right away that the flux of the vector field across the sphere JF is

equal to @.

3. Use the divergence theorem to evaluate the surface integral of the two-form
w= 32 +yz) dy ndz + (> + x2) dz Adx + (329> + 27) dz A dy
over the surface of the solid bounded by the paraboloid z = 1—22—y? and the (z, y)-plane,

with orientation given by an inward pointing normal vector.

Solution. First, we note that the problem is asking to evaluate the surface integral
with a normal vector pointing inward. Thus, if we denote the solid region by E and its
boundary surface by OF the divergence theorem tells us that

/ w:—/dw,
OF_ E

where on the left-hand-side we mean the surface integral with normal vector point-
ing inward, while on the right-hand-side we mean the volume integral with canonical
orientation.

We calculate the exterior derivative:

dw = (922 + 3y2 + 3y?) dz A dy A dz = 3(322 + 2y2) dz A dy A dz.

We can either work in Cartesian or cylindrical coordinates here. But cylindrical coor-
dinates will make the calculation much easier (believe me: I first did it in Cartesian
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coordinates, and it is no fun! See below. :-). So we do the change of coordinates
¢ : E' — E with
o(r,0,u) = (rcos(0),rsin(0),u).

The pullback of dw is easily calculated to be:

¢*(dw) =3(3r2 cos*(0) + 2r* sin?(0))r dr A df A du.
=3r3(2 4 cos?()) dr A df A du.

We note that the determinant of the Jacobian is r, which is positive, and hence the
integral is invariant under the change of coordinates (pullback). Thus we can rewrite the
integral as

/ dw= [ ¢"(dw)
E E

= [ 3r3(24 cos?()) dr Adf A du.
E/

The region E’ is easily described as a recursively supported region in (r, 6, u):
E' ={(r,0,u) eR> | rc[0,1],0 € [0,27],0 < u < 1 — 7%},

The volume integral becomes

1 27 1—r2
* _ 3 2
[ 6% (dw) =3 /0 /0 /0 (2 + cos2(6)) dudbdr
—3 /1 /27r r3(2 + cos2(0)) (1 — r2) ddr
0 0

1
:157r/ (r3 —r®) dr
0

=15 L1
(-3

5T

-7
Therefore, by the divergence theorem the surface integral of the two-form that we are
asked to evaluate is equal to minus this result (the surface integral is with respect to a
normal vector pointing inward, as mentioned above), and thus is equal to —%”

For completeness, let me do the calculation in Cartesian coordinates as well -- you

will see how much uglier it is. The solid is given by the region enclosed by the parabola
z =1— 2% — y? above the disk 22 + y? = 1 in the (z,y)-plane. We describe the solid

region as a recursively supported region:
E={(2,y,2) eR® |z €[~ —V1I-22<y<V1-220<2<1—2a2?—¢%).

The volume integral becomes:

/dw 3/ / /1;5_ (322 + 2y?) dzdydz
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Vi—z2
—3/ / 2 (322 4+ 2% (1 — 2% — y?) dydx
Vi—z?

:3/ / 2(3952 — 32t + (=52% + 2)y* — 2¢*) dydx
—1J=y1=

1 9 y=v1—z2
= 2)y” — = d
3/ {y —3a’ +3( br? + 2)y” Y )L_ —

—6/ \/1—x2<3$ — 374 +3
2 22 4
_6/ \/1—x2< —6x4+— 2+> dx

15 15

(=522 +2)(1 — 2)-?(1—332)2) do

/2 2 22 4
=6 s cos? <—1§ sin® () + R sin?(6) + 15) db

4

Here I used the trigonometric substitution z = sin(f), and to evaluate the last trigono-
metric integral one needs to use a whole bunch of trigonometric identities (or a computer
algebra system :-). We fortunately get the same result as before for the volume integral,

and we conclude as before that the surface integral is equal to minus this result, that is,
5w
—5r,

4. Show that the volume V of a solid region E C R? bounded by a closed surface OF can
be written as

V= x dy Ndz,
oF

where the surface integral is evaluated with the orientation given by an outward pointing
normal vector.

Solution. We know that the volume of the region F is given by the integral of the
basic three-form w = dx A dy A dz over E with canonical orientation:

V:/ de Ndy A dz.
E

But w = dx AdyAdz is exact, as it can be written as w = dn for the two-form n = x dyAdz.
Therefore, by the divergence the theorem, we know that

/da;/\dy/\dz:/ x dy Ndz,
E OF

where the integral on the right-hand-side is the surface integral with orientation given by
an upward pointing normal vector.

5. We studied the two-form
1

T (@2 g2+ 22)32

in Remark 4.6.6 and Exercise 5.8.3.5. w is defined on U = R3\ {(0,0,0)}. We proved
in Exercise 5.8.3.5 that w is closed, but that it is not exact, by showing that its surface

(x dyNdz+y dzNdx+ z de A dy)
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integral along the sphere 22 + 4% + 22 = 1 is equal to 47. In this problem we show that
the surface integral of w is non-vanishing for all closed surface that contain the origin
(and always equal to 47), while it vanishes for all closed surfaces that do not pass through
or enclose the origin.

(a) Consider an arbitrary closed surface Sy with outward pointing normal vector that
does not contain or pass through the origin. Use the divergence theorem to show

that
/ w=0.
So

(b) Let S1 be an arbitrary closed surface with outward pointing normal vector that
contains the origin. Explain why the argument of (a) does not apply here.

(c) Let S; be an arbitrary closed surface with outward pointing normal vector that
contains the origin. Let K be a sphere centered at the origin, with a radius small
enough that it is contained completely inside S;. Give K the orientation of a
normal vector pointing outward (outward of the sphere K). Use the divergence

theorem to show that
/ W= / w.
S1 K

(d) Using part (c), show that it implies that

/ w = 4m.
S1

You have shown that the surface integral of w along any closed surface that contains
the origin is 47, while the surface integral of w along any closed surface that does not
enclose or pass through the origin is zero. Note that this is the argument that is needed
to show that, using Gauss’s law, the total charge contained within any closed surface
that encloses a point charge ¢ at the origin is always equal to q -- see Example 5.9.2.

Solution. (a) We know that the two-form w is closed, that is, dw = 0. Furthermore,
w is defined on U = R3\ {(0,0,0)}. If the surface Sy does not contain or pass through
the origin, then the surface Sy and the solid region Ey bounded by Sy lie within U, the
domain of definition of w. Therefore, by the divergence theorem,

/ w = dw = 0.
So FEy

(b) If Sy contains the origin in its interior, we cannot apply the divergence theorem
as in (a), since the solid region E; bounded by S; does not lie within U, the domain of
definition of w.

(c) We stated the divergence theorem only for solid regions that consisted of a single
closed surface and its interior, but it in fact applies to any closed bounded region. One
simply needs to make sure that each bounding surface is oriented with an outward
pointing normal vector, where “outward” means away from the solid region bounded by
the surfaces.
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In particular, we can consider the solid region E that is inside S, but outside the
sphere K. It is bounded by the two closed surfaces S; and K. As the origin is inside
K, it is not within the solid region E. Therefore, E C U, and the divergence theorem
applies to this solid region. In this case, the divergence theorem says that the sum of the
surface integral over the outer boundary S7 with outward pointing normal vector and
the inner boundary K with vector pointing away from the solid region (which means
that it is pointing inside the sphere K) is equal to the volume integral over E, which is

zero since dw = 0:
/ w + w= / dw = 0.
S1,0out K,in E

[ oe ] w
S1,0ut K,in

To get rid of the minus sign, we can reverse the orientation on K, and consider a normal
vector that points outward of the sphere K. We get:

[ o]
S1,0ut K,out

We conclude that

as stated in the question.

(d) We already calculated the surface integral of w along the sphere 22 + y? + 22 = 1
in Exercise 5.8.3.5 and obtained the result 47. In fact, the same calculation for a sphere
of arbitrary radius 2% + y? + 22 = R? would still give 47 (in fact we already did this
calculation in Exercise 5.6.4.5). Therefore, by (c), we conclude that the surface integral
of w along an arbitrary closed surface S7 that contains the origin, with outward pointing

normal vector, is:
/ w = 4.
S1

6.3 Divergence theorem in R"

We show that the divergence theorem holds in R, not just in R3. It follows again from the
generalized Stokes’ theorem, but we need to rewrite it a little bit to see this.

Objectives
You should be able to:

e Use the Hodge star operator to rewrite the generalized Stokes’ theorem in R™, which
can be rewritten as the divergence theorem in R".

o Formulate and use the divergence theorem in R™ to calculate integrals.

6.3.1 A divergence theorem in R"?

In the previous section, we showed that the generalized Stokes’ theorem, in the particular
case where w is a two-form on R? and M is a solid region E C R3, reduces to the divergence
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theorem in R?, which reads

///E(V.F) dV://aEF-dS.

Contrary to Green’s and Stokes’ theorem, the divergence theorem involves the divergence
of the vector field, not the curl. While the notion of curl of a vector field is not so easy to
generalize to R™, the divergence can be generalized easily.

More precisely, let F(x1,...,2,) = (f1,..., fn) be a smooth vector field on U C R", with

fi,---, fn : U — R smooth functions. We can define the divergence of F naturally as
ofi  0h 8f2 Ofn
V-F= =4 == ——
Z 8%1 8901 81‘2 et E)xn

Now suppose that £ C R" is a closed bounded region that consists of a closed (n — 1)-
dimensional space OF and its interior. The integral of V - F over E is defined naturally in
calculus as a multiple (“n-tuple”) integral, which can be rewritten as an iterated integral if E
is recursively supported. The “surface” integral over OF can also be generalized; since OF is
a (n — 1)-dimensional subspace in R", it has a well defined normal vector. If F is canonically
oriented (choose the canonical ordered basis on R™), we say that the induced orientation on
OF corresponds to an outward pointing normal vector, as for R3. A natural question then
arise: does the divergence theorem generalize to any dimension? That is, is it true that

/.../E(V.F) dv,, = / [ (F v

n times (n — 1) times

where the integral on the left-hand-side is an n-tuple integral over the region £ C R", and
the right-hand-side is an integral of the vector field F over the parametrized surface dF with
normal vector pointing outward?

The answer is yes, and it again follows from the generalized Stokes’ theorem. But we need
to rewrite the generalized Stokes’ theorem a little bit to see this.

6.3.2 Rewriting the generalized Stokes’ theorem

Let us recall the generalized Stokes’ theorem from Theorem 6.1.1:

/ dw:/ w,
M oM

where M is an oriented n-dimensional manifold, dM its boundary, and w a (n — 1)-form.

Let us focus on a case similar to the previous section, where we take OF to be a closed
(n — 1)-dimensional space in R™ (such as a closed surface in R? in the previous section), and
E to be the n-dimensional region of R™ consisting of F and its interior. We assign to E the
canonical orientation, and to OF the induced orientation corresponding to a normal vector
pointing outwards.

There is then a natural way of constructing a (n — 1)-form, using the Hodge star operator
from Section 4.8. Let n be a one-form on U C R™. Then »w is a (n — 1)-form on U C R,
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by definition of the Hodge star. So we can rewrite the generalized Stokes’ theorem for the

one-form 7 as follows:
/ d(*n) = / *1.
E OE

This is really the same generalized Stokes’ theorem, but instead of writing it in terms of a
(n — 1)-form w, we write it in terms of a one-form 7.

Why would that be of any use? The advantage is that we can easily translate to vector
field concepts for all R", since we can establish a direct translation between one-forms and
vector fields regardless of the dimension.

6.3.3 The divergence theorem in R”

There is a natural dictionary between one-forms and vector fields in R™. Let n be a one-form
on U C R". We can write:

n=">_ fidz;
im1

where the f; : U — R, for ¢ = 1,...,n, are smooth functions. We can associate to this
one-form the smooth vector field

F:(flva""7fn)

on U C R"™.

We would like to rewrite our variant of the generalized Stokes’ theorem as an integral
theorem for the vector field F. Let us first prove a lemma that will enable us to rewrite the
left-hand-side of the generalized Stokes’ theorem.

Lemma 6.3.1 Rewriting the left-hand-side. Let n = >"1", fidz; be a one-form on R"
with associated vector field ¥ = (f1,..., fn). Then

d(xn) = (V -F) dzy A ... Ndxy,

and hence we can write

/Ed(*n):/---/E(V-F) v,
——

n times

which is a multiple (“n-tuple”) integral over the closed bounded region E C R™.

Proof. By definition of the Hodge star, we have:

n
*n =Y (=1 fidwy A dag A A da,
i=1
where the hat notation means that we take the wedge product of all dz;’s except the dx;.
Calculating the exterior derivative, we get:

d(*n) :Z(_l)ilgﬁd% Adxy A - d/x\z A ANdzy,
— i

afidacl A ANdxy,
8952-

1=
n
i=1
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=(V -F)dx1 A --- Ndxy,.

|

As for the right-hand-side of the generalized Stokes’ theorem, we need to rewrite the

integral [, *n in terms of vector calculus objects. JF is a closed (n — 1)-dimensional space

in R™. We can think of it as a parametric space o : D — R™ for some closed bounded region

D C R* !, like we did for parametric curves in R? and parametric surfaces in R3. In this we

case, we can define the integral by pulling back using the parametrization. We claim that the
following lemma holds:

Lemma 6.3.2 Rewriting the right-hand-side. If the boundary space OF is realized as a
parametric space o : D — R™,

/BE*??: /---/D(F-n)an,l,

—_———
(n —1) times

which is a multiple (“(n — 1)-tuple”) integral over the closed bounded region D C R"~1. Here,
n is the normal vector to OF pointing outward.!
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Proof. We will not prove this statement in general; we will only prove it for parametric curves
and surfaces. In fact, for parametric surfaces, this is basically the statement that was already
proven in Corollary 5.6.5; indeed, what we have in this case is a surface integral in R3, and
because by Table 4.1.11 we know that the vector field associated to the two-form *n is the
same as the vector field associated to the one-form 7, the result of Corollary 5.6.5 still holds
here.

Let us then show that it holds for parametric curves in R2?. In this case, n = f dx + g dy,
with associated vector field F = (f,g), and xn = f dy — g dv. Let a : [a,b] — R? be a
parametric curve representing the boundary curve 0F. Thus we have:

/ *77:/*77:/ a* (xn).
OFE @ [a,b]

If we write a(t) = (x(t),y(t)), the pullback is
a” (k) = (f(a(®)y'(t) — gla(t))2'(t)) dt.

Now, the tangent vector to the parametric curve is

T(t) = ('(1),y'(t))-

The outward pointing normal vector is then

n(t) = (y'(t), —2'(t)),
as the two vectors must be orthogonal, and the overall sign of the normal vector is fixed by

requiring the it points outwards. We thus see that we can write

o (sn) = (F -n) dt,

/ *1) = (F - n)dt.
OF [a,b]
[

Putting this together, we see that our variant of the generalized Stokes’ theorem gives rise

to a generalization of the divergence theorem of the previous section that now holds in any
dimension.
Theorem 6.3.3 Divergence theorem in R". Let F be a vector field on U C R™. Let
a: D — R™ be a parametric (n — 1)-dimensional space, whose image OF = «(D) C U 1is
closed. Let E C R™ be the region consisting of the closed surface OF and its interior. Let n be
the normal vector to OF pointing outwards. Then

/---/E(V-F)dvn: //D (F - n)dV,,_,,
: j

and

————
n times (n —1) times
where both sides should be understood as multiple integrals over the corresponding regions.
To be precise, we need to specify what normal vector n we are using here. In R3, we take
the normal vector n = T, X Ty, induced by a parametrization of the surface OF (with the right

1To be precise, we would need to specify what normal vector we are considering here, since it is not of unit
length. As we will see, in R® the normal vector is the usual one n = T, x T, induced by the parametrization
of the surface, while in R? it is the normal vector that has the same norm as the tangent vector T to the
parametric curve.
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orientation); in R?, we take the normal vector n = (3 (t), —a'(t)) in terms of a parmaetrization
a(t) = (x(t),y(t)) of the curve (with the right orientation), which has the same norm as the
tangent vector to the parametric curve, that is, |n| = |T| = /(2/(¢))% + (v/(1))2.

Remark 6.3.4 In some textbooks, the divergence theorem in R? is simply called “another
form of Green’s theorem”. The reason is that it actually follows directly from Green’s theorem.
Recall that, given a vector field F = (f, g) in R?, Green’s theorem states that

/ (VxF)-esdd= [ (F-T)dt.
D oD

The left-hand-side can be rewritten explicitly as

// (V xF)-e3 dA = // (ai_ay) dA,

while the right-hand-side can be rewriten as

[ @®-Tyde= [ (fa)s'®) + ga®)yt) d
oD oD

where «o(t) = (z(t),y(t)) is a parametrization of the curve 0D.
Now if we consider a new vector field G = (—g, f), Green’s theorem applied to G is the
statement that

/ (VxG)egdd= [ (G-T)dt,
D oD

which becomes, once written out explicitly,

// <8f + 8g) dd= | (fa®)y'(t) —gla(t)a'(t)) dt.

But if we rewrite this expression in terms of the original vector field F = (f, g), we get

/ (V-F)dA= [ (F-n)dt,
D aD
which is the divergence theorem in R? for F!

So Green’s theorem and the divergence theorem in R? are really equivalent. But we prefer
to call the later the divergence theorem in R? as it is the special case of the general divergence
theorem in R”.

Remark 6.3.5 Comparing Green’s theorem and the divergence theorem in R?, it is interesting
to note that the curl is related the tangential component of the vector field, while the divergence
is related to the normal component. This is not a coincidence; if you recall from Section 4.5,
the curl and divergence of vector fields are given a physical interpretation in terms of a moving
fluid. The curl concerns whether a small sphere immersed in the fluid will rotate due to the
fluid motion -- the rotation will be induced by the tangential component of the velocity field
of the fluid on the surface of the sphere. The divergence concerns whether there is more fluid
exiting than entering a small sphere immersed in the fluid -- this is mostly influenced by the
normal component of the velocity field on the surface of the sphere. In fact, we can make
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this physical interpretation of the curl and div precise by applying the Stokes’ and divergence
theorem (respectively) to the small sphere, and take a limit where the volume of the sphere
goes to zero. See for instance Section 4.4.1 in CLP 4 for this detailed calculation.

6.4 Applications of the divergence theorem

In this section we study a few applications of the divergence theorem in R™.

Objectives
You should be able to:

o Use the divergence theorem in the context of applications in science.

6.4.1 The divergence theorem in R? and the heat equation

Our first application concerns heat flow in R3. First, we recall the divergence theorem in R3.
Let F be a smooth vector field, OF a closed surface with normal vector pointing outward, and
E the solid region consisting of OF and its interior with canonical orientation. The divergence
theorem in R? is the statement that

///E(V-F) dV://BE(F-n)dA.

We consider the case where the vector field F is the heat flow. Recall the context from
Subsection 5.9.2. Suppose that the temperature at a point (z,y, z) in an object (or substance)
is given by the function T'(x,y, z). The heat flow is given the gradient of the temperature
function, rescaled by a constant K known as the conductivity of the substance:

F=-KVT.

Now consider any closed surface 0F, with the surface OF and its interior within the object.
The amount of heat flowing across the surface OF is given by the flux of the vector field F

//M(F.n)dA:—K//aE(VT-n)dA.

If we are interested in the amount of heat entering the solid region E (instead of flowing
across the surface in the outward direction), we change the sign of the flux integral. Then, by
the divergence theorem, the amount of heat entering the solid region E can be rewritten as a

K//aE(VT-n)dA:K///E(V-VT) v
:K///EV2TdV,

where V2T is the Laplacian of the temperature function 7.
Now we want to consider the situation where the temperature function 7" is also changing
in time. So we think of T" as a function of four variables T' = T'(x,y, z,t). But ¢ is just a

across OF:

volume integral:


https://personal.math.ubc.ca/~CLP/CLP4/clp_4_vc/sec_StokesThm.html
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“spectator variable” here; we still consider the operator V2 in R?, in terms of the variables
(z,y,2). So we can go through all the steps above, and we obtain that the amount of heat
entering the solid region F during a small (infinitesimal) amount of time dt is

Kdt / / V2T dV.
FE

Here the Laplacian is only in the variables (z,y, z), that is, V2 = 8%22 + 5%22 + g—;.

To proceed further, we need a little bit of physics. It is known in physics that the amount
of heat energy required to raise the temperature of an object by AT is given by CMAT,
where M is the mass of the object and C' is constant known as the “specific heat” of the
material. Now consider the object consisting of the solid region E. In a small (infinitesimal)
amount of time dt, the temperature changes by % dt. If we consider an infinitesimal
volume element dV in E, and p(x,y, z) is the mass density of the solid region, then the mass
of the volume element is pdV. Thus the heat energy required to change the temperature of
the object in the time interval dt is

oT

We then sum over all volume elements, i.e. integrate over F, to get that the total heat energy
required to change the temperature during the time interval dt is

or
cat [ 422 av

Assuming that the object is not creating heat energy itself, this heat energy should be
equal to the amount of heat entering the solid region E through the boundary surface OF
during the time interval dt, which is what we calculated previously. We thus obtain the

equality:
T
Cdt/// pi dV:Kdt// V2T dV.
B Ot E

We can cancel the time interval dt on both sides. Rewriting both terms on the same side of

the equality, we get:
T
/// <KV2T _ Cp8> dv = 0.
E ot

But this must be true for all solid regions E within the object, and for all times ¢. From this
we can conclude that the integrand must be identically zero:

oT
KV?T = Cp—.
\Y% Cp 5

This equation is generally rewritten as

T (x,y,2,t)

at = ava('r?waat)a

where a = gp is called the “thermal diffusivity”, and V? = 88722 + 88722 + {?722'
This equation is very famous: it is known as the heat equation. As mentioned in the
Wikipedia page on “Heat equation”,


https://en.wikipedia.org/wiki/Heat_equation
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As the prototypical parabolic partial differential equation, the heat equation is
among the most widely studied topics in pure mathematics, and its analysis is
regarded as fundamental to the broader field of partial differential equations.

The importance of the heat equation goes beyond physics and heat flow. It has a wide range
of applications, from the physics of heat flow of course, to probability theory, to financial
mathematics, to quantum mechanics, to image analysis in computer science. A generalization
of the heat equation is also behind the famous proof of the Poincare conjecture by Pereleman
in 2003 (the only Millenium Prize Problem that has been solved so far). I encourage you to
have a look at the wikipedia page on the heat equation!

6.4.2 The divergence theorem in R" and Green’s first and second identities

We now consider the divergence theorem in R™. Let F be a vector field, OF a closed (n — 1)-
dimensional subspace with normal vector pointing outward, and E the region of R™ consisting
of OF and its interior with canonical orientation. The divergence theorem in R™ is the

statement that
/ /VFdV—/ (F-n)dV,_1.
BE

n tlmes (n — 1) times

Using this theorem, we can prove the following two identities, known as Green’s first and
second identities.

Lemma 6.4.1 Green’s first identity. Let f,g : R™ — R be functions with continuous
partial derivatives. Let E and OF be as above. Then

/.../Efv2gdv_/ / fVg- nanl—/ /Vf Vyg) d
—

n times (n — 1 times n tzmes

Proof. We consider the divergence theorem in R™ with vector field F = fVg. By the third
identity in Lemma 4.4.9, we know that

V.- (fF)=(Vf)-F+ fV.F.
Thus

V- (fVg)=Vf-Vg+ [V -Vy
=Vf-Vg+ fV3g.

Therefore, the divergence theorem applied to F = fV g becomes:

/---/E(Vf.vg+fv29) v, = //M FVg-ndv, 1,

n times (n — 1) times

which is the statement of Green’s first identity. |


https://en.wikipedia.org/wiki/Millennium_Prize_Problems
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This may not be obvious at first, but Green’s first identity is essentially the equivalent of
integration by parts in higher dimension. Basically, integration by parts can be written as

/abf dg:fg‘z—/abg df.

Green’s first identity generalizes this statement for the n-tuple integral of the function fVZ2g
over a closed bounded region £ C R™.

Lemma 6.4.2 Green’s second identity. Let f,g: R™ — R be functions with continuous
partial derivatives. Let & and OF be as above. Then

[ [ =avin vu= [ [ (1Vg-gV1) 0 avio.

Y
n times (n — 1) times

Proof. Green’s second identity follows from the first identity. Using the first identity, we know
that

/-~-/(fv2g—gv2f) AV, = // (fVg—gV§) -ndV,_
E oFE
n times (n — 1) times

_/.../E(Vf.vg_vg.w) dv,

———v—
n times

But Vf-Vg = Vg-Vf, and hence the last term vanishes. The result is Green’s second
identity. |

Green’s identities are quite useful in mathematics. There is in fact also a third Green’s
identity, but it is beyond the scope of this class. Have a look at the Wikipedia page on
“Green’s identities” if you are interested!

6.4.3 Exercises

1. Recall that a function g : U — R with U C R” is harmonic on U if it is a solution to
the Laplace equation, that is, V2g = 0 on U, where V2 = "I | 8 97 Use Green’s first

identity to show that if ¢ is harmonic on U, and E C U (with E and OF as usual), then

/ Vg-ndV, | =0.
OF
(n — 1) times

Solution. We consider Green’s identity with the constant function f = 1. It reads:

//VdiVf/ /aEvgndvnl—// g) dVy,.

n tlmes n — 1 times n tlmes

But V(1) = 0, since the gradient of a constant function necessarily vanishes. Furthermore,


https://en.wikipedia.org/wiki/Green%27s_identities
https://en.wikipedia.org/wiki/Green%27s_identities
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since we assume that ¢ is harmonic, we know that V2g = 0. Therefore we conclude that

/ Vg-ndvV,_ ; =0.
OF

(n — 1) times

2. As in the previous exercise, let g be a harmonic function on U C R"™, with £ C U. Use
Green’s first identity to show that if ¢ = 0 on the boundary space OF (with F and OF

as usual), then
// |Vg|* dV,, = 0.
< E

n times

Solution. We consider Green’s first identity again, but now with f = g. It reads:

/ /gVdiV—/ / gVg - nanl—/ /Vg Vyg) d

n tlmeb n — 1 times n tlmeb

We assume that ¢ is harmonic, that is, V2¢ = 0. Furthermore, we assume that the
function g vanishes on the boundary surface JF, therefore the integral

// gV -ndv,
oE
———

(n — 1) times

vanishes, since the integrand is identically zero on the surface OF over which we are
integrating. As a result, Green’s first identity becomes

/---/E(Vg-Vg) dv, = 0.
—

n times

But Vg - Vg =|V(g)|?, and we obtain

// |Vg|? dV,, = 0.
B

n times

6.5 Integral theorems: when to use what

This is not really an independent section (or an independent lecture), but just a brief summary
of the typical usages of the various integral theorems that we have seen so far.

Objectives
You should be able to:

¢ Determine which integral theorem may be useful to evaluate certain type of line and
surface integrals.
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We have seen five integral theorems so far, all particular cases of the generalized Stokes’
theorem:

1. The Fundamental Theorem of calculus;

2. The Fundamental Theorem of line integrals;

3. Green’s theorem;

4. Stokes’ theorem:;

5. The divergence theorem.

One of the main difficulties with the integral theorems of calculus is to determine which
theorem may be helpful in a given situation. In this section I list a few typical situations
for which integral theorems may be useful, highlighting the main applications of the integral
theorems. You can use this list as a rule of thumb.

Strategy 6.5.1 Integral theorems: when to use what.

e You want to evaluate a line integral along a curve in R™ for an exact one-form (or the
gradient of a function): Fundamental Theorem of line integrals (Section 3.4).

e You want to evaluate a line integral along a closed curve in R?: Green’s theorem
(Section 5.7).

e You want to evaluate a line integral along a closed curve in R?: Stokes’ theorem
(Section 5.8).

« You want to evaluate a surface integral along a surface in R3 for an exact two-form (or
the curl of a vector field): Stokes’ theorem (Section 5.8).

e You want to evaluate a surface integral along a closed surface in R?: Divergence
theorem in R3 (Section 6.2).
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Unoriented line and surface integrals

7.1 Unoriented line integrals

We define unoriented line integrals of functions along parametric curves. As a particular case,
we study how to calculate the arc length of a parametric curve.

Objectives
You should be able to:

e Determine the arc length of a parametrized curve in R™ using an unoriented line integral.

e Evaluate the unoriented integral of a function along a parametrized curve in R™.

7.1.1 Unoriented line integrals

In this course we developed a theory of integration along curves and surfaces using differential
forms. By construction, our theory was oriented, as integrals of differential forms naturally
depend on a choice of orientation on the space over which we are integrating.

However, not all integrals should be oriented. Sometimes we want to calculate a quantity
associated to a curve or a surface that should not depend on a choice of orientation. Typical
examples would be the length of a curve or the area of a surface: such quantities should not
depend on a choice of orientation. As integrals of differential forms are naturally oriented,
it follows that integrals calculating arc lengths or surface areas cannot be represented as
integrals of differential forms. We need to study unoriented line and surface integrals. In this
section we look at unoriented line integrals.

Before we define the concept of unoriented line integral of a function along a parametric
curve, let us review how we defined oriented line integrals. Let « : [a,b] — R™ be a parametric
curve, with a(t) = (z1(t),...,z,(t)). We defined the oriented line integral of a one-form w
along the parametric curve a via pullback (Definition 3.3.2). In terms of the vector field
F = (f1,..., fn) associated to the one-form w, by evaluating the pullback the oriented line
integral can be rewritten as (Lemma 3.3.7):

[ @ty
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where T is the tangent vector

From the point of view of vector fields, the orientation of the integral is encapsulated in the
choice of tangent vector T. However, the way it is formulated, the tangent vector includes
more information than just the orientation, as it also has a non-trivial norm specified by the
parametrization. To isolate the oriented nature of the integral, we normalize the tangent
vector, and define the unit tangent vector

T

T= T = /(@ (D)2 + ...+ (@h(1)2.

We can then rewrite the oriented line integral as

/ab (F(a) - T) T dt = /b

a

(F(a@))-T) ds,

where we defined the “line element”

ds = |T| dt = \/(£} (£)2 + ...+ (€,(1))? dt.

With this formulation, we see that the choice of orientation is completely encapsulated in the
expression F(a(t)) - T(t), which is function of ¢ which depends on the choice of direction on
the parametric curve.

We can now see how unoriented line integrals can be naturally defined: we simply replace
the function F(«(t)) - T(t), constructed out of a vector field and a choice of orientation on the
curve, by an arbitrary function f(«(t)) that does not depend on a choice of orientation. This
leads to the following definition.

Definition 7.1.1 Unoriented line integrals. Let a : [a,b] — R™ be a parametric curve,
with image curve C' = «([a,b]) C R", and let f: C'— R be a continuous function. We define
the unoriented line integral of f along the curve C to be

b b
L1 ds= [ e d = [ sa®)/@or+...+ @) d.
O

A similar calculation as in the proof of Lemma 3.3.5 shows that unoriented line integrals
are invariant under reparametrizations, regardless of whether the reparametrization preserves
the orientation or not (the integrals are unoriented). What this means is that the line integral
does not depend on the choice of parametrization, but only on the image curve C'. This is

why we wrote
/ fds
C

for the unoriented line integral of the function f along the curve C' C R™, without specifying
the parametrization «, since the integral is independent of the choice of parametrization.

Remark 7.1.2 We note that even though the notation “ds” is similar to the notation we
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used for one-forms, the line element is not a one-form. For instance,

ds = ds,
Cy c_

i.e. the integral remains the same if we change the orientation of the curve, which would not
be the case if ds was a one-form.

Example 7.1.3 An example of an unoriented line integral. Evaluate the unoriented

line integral
/ zy® ds,
C

where C is the right half of the circle z2? + y? = 4.
First, we parametrize the curve as « : [-7/2,7/2] — R? with

a(f) = (2cos(8),2sin(0)).

As 0 € [-7/2,7/2], we are parametrizing the right half of the circle, as required. We do not
need to check here whether the parametrization induces the right orientation on the curve, as
we do not care about the orientation whatsoever: the integral is unoriented.

To evaluate the unoriented line integral, we need the line element ds. We calculate:

ds =\/(@(0))” + (v (0))?
:\/4 sin?(0) + 4 cos?(9)
=2.

Using this parametrization, the unoriented line integral becomes:

7/
/ 2y ds = /  (2c0s(0))(25in(0))5(2) do
C

—7/2
/2
=256 cos(#) sin®(6) df
—7/2

1
=256 / u® du
-1

512
==

Note that we used the substitution v = sin(f) to evaluate the trigonometric integral. U

7.1.2 Arc length of a curve

A particularly important example of an unoriented line integral calculates the arc length
of a curve C. This is the most trivial example, where we choose the function that we are
integrating to be the constant function f = 1. More precisely:

Definition 7.1.4 Arc length of a curve. Let « : [a,b] — R" be a parametric curve, with
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image curve C' = «a([a, b]) C R™. The arc length of C' is given by the unoriented line integral

b
/C ds:/a @2+ + @ 0) dt.
o

You may have seen this formula before for the arc length, at least in R? or R3. It is
straightforward to justify that it calculates the arc length of the curve, using the standard
slicing argument from integral calculus. Consider a small curve segment between two points
P(a(t)) and Q(a(t + dt)). The length ds of this curve segment can be approximated by the
length of the line joining the two points, which can be written as

ds >~ |a(t + dt) — a(t)| =~ |o/(t)| dt,

where on the right-hand-side we kept only terms of first-order in dt. As o/(t) = T(t), we
recover the formula above for the line element. Finally, we sum over line elements and take
the limit of an infinite number of line element of infinitesimal size, which turns the sum into
the definite integral

/ab T(t)] dt = /ab @0 + .+ (@) dt.

Note that this also justifies our definition of unoriented line integrals in general above; it is
constructed via the same slicing process, but where we also introduce a function f evaluated
the point a(t) where we calculate the line element. We then sum over slices and take the limit
of infinite number of infinitesimal slices as usual, and the integral of the function over the
parametric curve becomes Definition 7.1.1.

Example 7.1.5 Calculating the arc length of a parametric curve. Find the length of
the parametric curve « : [0,2] — R? with

at) = (1,82, 3).
We first calculate the line element ds:
ds =/ (#/(1)2 + (' (1)) + (2/(1))2 dt
— /42 1+ 9t1 dt
=t\/4+ 9¢2 dt,

where in the last line we used V2 = t since we know that ¢ € [0,2] and hence it is positive.
The arc length is thus given by

2
/ dS:/ tvV4+9t2 dt
C 0

1 40
:E f \/’TL du
:%7(403/2 o 43/2)

8
:277(103/2 - 1)7

where we used the substitution u = 4 + 9¢2, du = 18t dt. O
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7.1.3 Exercises

1.

Find the arc length of the circular helix « : [0,3] — R? with
a(t) = (t,2cos(t), 2sin(t)).

Solution. To find the arc length, we first calculate the line element ds. The tangent
vector is
T(t) = (1,—2sin(t), 2 cos(t)).

Its norm is

IT(t)| = \/1 + 4sin?(t) + 4 cos(t) = V/5.

Thus the line element is

ds = /5 dt.
We then calculate the arc length:
3
/ ds = / V5 dt
o 0
=3V/5.

Show that the arc length of the curve C at the intersection of the surfaces z? = 2y
and 3z = xy between the origin and the point (6,18, 36) is the answer to the ultimate
question of life, the universe, and everything.

Solution. We first parametrize the curve as «a : [0,6] — R3 with

t2 3
aft) = (t, X 6) .

t2

T(t) = (1,t, = |.

() <’72>
, 2\ 2
Tt) =1+ + - =1/(1+=) =1+ =
Tl =1 L=y (14 5) =14 5

since 1 + % > 0. The line element is then

2
ds= |14+ =] dt
S <+2> ,
6 t2
/ds:/ 14+ —| dt
c 0 2

63
=6+ —
+ 6

The tangent vector is

Its norm is

and the arc length is
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—42,

which is of course the answer to the ultimate question of life, the univers, and everything!
=)

3. Evaluate the unoriented line integral

/ (xz+e7Y) ds,
C

where C' is the line segment between the origin and the point (1,2, 3).

Solution. We parametrize C' as « : [0,1] — R3 with
a(t) = (t,2t,3t).

The tangent vector is
T(t) = (1,2,3),

with norm

IT(t)] = V1+22+ 32 =14

The line element is

ds = V14 dt,

and the unoriented line integral can be evaluated:
1
/ (xz+e7Y) ds :/ ((t)(3t) + e 2)V14 dt
C 0
1
:\/ﬁ/ (3t +e72) dt
0

e? 1
:\/2174(3—6_2).

4. Evaluate the unoriented line integral

/ 23y ds,
C

where C is the circular helix parametrized by « : [0,7/2] — R3 with
a(t) = (cos(2t),sin(2t), t).
Solution. The tangent vector to the parametric curve is
T(t) = (—2sin(2t), 2 cos(2t), 1),

with norm

IT()] = \/4sin®(2t) + 4cos(20) + 1 = V5.

The line element is

ds = /5 dt.
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The unoriented line integral becomes:

/2
/ 23y ds :\/5/ cos®(2t) sin(2t) dt
C 0
VBT

2 1

du

=0,

where we did the substitution u = cos(2t).

5. In single-variable calculus, you saw that the length of the curve y = f(z) in R?, with
x € [a,b], is given by the definite integral

/ab J1+ (f/(2))? de.

Show that this is consistent with our definition of arc length in this section.

Solution. From our point of view, we realize the curve as the parametric curve « :
[a,b] — R? with
a(t) = (t, f(t)).
Then the tangent vector is
T(t) = (L, (1),
with norm
IT(t)] =1+ (f'(1)*

So our arc length formula is

/C ds—/ab\T(t)\ dt—/ab\/1+(f’(t))2 dt,

which is indeed the formula that you obtained in single-variable calculus.

7.2 Unoriented surface integrals

We define unoriented surface integrals of functions along parametric surfaces in R3. As a
special case, we study how to calculate the surface area of a surface in R3.

Objectives
You should be able to:

o Determine the surface area of a parametrized surface in R? using an unoriented surface
integral.

« Evaluate the unoriented integral of a function along a parametrized surface in R3.
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7.2.1 Unoriented surface integrals

In the previous section we defined unoriented line integrals over parametric curves in R"™.
Those cannot be defined as integrals of differential forms, as the integrals are independent of
a choice of orientation on the curve. We can similarly define unoriented surface integrals, to
which we now turn to. Those will be useful to calculate quantities associated to parametric
surfaces in R3 that should not depend on a choice of orientation, such as the surface area of
the surface.

We proceed in a way similar to what we did for line integrals, by first recalling our
construction of oriented surface integrals using differential forms. Let a : D — R? be a
parametric surface, with a(u,v) = (z(u,v),y(u,v), z(u,v)). We defined the oriented surface
integral of a two-form w along « via pullback to D (Definition 5.6.1). In terms of the vector
field F = (f1, fo, f3) associated to the two-form w, the surface integral can be written as

/] atu.v)-n) da,

where the normal vector n is
oo Oa
T —

n:TuXTU7 Tu:%7 ’L)_%'

The orientation is now encapsulated in the choice of normal vector. But as was the case
for oriented line integrals, the normal vector here contains more information than just the
orientation, as it is not normalized. We define the unit normal vector as

n T, x T,

A= = 4 v
In| [Ty x T,

We can then rewrite the surface integral as

// (F(a(u, v)) - )Ty x Ty| dA = // (F(a(u,v)) - A) dS,
D D
where we defined the “surface element”

ds =|T, x T,| dA.

With this rewriting, we can think of the surface integral as integrating the expression
(F(a(u,v)) - fi), which is a function of the parameters (u,v) that depends on the choice
of orientation via the unit normal vector fi.

Unoriented surface integrals are then naturally defined by replacing the orientation-
dependent function (F(«a(u,v)) - i) by an arbitrary function f(«(u,v)) that does not depend
on a choice of orientation on the surface. We obtain the following definition of unoriented
surface integrals.

Definition 7.2.1 Unoriented surface integrals. Let a: D — R3 be a parametric surface,
with a(u,v) = (z(u,v),y(u,v), 2(u,v)), and image surface S = a(D) C R3. The tangent

vectors are
Oo O«

T, = e N
ou ov
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Let f: S — R be a continuous function. We define the unoriented integral of f along

the surface S to be
//sf d5 = //D fe(u, v))|Ty x Ty| dA.
Y

A calculation similar to the proof of Lemma 5.6.3 shows that unoriented surface integrals
are invariant under arbitrary reparametrizations of the surface S C R3, regardless of whether
the orientation is preserved or not. This is why we wrote

//Sde

to denote the unoriented surface integral along the surface S, as the integral does not depend
on how we parametrize the surface.

Example 7.2.2 An example of an unoriented surface integral. Evaluate the surface

// 222 dS
S

over the cone 22 = 22 + y? above the (z, y)-plane and below the plane z = 1.
We first parametrize the surface as a: D — R? with

D={(r,0) eR? | re(0,1],0 € [0,2n]}

integral

2

and

a(r,8) = (rcos(),rsin(f),r).

To evaluate the surface integral, we need to calculate the surface element dS. The tangent
vectors are

T, = (cos(0),sin(9), 1), Ty = (—rsin(f),r cos(d),0).

The cross product is (we note here that the order does not matter, as the integral is unoriented;
we will calculate the norm of the cross product afterwards, which is the same regardless of
whether we take T, x Ty or Ty x T;):

T, x Ty = (—rcos(f), —rsin(0),r).

Its norm is

|T, x Ty| = \/?”20082(9)—|—r251n (6) + 12 = Var,

where we used the fact that v/r? = r since r € [0, 1] and hence is positive.
The unoriented surface integral then becomes

[[[ % a5 = [] reont0)20)(/20) aa

2
:\/5// 4 cos?(6)dOdr
0o Jo

1
:\/577/ r* dr
0

Vo
Ve
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7.2.2 Surface area of a parametric surface in R?

Just as evaluating the unoriented line integral of the constant function f = 1 gave the arc
length of the parametric curve, evaluating the unoriented surface integral of the constant
function f =1 gives the surface area of the parametric surface.

Definition 7.2.3 Surface area of a parametric surface in R3. Let a : D — R3 be a
parametric surface, with a(u,v) = (z(u,v),y(u,v), z(u,v)), and image surface S = (D) C R3.
The surface area of S is given by the unoriented surface integral

//S dS://D|Tu><Tv|dA.
O

The justification for this definition of the surface area comes from the standard slicing
process of integral calculus, as usual. Consider a small rectangle at position (u,v) within the
domain D, and with sides of length du and dv. The area of this small rectangle is dA = dudv.
The parametrization a maps the small rectangle to a small region dS within the surface S.
This region is now curved, and not necessarily rectangular. However, one can approximate its
area by replacing it by the parallelogram in the tangent plane at the point a(u,v) spanned by
the vectors duT,, and dvT,. The area of this parallelogram is dS = |T,, x T |dudv. Finally,
we sum over all small regions within the domain D, and take a limit of an infinite number
of infinitesimal regions, which turns the approximate calculation of the surface area into an
exact one. The result of this limit process is the double integral

// T, x T, dA.
D

Admittedly, the justification is a little bit hand-wavy here, but it can be made precise.

This also justifies our general construction of unoriented surface integrals in Definition 7.2.1:
all that we add to the slicing process is a function on the surface S that we evaluate at each
point a(u,v) on S before summing over slices to turn the calculation into a double integral.

Example 7.2.4 Calculating the surface area of a parametric surface. Find the
surface area of the part of the plane = + 2y 4 z = 1 that lies within the cylinder z? + y? = 4.

As we know that the region will be within the cylinder 22 +y? = 4, we use polar coordinates
to parametrize the surface. We write down the parametrization a : D — R3 with

D={(r,0) eR?|rec(0,2],0 € [0,2n]}

and
a(r,0) = (rcos(0),rsin(f),1 — rcos(f) — 2rsin(0)).

We need to find the surface element dS. The tangent vectors are
T, = (cos(), sin(f), — cos(f) — 2sin(h)), Ty = (—rsin(), r cos(f), rsin(h) — 2r cos(6)).

The cross product is
T, x Ty = (r,2r,7),

whose norm is

IT, x Ty| = V72 + 472 + 2 = /6,
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where we used the fact that v'r2 = r since r € [0,2] and hence is positive.
Finally, we evaluate the surface integral of dS to get the surface area of S:

J[as= [ im. o aa

2 27
:Jé/ / r dodr

o Jo
:2\/€7r/ r dr

2
0

=4/67.

7.2.3 Exercises
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1. Find the surface area of the part of the surface z = 4 — 222 4+ y over the triangle with
vertices (0,0),(2,0),(2,2) in the (z,y)-plane.
Solution. First, we notice that the triangle in the (z,y)-plane can be realized as the
x-supported region = € [0,2], 0 < y < z. We can then parametrize the surface as
a: D — R3? with
D= {(u,v) €R?* | u€[0,2],0 <v<u}

and
afu,v) = (u,v,4 — 2u® +v).

The tangent vectors are

T, = (1,0,—4u), T, =(0,1,1).

The cross product is
T, x T, = (4u,—1,1).

Its norm is

Ty X Tyl = V16u2 +1+1 = v2v/8u2 + 1.

The surface area becomes

//S dS:\fQ/;/OU\/dedu

2
:\5/ uv8u2 +1 du
0
2 33
_V2 Vit dt

16 1

V2
:2—4((‘3?&/2 —1)
_11V66 V2

8 24"

where we did the substitution t = 8u? + 1.
2. Show that the surface area of the lateral surface of a circular cone with radius R and
height H is A = 7RV R2 + H?2.
Solution. The equation of a circular cone with radius R and height H (with apex at
the origin) is
R—222 =22+ y2 z>0
H? ' -

We parametrize the cone as o : D — R3 with
D={(r,0) eR*|r€[0,R],0 € [0,27]}

and

a(r,0) = (r cos(#),rsin(0), Tjj) .
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The tangent vectors are
. H .
T, = <cos(9), sin(#), R) , Ty = (—rsin(f), rcos(h),0).
The cross product is
H H
T, x Ty = (—TCOS(H), 2 sin(@),r) .

Its norm is

H?r? H2y2
TTXT9|:\/ R2 COS2(9)—|— o2 Sll’l +7"2—7"\/—{—1

since r € [0, R] and hence is positive. We then calculate the surface area:

27
// dsS = ——i—l// r dOdr
S
—277\/?—1—1/ rdr
2/

—7RVH? + R?.

3. Evaluate the unoriented surface integral

// xy dS,
S

where S is the part of the plane z + 2y 4+ 2z = 4 that lies in the first octant.
Solution. We first need to parametrize the surface. We want the part of the plane that
lies in the first octant, so we must have z > 0, y > 0, and z > 0. The equation of the
plane is z =4 — xz — 2y. Since z > 0 and y > 0, we know that x cannot be more than 4.
So we take = € [0,4]. Then, since z > 0, we know that 4 — x — 2y > 0, which means that
2y <4 —z, that is, y <2 — 3. So we know that 0 <y <2 — 3.

Now that we identified the region in the (z,y)-plane over which the part of the plane
is, we can parametrize it as o : D — R3, with

D = {(u,v) € R? |u € [0’4]’03“32—3}7

and
a(u,v) = (u,v,4 —u — 2v).
The tangent vectors are

Tu == (1707 _1)7 TU = (07 17 _2)7

with cross product
T, x T, =(1,2,1),
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whose norm is

Ty X Tyl =V1+224+1=16.

We calculate the unoriented surface integral:

4 24
//:L’y dS:\/é// uv dvdu
S o Jo
V6 4 u\?
= — 2——
2/0u( 2) du
N ,
—7/0 4u — 2u +Z du

:? (2(42) - §43 - fg)

)
oo%
o

4. Consider the surface S = {y = f(x)} C R3, where f: R — R is a smooth function, and
xz € [0,2], z € [0,1]. Show that the surface area of S is equal to the arc length of the
curve y = f(x), x € [0, 2], in the (x,y)-plane.

Solution. We can parametrize the surface S by a : D — R3 with

D = {(u,v) € R* | u € [0,2],v € [0,1]},
and
a(u,v) = (u, f(u),v).
The tangent vectors are
T, = (Lf/(u)ao)a T, = (0707 1)7

the cross product is
T, x T, = (f/(u)7 _170)7

Ty x Tyl = /1 + (f"(u))?

//s dS:/OQ/Ol\/mdvdu
:/Ozmdu.

But this is precisely the formula for the arc length of the parametric curve 3 : [0, 2] — R?
with B(u) = (u, f(u)), which is the curve {y = f(z)} C R? with x € [0,2].

By the way, this result is not surprising. Indeed, the surface S is basically just the
curve y = f(z) extended uniformly in the z-direction. So the surface area should be
the arc length of the curve times the length of the surface in the z-direction. Since S
is defined with z € [0, 1], the length in the z-direction is just 1, so we the surface area
should be equal to the arc length of the curve, as we obtained.

whose norm is

The surface area is then
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5. In single-variable calculus, you saw that the surface area of the solid of revolution obtained
by rotating the curve y = f(z), = € [a,b] (and a > 0), about the y-axis is given by the

definite integral
b
A= 27r/ /14 (f'(x))? da.

Show that this is consistent with our formula for the surface area of parametric surfaces.

Solution. The surface S obtained by rotating the curve y = f(x), = € [a, ], about the
y-axis, can be parametrized as follows. First, we can parametrize the curve y = f(x) in
the (z,y)-plane as (u, f(u),0), u € [a,b]. When we rotate the curve about the y-axis,
for a fixed value of u, the point (u,0) in the (z, z)-plane gets rotated about the y-axis
around a circle of radius u. So we should replace (u,0) by (ucos(f),usin(6)). This gives
a parametrization for the surface S as o : D — R? with

D = {(u,0) €R?* | u € [a,b],0 € [0,2n]}

with
a(u,0) = (ucos(d), f(u),usin(h)).

The tangent vectors are
T, = (cos(0), f'(u),sin(0)), Ty = (—usin(0),0,ucos(d)).
The cross product is
T, x Ty = (uf’(u) cos(8), —u, uf'(u) sin(6)).
Its norm is
T x Tl = \/u2(f/(u))2 cos?(6) + u(f'(w))? sin?(6) + u? = uy/1+ (f/(w))2,

since u € [a,b], a > 0, and hence u is positive. The surface area is then:

/[ as= /ab /027r /1 + (f(w))?dbdu
=27 /ab u\/m du,

which is the formula that you obtained in single-variable calculus!

7.3 Applications of unoriented line and surface integrals

While most applications of integration over curves and surfaces involve the oriented line and
surface integrals that we studied throughout this course, unoriented line and surface integrals
can also be useful in applications, when we want to calculate a quantity associated to a
curve or a surface that should not depend on the orientation. In this section we study a few
applications of unoriented line and surface integrals, such as calculating the centre of mass of
a wire and a thin sheet of material.
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Objectives
You should be able to:

e Determine and evaluate unoriented line and surface integrals in the context of applications
in science.

7.3.1 Centre of mass of a wire

In the previous sections we studied unoriented line and surface integrals of functions. Those
are useful to calculate quantities associated to curves and surfaces that should not depend on
a choice of orientation. The prototypical examples were the arc length of a curve and surface
area of a surface, but there are many other applications.

Our first application concerns the calculation of the centre of mass of a wire in R™. Let us
first recall the physical concept of centre of mass.

Suppose that there are k point particles of masses m1, ..., my at positions X1,..., X, € R
on a line. The centre of mass of the system of particles is located at
5 S miX;
m )

where m = Y% | m; is the total mass of the system. The numerator is sometimes called the
“first moment of the system about the origin” and written as M.

If we are given instead a rod in R between = = a and x = b with mass density p(z), then
to get its centre of mass we use the slicing principle. We slice the rod into small line segments.
Let dz be of a typical line segment located at the point x. Its mass is dm = p(x) dz, and its
first moment about the origin is dM = zp(x) dz. We then sum over slices and take the limit
of an infinite number of infinitesimal slices. This turns the calculation of the total mass and
first moment of the rod as a definite integral, and its centre of mass is:

b
e ffp dw—m/

Now what if we want to calculate the centre of mass of a wire that is bent and twisted in
R™? We apply the same idea, but thinking of the wire as a parametric curve « : [a,b] — R"™,
with a(t) = (z1(t),...,z,(t)) and image curve C' = a([a,b]). Let p : C — R be the mass
density of the wire, which we assume to be continuous. We slice the wire (the image curve C')
into small curve segments. Let ds (the line element from Subsection 7.1.1) be the length of
a typical curve segment located at a(t). Its mass is dm = p(a(t)) ds. By summing over all
curve segments and taking the limit of an infinite number of segments of infinitesimal length,
we calculate the total mass of the wire as an unoriented line integral:

m = /pds—/ a(t))T(8)] dt.

To get the centre of mass, we also need to calculate the first moments of the wire. Here, we
are working in R™. There are n first moments, one in each coordinate z1,...,x,. The first
moments of the curve segment are given by

xi(t)p(al(t)) ds, E=1,...,n.
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Summing over curve segments, and taking the limit as usual, we obtain that the position of

the centre of mass of the wire is given by the point in R™ with coordinates z1,...,Zy,, with:
1 1 b
Tp = — d:—/ t MIT@)| dt, k=1,...,n.
i = — [Lap ds = — [“opa®)T0) n

In other words, to find the centre of mass of the wire, we need to evaluate the unoriented line
integrals corresponding to the total mass of the wire and its n first moments.

Note that the centre of mass of the wire will not generally be located on the wire itself,
since the wire is twisted and bent in the ambient space R"; this will be clear in the next
example.

Example 7.3.1 Finding the centre of mass of a wire in R2. A wire is bent into the
semi-circle 22 4+ y? = 4, y > 0. Its mass density is given by the function

plz,y)=4—y

on the wire. Find the centre of mass of the wire.

Let us see what we expect first. The wire is heavier near its base (y = 0) than at the top
(y = 2). The mass density is however symmetric about the y-axis (it does not vary in x). We
thus expect the centre of mass to be located at a point (0,y), with y < 2, since it should be
below the top of the wire.

To calculate the centre of mass, we will need to calulate unoriented line integrals along
the curve, so we first parametrize the curve as « : [0, 7] — R? with

a(f) = (2cos(0),2sin(0)).

The tangent vector is
Ty = (—2sin(d), 2 cos(0)),

whose norm is

Tg| = \/4sin(0) + 4cos?(9) = 2.

The line element is then
ds = |Ty|df = 2d6.

We first calculate the total mass of the wire. It is given by the unoriented line integral:

m :/ p ds
C
:/0 (4 —2sin(0))2d6
=427 — 2)
=8(m — 1).

We then calculate the coordinates  and ¥ of the centre of mass.
1

=— / xp ds
mJc

1

) /Oﬂ(z cos(8)) (4 — 2sin(6))2 df

81

S 8(m—1
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since the trigonometric integral vanishes. As for 4, we get:

1
y=f/ypds
mJc

1 o .
:8(77—1)/0 (2sin())(4 — 2sin(6))2 do

- (1 3)

8-
S 2(m—1)

Therefore, the centre of mass of the wire is located at the point

8—m
z,y) =10, —/— | .
@ = 2r - 1))
To make sure that this is consistent with our expectation, we can find a numerical value for
the location of the centre of mass. We get:

(Z,7) ~ (0,1.134).

This is consistent with our expectation. Phew! O

7.3.2 Centre of mass of a thin sheet

We can do a very similar calculation to obtain the centre of mass of a thin sheet of material
(such as aluminium foil, or paper) in R3. Suppose that the sheet of material takes the shape
of a parametric surface o : D — R3, with a(u,v) = (x(u,v), y(u, v), 2(u,v)) and image surface
S = a(D). Suppose that p: S — R is the mass density of the sheet (mass per unit area).
Using the same slicing approach, but with small pieces of surface of area d.S, we obtain that
the total mass of the sheet can be written as the unoriented surface integral

m = //pdS // a(u,v))| Ty, x Ty| dA.

We calculate the centre of mass as before, by calculating the first moments in the three
coordinates x,y, z. Using the slicing process, those become unoriented surface integrals. The
result is that position (Z, ¥, Z) of the centre of mass is given by

m//xpds—m// u, v)p(a(u, v))| Ty x Ty| dA,
m//ypds_ // u, v)p(a(u, v))| Ty x Ty| dA,
:m//zpds_m// (u,v)p(a(u,v))|Ty x Ty dA.

Note that, as was the case for the wire, the centre of mass of the sheet is not generally expected
to lie on the sheet itself, since the sheet can be bent and twisted in the ambient space R3.
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Example 7.3.2 Finding the centre of mass of a sheet in R3. Suppose the a sheet of
paper is bent in the shape of the cylinder 2% 4+ y? = 9, with z € [0,1]. Suppose that its mass
density is given by the function

plr,y,z) =z+ 1.

Find the centre of mass of the cylinder.

First, let us see what we expect. The cylinder is heavier at the top than at the bottom.
However, its mass density has circular symmetry above the z-axis, as it only depends on
the height z on the cylinder. Thus we expect the centre of mass to be in the middle of the
cylinder, i.e. with coordinates (0,0, z). Furthermore, we expect its z-coordinate to be a little
bit higher than half-way up the cylinder, since the cylinder is heavier at the top than at the
bottom. So we expect 0.5 < z < 1.

To calculate the required unoriented surface integrals, we first parametrize the surface as
a: D — R? with

D = {(u,0) € R? | u €0,1],6 € [0, 27]}

and
a(u,d) = (3cos(),3sin(f), u).

The tangent vectors are
T, = (0,0,1), Ty = (—3sin(f), 3 cos(#),0),
and the cross product is
T, x Ty = (—3cos(f), —3sin(6),0).

Its norm is

T x Tl = 1/9cos?(6) + 9sin(9) = 3,

and thus the surface element is
dS = 3dudb.

We calculate the total mass of the sheet of paper. We get:

m://SpdS

1 2T
:/ / (u+1)3 dodu
0 JO

1
:67r/ (u+1) du
0

=9r.

As for the coordinates of the centre of mass, we get:

1
:—//xpdS
mJJs

1 /27
:9177/0 /0 (3cos(8))(u+1)3 dfdu
—0,

Kl
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since the integral over 0 is zero. Similarly,

1
y=— /ypdS
m S

1 21
:917r/0/0 (3sin(8))(u + 1)3 ddu
=0.

As for z, we get:

I\

:i//zpds
mJJs

1 1 r2m
:%// () (u + 1)3 dodu
0 Jo
2 rl
:3/0 (u? +u) du
_3
=5

As a result, the centre of mass of the sheet of paper is located at the point

(7,5,5) = (o,o, g) .

Since g ~ (0.556,, this is consistent with our expectation that the centre of mass should be on
the z-axis, a little bit higher than half-way up the cylinder, which is at z = 0.5. U

7.3.3 Exercises

1. Find the centre of mass of a wire that is bent in the shape of a circle of radius R centered
at the origin in R?, with mass density p(x,y) = 2R — y. Is your result consistent with
your expectations?

Solution. Let us first see what we expect. As the wire is bent in a circle centered at
the origin, if the mass density was constant (or symmetric about the z- and y-axes), the
centre of mass would be at the origin. However, the mass density is not constant here: it
decreases linearly with y. It is constant in the z-direction, so we expect that centre of
mass to lie on the y-axis. As the mass decreases as y increases, we expect the centre of
mass to be at a position (0,y), with —R < y < 0.
We parametrize the circle of radius R as « : [0, 27r] — R? with a(0) = (Rcos(f), Rsin(6)).
The tangent vector is
T(0) = (—Rsin(8), Rcos(0)).

Its norm is

T(0)] = \/R?sin(0) + R?cos?(9) = R.

The total mass of the wire is

27
m = / p ds :/ (2R — Rsin(#))Rd6
C 0
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=41 R2.

The Z-coordinate of the centre of mass is

1
y :7/ yp ds
mJjc
1 27
=R Rsin(0)(2R — Rsin(0))R do
7 0
1 3
_47rR2(_R ™)
__R
=

Therefore, the position of the centre of mass is

@9 =(0.-%).

As expected, it is on the y-axis, and the y-coordinate is between —R and 0.

2. Given a wire with density p(z,y) that lies on a curve C' C R?, its moments of inertia
about the z- and the y-axes are defined by

Iz:/ y2p ds, 1 :/ z2p ds.
C C

Find the moments of inertia of a wire that lies along the line 2z + y = 5 between z =0
and x = 1, with density p(z,y) = x.

Solution. We parametrize the line as a : [0,1] — R? with
a(t) = (t,5 —2t).
The tangent vector and its norm are:
T() = (1,-2), [T = VI+2 = V5.

We can then evaluate the moments of inertia. First,

I =/ y’p ds
C

=\/5/01(5 — 20)%¢ dt
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1
=v5 / (25t — 20> + 4t3) dt
0
25 20
=V5 ( -5+ 1)

2 3
415
=
Second,
1 :/ z2p ds
C
1
:\/5/ % dt
0
V5
4

3. Consider a sheet of aluminium foil that is bent in the shape of a paraboloid z = 22 4 y?
with z € [0,1]. Suppose that it mass density is p = k where k is a constant. Find the
total mass of the sheet and its centre of mass. Does it agree with your expectation?

Solution. As the mass density is constant, and the paraboloid has circular symmetry
about the z-axis, we expect the centre of mass to lie on the z-axis, somewhere between
z=0and z =1.

We parametrize the paraboloid as o : D — R3 with

D ={(r,0) €R? | rec0,1],0 € [0,2n]}

and
a(r,0) = (rcos(#),rsin(f), r?).

The tangent vectors are
T, = (cos(0),sin(0), 2r), Ty = (—rsin(f),r cos(6),0).
The cross product is
T, x Ty = (—2r2 cos(0), —2r% sin(), r) .

Its norm is

|T, x Ty| = \/4r4 cos2(6) + 4rtsin?(0) + r2 = rv/4r2 + 1.

We first calculate the total mass. We get:

m://SpdS

1 27
:k/ / rv4ar? +1 dor
0o Jo
1
:27rk/ rv4r2 + 1 dr
0
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_Tk /5 Vu du
7T6k (53/2 ) .

In the process of evaluating the integral we did the substitution u = 472 + 1.
Next we calculate the coordinates of the centre of mass. First,

1
:E:—// xp dS
mJJs
k 1 r2m
:—/ / 2 cos(0)vV/4r2 4+ 1 dfr
m Jo Jo

=0,

1
y=— // yp dS
mJJs
k 1 27
:E/ / r2sin(0)V4r2 + 1 dfr
0o Jo

=0,

as expected. Next,

as expected. Finally,

1
éz—//zpdS

2
53/2_1 // SV4r2 +1 dor
— 3
_(53/2_1)/0 VAT 1 dr

3 5
S0 /1 (u = 1)V du

3 (222 2 2)
S 8(5%/2-1) (55 537 T3
_1572+1
10532 —1°

As before, to evaluate the integral we did the substitution v = 4r? + 1.
Therefore, the centre of mass is located at

_ 15241
(:E,y, Z) = (0707 TOW ~ (0,0,0.559).

As expected, it is located on the z-axis, somewhere between z = 0 and z = 1.
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